n I I Institute for
Fiscal Studies

Labour supply and taxation with restricted
choices

IFS Working Paper W14/04

Magali Beffy
Richard Blundell
Antoine Bozio
Guy Laroque




The Institute for Fiscal Studies (IFS) is an independent research institute whose remit is to carry out
rigorous economic research into public policy and to disseminate the findings of this research. IFS
receives generous support from the Economic and Social Research Council, in particular via the ESRC
Centre for the Microeconomic Analysis of Public Policy (CPP). The content of our working papers is

the work of their authors and does not necessarily represent the views of IFS research staff or
affiliates.



Labour Supply and Taxation with Restricted Choices*

Magali Beffy, Richard Blundell, Antoine Bozio and Guy Laroque’

September 2012, this draft February 2014

Abstract

A model of labour supply is developed in which individuals face restrictions on hours
choices. Observed hours reflect both the distribution of preferences and the distri-
bution of offers. In this framework the choice set is limited and observed hours may
not appear to satisfy the revealed preference conditions for ‘rational’ choice. We
show first that when the offer distribution is known, preferences can be identified.
We then show that, where preferences are known, the offer distribution can be fully
recovered. We also develop conditions for identification of both preferences and the
offer distribution. We illustrate this approach in a labour supply setting with non-
linear budget constraints. The occurrence of non-linearities in the budget constraint
can directly reveal restrictions on choices. This framework is then used to study the
labour supply choices of a large sample of working age mothers in the UK, account-
ing for nonlinearities in the tax and welfare benefit system, fixed costs of work and

restrictions on hours choices.
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1 Introduction

Observed hours of work among working age adults display considerable variation both
over time and in the cross-section, especially among women with children (see, for example,
Blundell, Bozio and Laroque, 2011). In this paper we ask under what conditions this
variation can be used to identify preferences for labour supply. We start with the premise
that it is unlikely that all workers are free to choose their working hours (see, for example,
Blundell, Brewer and Francesconi, 2008). Different individuals at different times of their
career may well face different sets of offered hours from which they can choose. Some may
have no choice at all. This becomes particularly noticeable when individuals face nonlinear
tax and welfare benefit systems (Hausman, 1985). The resulting budget constraints can
give rise to ranges of hours that would never be rationally chosen if, that is, other hours
choices had been available. There are dominant alternatives in the budget set. We may
observe a lack of bunching at kink points, inconsistent with the pure neoclassical model of
unrestricted hours choices (Saez, 2010; and Chetty et al, 2011).

Observed hours may however be consistent with optimal choice given a restricted choice
set. As empirical economists we typically do not know the complete set of alternatives avail-
able to individuals. We are not sure of their choice set. This is similar to the idea of a
‘consideration set’ in the modern literature on bounded rationality, see Kfir and Spiegler
(2011), for example. In that literature consumers make rational choices from a choice set
that is limited by a combination of their own perception of the options and the strategy
of firms. Our interpretation is one where rational choices are made from a set of hours re-
stricted by the offers made by employers. Nonetheless, there are many similarities between
the two frameworks. In this paper we develop and estimate a structural model of labour
supply choices that embeds restrictions on the set of available hours.

We are not the first to examine hours restrictions in labour supply models. There
is a long history of incorporating such restrictions into labour supply models, including,
Aaberge (1999, 2009), Altonji and Paxson (1992), Bloemen (2000, 2008), Dickens and
Lundberg (1993), Van Soest et al (1990), Ham and Reilly (2002) and Dagsvik and Strom
(2006); see also the recent discussion in Chetty (2012). The ideas we develop here place
these models of hours retrictions in a constrained rational choice setting in which the set
of alternative choices on offer is restricted. The framework is general and concerns the
case where the econometrician does not directly observe the choice set from which the
individual has chosen. We suppose that agents do not make their choices over the whole

set, but on a random subset of it. We analyze how this modified model works, and in



particular the sets of assumptions under which it still allows to identify the parameters
of the underlying structural model. We first consider the case where the econometrician
knows the probability distribution of offered choices. In the more complete model we
generalise this to make the distribution of offers unknown but restrict it to be a function
of a finite set of unknown parameters.

The labour supply model we consider is placed in a life-cycle setting in which hours of
work, employment and savings decisions are made subject to a nonlinear tax and benefit
system and fixed costs of work. We draw on the extensive existing literature on labour sup-
ply models with nonlinear budget sets (Hausman (1985), Heckman (1974)), with fixed costs
of work (Heckman (1974, 1979), Cogan (1981)), and with intertemporal choices (Heckman
and MaCurdy (1981)). We further develop these models to the case in which individuals
face constraints on hours choices.

Here we focus attention on developing a two-offer model in which each individual is
assumed to face two independent hours offers - the one at which they are observed to
work, if they are working positive hours, and one they turned down. The ‘alternative’ offer
could include the observed hours point in which case the individual would be completely
constrained and able to make no other hours choices. We assume the option of not working
is always available. As the number of offers increases the specification approaches the
neoclassical labour supply model at which observed choices coincide with the fully optimal
choice over all hours options.

The policy environment we consider is the labour supply behaviour of women in the UK.
We model their decisions in the face of non-linear budget constraints generated through
the working of the tax, tax-credit and welfare system. We provide direct evidence of
hours restrictions by recording individuals working at hours of work that would be strictly
dominated by other choices were a full range of hours choices to be available.

We study the period 1997-2002 when there were a number of key changes to the budget
constraint through reforms to the tax-credit and welfare system, see Adam, Browne and
Heady (2010). We use data from the UK Family Expenditure Survey over this period which
records hours worked, earnings and consumer expenditure. For every family in the data we
have an accurate tax and benefit model (IFS-Taxben) that simulates the complete budget
constraint incorporating all aspects of the tax, tax-credit and welfare systems. Finally we
use the consumption measure in the FES to ensure the hours of work decision is consistent
with a life-cycle model (see Blundell and Walker, 1986).

The remainder of the paper is as follows. The next section lays out the intertemporal



labour supply model with nonlinear budget constraints and fixed costs. In section 3, we
then consider the interpretation of rejections of the neoclassical model. Section 4 develops
a model of labour supply in which individuals face a two-offer distribution over possible
hours choices. In section 5 we show that when the offer distribution is known preferences
can be identified in the standard multinomial choice and random utility models. We are
also able to show in section 6 that, where preferences are known, the offer distribution can
be fully recovered. Section 7 develops conditions for identification of both the parameters of
preferences and of the offer distribution. In section 8 this model is used to study the labour
supply choices of a large sample of women in the UK, accounting for nonlinear budget
constraints and fixed costs of work. We find a small but significant group of women whose
observed choices cannot be rationalized by the standard neoclassical choice model. We then
estimate a parametric specification of the two-offer model. The estimated offer distributions
are presented in Section 9. These point to larger underlying elasticities and a higher level
of employment were restrictions to be absent. Together with the estimated preferences
for hours and employment we argue that the framework provide a compelling empirical

framework for understanding observed hours and employment. Section 10 concludes.

2 A model of hours, employment and consumption

We begin by laying out a neoclassical labour supply model in an intertemporal setting
with unrestricted hours choices at the extensive and intensive margins. In this specification
there are non-linear taxes and fixed costs of work but otherwise workers are free to choose
their hours of work.

At date t, the typical individual chooses her consumption ¢; and labour supply h;,
maximizing

T
Et/ u(cr, hy)dr
t

subject to an intertemporal budget constraint

T
[ esplrtr = 0(er = Rluwn o) + b, 20ddr < 5.
t

Here u; is the instantaneous utility index, a concave twice differentiable function of the
vector (¢, h) of consumption and hours of work. It is increasing in consumption, decreasing

in hours. The consumption good is the numeraire.



The function R(w, h) denotes the income after taxes are deducted and benefits received
for someone who works h hours at wage w. This function will also depend on other
characteristics that change tax rates and eligibility. The extensive margin comes from
the fixed costs of being employed, i.e. having a positive h, costs b units of consumption.
Accumulated savings at date t are equal to S;. We denote by \; the Lagrange multiplier

associated with the budget constraint at date t.

Current consumption maximizes u; (¢, hy) — \ic, and therefore satisfies the first-order
condition
%(Ct, he) = A
Also, if the individual works, the optimal hours maximize wu;(c;, hy) + N R(wy, hy). Let
(¢, h?), the optimal choice of the working household, ¢° the consumption of the household
with the worker out of the labour market. The household will be observed out of the labour

market whenever the (revealed preference) inequality
ug(c®, he) — Ae[c® — R(wy, h®) 4+ by] < ue(c?,0) — A\[c® — R(wy, 0)]

is satisfied.
In this framework, the choice of hours and employment is made subject to fixed costs
of work and nonlinear taxes with all hours alternatives available. But observed hours and

employment may not be consistent with this choice model.

3 Rejections of the rational choice model

To interpret inconsistencies of observed behaviour with rational choice within the frame-
work developed above it is useful to place some structure on preferences and individual
heterogeneity.

Consider the following utility specification, separable in consumption and leisure

= (L —h)t¢
_I._
1—7 1—¢

u(c, h) = a, (1)

where L (= 100, for example) is a physiological upper bound on the number of hours

worked weekly, v and ¢ are non-negative parameters, and the positive factor a, which



governs the substitution between consumption and leisure, has the form
In(a) = ZB* + 0%, (2)

where Z¢ contains observable characteristics, while €% stands for unobservable preference
heterogeneity. We also posit the following stochastic specification for the fixed cost of being
employed

b=2"8"+ o (3)
where e’ reflects unobservable heterogeneity in work costs across individuals.

The specification of log market wages is given by
In(w) = ZYpY 4+ o%e", (4)
and for log consumption
In(c) = Z°B° 4 o (5)

The residuals (7, ” ¢ &) are assumed to be standard centered jointly normal.

From the analysis of the previous section of the optimizing household, we have the
marginal utility of wealth given by

A=c 7,
the optimal hours h® when working maximize

_ h\l-9¢
%a(a) + ¢ "R(w, h), (6)

and the household chooses to stay out of the labour market whenever the inequality

(L —he)t=e -, . L%
vd(&)ﬁ—c [R(U),h)—b]<1_¢

is satisfied. It will be useful when deriving analytic expressions for the likelihood function
to let

a(a) + ¢ "R(w,0).

(L—=h)t?
v(h) = W,
and
V(c, h,a,b) = av(h) + ¢ [R(w, h) — b], (7)

where we leave the wage and other exogenous variables as mute arguments of V.



Figure 1: A standard example of budget constraint
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For a disposable income function R which is not concave in h, some values of hours
may never be chosen by an optimizing agent who behaves according to the above model.
Figure 1, with weekly hours on the x axis and disposable income on the y axis, illustrates
this point. In this Figure, the R function has a flat horizontal portion between 0 and
16 hours per week, so that a choice of 14 hours, shown with a vertical line on the graph,
can never be optimal, since it is strictly dominated by shorter positive hours, whatever the
unobservable characteristics.

To check whether this phenomenon is important on real data, we write the revealed

preference inequality as

(L — he)t—
1=¢

(L —h)—¢

a+ ¢ "R(w, h®) — 6

a—c "R(w,h) >0,

where h® is the observed choice and h is any other possible length of the workweek. Using
the specification for a, we can separate the cases where h is smaller than A¢ from those

where h is larger than h®. That is

@uS{MMM—RWﬁﬂ} ®

D A e
1-¢ 1-¢

for all h smaller than h°, with the inequality in the other direction

aaZ{R@MU—RmﬁF} .

L=k =% _ (L-h)=7

1-9¢ 1-9¢




Figure 2: Some examples of budget constraints for in work people
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for all h larger than h°.
The choice h¢ is compatible with optimization under our specification if and only if

there is an a satisfying the two above inequalities, i.e.

: R(w,h) — R(w, h®) R(w, h) — R(w, h*)
il = ) T ey — (L — e = e | O = O e e
(10)

Inequality (10) can easily be checked on real data, since the only parameter that appears
in it is ¢. In fact there are two ways of violating the condition: the positivity of the left
hand side of (10) does not depend at all on the parametric specification, but only on the
shape of the function R and on the value of hours h¢ (see three graphs in the upper panel
of Figure 2); the second inequality on the other hand does depend on ¢ and is illustrated
in the two graphs in the lower panel of Figure 2. These are budget constraints for specific
individual women drawn from the sample we use in estimation. We return to this discussion
when we examine the details of the data and estimation below. First we develop a coherent

model of restricted choice that can account for such observations.



4 A model with restrictions on offered hours

To introduce our extension of the standard model, we consider choices over discrete
hours. In this framework the typical worker, characterized by a parameter (3, observed

exogenous characteristics Z and unobserved characteristics ¢, chooses h that maximizes
U(h,Z,5,¢).

The possible choices h belong to a finite set H made of I elements {hy,...,h;}. Given
a subset of possible choices H in H, for each § and Z, any distribution of ¢ yields a
probability distribution on H. We shall denote the probability of choosing h; in H as
pi(H, Z,B).

We assume that given U, the observation of the family of probabilities p;(H, Z, ()
identifies the parameter 5, when Z varies in the population, and the union of the family
of (non singleton) choice sets H for which the probabilities are observed covers the whole
of H.

The standard choice model has H equal to H. For our application this model is not
appropriate: because of underlying non-convexities in the budget constraint, for some h;

alternative we have

p]<7_[7 Z7 ﬁ) = 07
for all (Z, 3), while the data contains some observations of h;.

To tackle this issue, we suppose that the agents do not make their choices over the
whole set H, but on a random subset of it. We analyze how this modified model works,
and in particular the assumptions under which it still allows to identify the parameters [

of the underlying structural model.

4.1 The two-offer model

Suppose that there is a distribution of offers, the probability of being offered h; being
equal to g;, g; > 0, Zle g; = 1. First consider the case where individuals draw indepen-

dently two offers from ¢ and choose the one that yields the highest utility.! The distribution

'Note that as we do not observe past choices we cannot distinguish between an offer that allows the
individual to retain their previous hours work rather than choose among completely new offers. In principle
we can therefore allow individuals to be offered, and to choose to keep, their existing hours worked. Our
assumptions though will imply though that the distribution of offers is independent of the past hours
worked. This will be an important extension for future work.



of the observed choices ¢5;(Z, B) (the first index ‘2’ serves to mark that there are two offers)
then takes the form
0i(Z.8) = g7 + 29, Y gipi({i. 5}, Z. B), (11)
J#i
with the first term on the right hand side corresponding to identical offers (leaving no
choice to the decision maker), and the second reflecting choices among all possible couples

of offers.

There are I equations, of which only I —1 are independent: the sum of all the equations
is identically equal to 1 (on the right hand side, this follows from the observation that
pil{i, 5}, Z,8)+p;({i,j}, Z,B) = 1forall i, j). On the right hand side, there are potentially
I(I—1)/241—1 unknowns: the choice probabilities p and the distribution of offers g. There
is no possibility to identify all these unknown parameters from the mere observation of the

choice distribution ¢. Below we explore alternative restrictions that deliver identification.

4.2 Increasing the number of offers

In the two-offer case, when the probability ¢ has full support, the choice sets are all
the pairs made from elements of H, allowing repetitions. More generally the number of
offers n determines the cardinality of the choice sets. If the draws are independent, for any
finite n, there is a positive probability that there is no real choice: all the elements in the
choice set are identical. However when n increases, this probability goes to zero and more
importantly the probability that the choice set contains all the elements of H goes to one.
The n offer model converges towards the standard neoclassical unrestricted choice model

as n goes to infinity.

5 Recovering choices, knowing the offer distribution

Even if the offer distribution g is given, the number of unrestricted choice probabilities
among pairs a priori is I(I —1)/2, larger than I —1 for I greater than 2. We have to restrict

the number of structural unknowns, imposing consistency requirements across pairs.
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5.1 Independence of irrelevant alternatives

As a first step, consider the case of independence of irrelevant alternatives (IIA), where

for all 4, j
pi(HaXa 6)

pil{i, i}, X, B) = pi(H, X, B) +p;(H, X, B)’

or

.. Di
pi({i, j}) = ;
Pi T pj

where to alleviate notation we drop the arguments Z and 3, and denote by p; the probability
of choosing ¢ among the whole set of alternatives. In this circumstance the number of

unknowns is equal to the number of equations, and we may hope for exact identification.
Indeed

Lemma 1. Let ¢ and g be two probability vectors in the simplex of RY, whose components
are all positive. There exists at most a unique vector p in the interior of the simplex of R!

that satisfies the system of equations

=g+ 200y —P— fori=1,...,1. (12)

g O

Proof: For all ¢, denote

g.
Pip) =g} + 29ip1 Y, —
— Di + Dy
J#i
for p in R.. For any X # 0, observe that P;(Ap) = P;(p). Suppose by contradiction that
there are two solutions p° and p! to the system of equations both belonging to the interior
of RL. Choose p; such that

0 1

_ Pr — Pr
Pr Z i 20 and Pr Z s 10
min; p min; p;

%

and define \° and A! through
Npy = Npr =p.

This construction implies that the two vectors \°p? and A'p! are both solutions of

l;=Pp)fori=1,...,1—1,

11



have all their coordinates larger than 1, with n’th coordinate normalized at p;. We therefore

study the reduced system of I — 1 equations
gi = -Pi(ply-'-;pl—hﬁ]) for i = 1,,]-1

with the unknowns (pi,...,pr_1) in [1,00)f71. The fact that it has at most a unique
root follows from Gale Nikaido, once it is shown that the Jacobian of P is everywhere a

dominant diagonal matrix. We have

1
OF; 9il;

= 240; >
Op; st Di + Dy

and for j different from ¢
op; 9j
o o —I
Op; (pi + pj)

The property of diagonal dominance with equal weights to all terms is equivalent to

2. ¥ |o5
Op; o1 Op;
that is ;
_9iPj
29 > Z Y "
or

1 1
9;p; — +91p1( )>0
Z 7 (pH'P] (pi+pj)2) pi + D1

Since p; + p; is larger than 1, the inequality is satisfied, and the right hand side mapping

is univalent on [1,00)!~!, which completes the proof. O

As we noted in Section 4, there may be cases which would never be rationally chosen.
In these situations we can put zero weights on some of the decisions, that is p; = 0 for
some subset J of the alternatives. A simple manipulation of the system of equations, using

the equality p;({i,7} + p;({i,j} = 1 even when the marginal probabilities are zero, yield



and for all ¢ not in J
9k

Pi + Dk

li=gi(1+295) + 2005 Y
kg J ki

where the notation p; denotes the sum of the components of the vector p with indices in
J. A minor adaptation of the proof of Lemma 1 then shows that the vector p is uniquely
determined. Using the first equation, a natural procedure is to compute the non-negative
difference £; — g3 for all subsets J of indices. The candidates J for the solution are the ones

for which the difference is zero. We do not know whether there can be multiple candidates.?

5.2 The random utility model

Consider now the random utility model where the agent has utility a; —¢; for alternative
1,1 =1,...,I, and under full optimization, knowing the value of her utilities, chooses the
alternative which gives the highest utility. This is close to our labour supply model with
discrete hours. We are able to show that our identification results extend to this model.

The econometrician is supposed to know the joint distribution of the continuous vari-
ables €; in the economy, and wants to infer from observed hours choices the values of the
parameters a;. We denote F;; the (assumed to be differentiable) cumulative distribution

function of ¢; — ¢; so that
pil{i,j}) = Fij(ai — a;).

Since only the differences a; — a; can be identified, we normalize a; to zero. As in the
ITA case above, the number of unknowns is equal to the number of equations, and we may

hope for exact identification. Indeed

Lemma 2. Let { and g be two probability vectors in the simplex of R', whose components
are all positive. There exists at most a unique vector a; with a; = 0 that satisfies the system
of equations

ﬁlzgf—{—QgZZg]Fm(a,—a]) fO’l"Z:L,I (13)
J#i

2There cannot be two solutions with two disjoint sets J; and Js. Indeed one would need to have
by, = 9%1 by, = g?IQa

which implies
/ — % 4+ g2 < g2
JiUJe =95, T 97, < 95,0Jss

which is impossible.

13



Proof: Foralli=1,...,1 — 1, denote

Qi(a) = —Li + g7 + 2g; Zngz‘j(az‘ —aj),
J#
and Q(a) the I — 1 vector obtained by stacking up the @;s. By construction, any a such
that Q(a) = 0 satisfies (13), since the Ith equation follows from summing up the 7 —1 first
ones.
The result then follows from Gale Nikaido since the Jacobian of @ is everywhere a

dominant diagonal matrix. Indeed

0Q;
da, = 2g; j%éi gjfij(ai - aj)>
while for j #14, j # 1,
0Q;
8(1]- = _Qgigjfij(ai - Clj)-

The diagonal terms are positive and the off-diagonal negative. The sum of the elements
on line 7 is positive equal to

29,91 fir(a;).

6 Recovering the offer distribution, knowing choice

probabilities

In contrast to the previous section, assume that we know the theoretical choice prob-
abilities over all pairs of alternatives: p;; denotes the probability of choosing i« when both
1 and j are available for all ¢ different from j. We study whether the choices ¢; of agents
getting two independent offers are constrained by the model, and whether the observation

of ¢ allows to recover the probability of offers g. From (11), we have by definition

Ui =g} +2g; Z 9;Pij (14)
J#
where for all couples (ij), ¢ # 7,
pij + pji = 1. (15)

14



Lemma 3. Given the choice probabilities p;j, p;; > 0 satisfying (15), for any observed
probability ¢; in the simplex of R, there exists a unique offer probability g; in the simplex
of RT which satisfies (14).

Proof: We first prove the existence of g, then its uniqueness. For all 7, define

Qi(9) = 97 +20: > gipij-
JF#

By construction, for g in the simplex of R!, under (15), Q(g) also belongs to the simplex
of R!. Indeed

I
Y Q=D |g+ 2912%] =1
i=1 =1 Jj<i
Consider the mapping
max 07 i @z + gl
Filg) = (0,9 (9) + )

S max(0, 9, — Q;(9) + &)

First note that I is well defined: since ¢, @ and ¢ all belong to the simplex, the denominator
is larger than 1. Therefore I' maps continuously the simplex into itself and it has a fixed
point, say g*. If g7 = 0, by definition @Q,(¢*) = 0, so that

g9 — Qi(g") +ti = Li.
It follows that at the fixed point

max(0, g7 — Q;(g%) + 4;) = gf — Q.(g") + €,

the denominator is equal to 1, and ¢ = Q(g*) as desired.
Uniqueness follows from the univalence of Q. This is a consequence of the fact that the

Jacobian of Q is a dominant diagonal matrix, with weights (g;): for all i

9Q; 9Q,
i > ; .

Indeed

gi

2g; + 2 Z gjpij] > Z 29;9ipij-

J#i J#

15



]

As we have seen in section 3, in the non-linear budget constraint cases that we are
interested in, the choice probabilities can exclude some alternatives, say ¢+ = 1 to k. In the

current setup, this means that, for all « < k, for all j # i

pij = 0.

In this case the two-offer model allows us to rationalize the data by letting for ¢ = 1 to k

Ui = g} + 2g; Z 95Pij-
j#i,j<k
This nonlinear system can be shown, by an adaptation of the proof of the above lemma,

to have a unique solution, satisfying Zlf g; = \/Zlf ;.

7 Recovery of choice and offer probabilities

In general we will neither have prior knowledge of the theoretical choice probabilities p;;
nor of the offer probabilities g;. In the absence of non-convexities in the budget constraint
the choice probabilities and the offer probabilities will not, without further assumptions,
be separately identified.

Consider the setting for our empirical application. The utility from hours choice h; is
given by V' (¢, h;,a,b) in (7). Preference and fixed cost heterogeneity enter through a and b
respectively and depend on a set of exogenous observed characteristics z and unobserved
heterogeneity (. Although consumption and wages are also both treated as endogenous
they are determined outside the within period hours choice and so we condition on them
in the arguments here. The utility from choice h; is then given by U(h;, z,() and the

probability that hours h; are chosen when the pair (h;, h;) are available is given by
pij = Pr[U(hi, 2,) = U(hy, 2,¢) > 0].

To make progress with identification in this case we assume that each a; fort =1,..,I—1
is a smooth function of a finite parameter vector v and, in a similar fashion, the offer

probability g; is a smooth function of a finite parameter vector 5, where
dim[y: 8] <I—-1

16



and where [ is the number of possible choices.

From (13) we can write the system of equations

Qi = —ti+6(0)? +26:(8) Y 9;(B)Fylai(y) —a;(v) fori=1,....1 = 1. (16)
J#i

For identification we require full column rank of the matrix

~|9Q da 0Q dg
= [Gea 3 05 o

where the matrix of derivatives relating to the @); has elements of the form

8Q’ 29: > gif(a (18)

i
?)22; = —29,9;f (a; — a;) (19)
gi = 2g, + 2 ; 9;F (a; — a;) (20)
T 2

We note that %%; > (0 and gTQ; < 0 where the row sum is also positive.

Inspection of the elements of II, (18) .. (21), suggests no natural linear dependence
and, in general, the rank condition should be satisfied. Additionally, as we have illustrated
in section 3, there will be some workers facing non-convex budget constraints which will

further help with identification.

8 Data and Sample Likelihood

8.1 The Data

The sample we use comprises women with children, either single or married mothers.
We use years 1997 to 2002 of the UK Family Expenditure Survey (FES) as this covers the
period of key reforms to the welfare and tax-credit system in the UK, see Adam, Browne
and Heady (2010). The data provide detailed diary and face to face interview informa-

tion on consumption expenditures, usual hours worked, gross wage earnings, education
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qualifications and household demographics. Tables 1 and 2 provide some basic descriptive
statistics.

The overall sample contains some 11,458 women spread fairly evenly across the six years
under study. A large group of women in this sample have minimal education qualifications,
meaning that they left formal schooling at the minimum school leaving age of 16. The
majority of the rest have completed secondary school with less than 20% having a college
or university degree. The modal number of children is two and a little under 30% of the
sample have a youngest child aged less than 5 (the formal school entry age in the UK).
Almost 80% of the women in our sample are married or cohabiting (we label all these as
‘cohabiting’), leaving just over 20% of the mothers in the sample as single parents. The
median hours of work for this sample is between 25 and 30 hours per week with a wide

distribution.

8.2 The sample likelihood

In our sample we observe the employment status and the consumption expenditure of
the women in the survey, their earnings and weekly hours when employed. We use the
IFS TaxBen tax simulation model to recover income, the net of tax and benefits, for each
household.

To construct the likelihood for this sample we derive the distribution of employment,
hours, consumption and wages from the model, given the parameters and the distribution

of the unobservables (g%, &%, ¢, &v).

First, consider the employment status. Assume (€%, £, e¥) are known, i.e. consumption
) p y ) ) b p b

wage and the parameter a. At weekly hours A an individual is observed employed when
av(h) + ¢ Y[R(w,h) — b] > av(0) + ¢ " R(w, 0),
or
b < R(w,h) — R(w,0) + ac’[v(h) — v(0)].

From the expression for fixed costs of work b, the probability of this event knowing a is

easily computed from the cumulative distribution of &°:

R(w,h) — R(w,0) + v(h) — v(0)] exp(Z¢3* + 0%*) — Z°3° ‘

ob

FP(&% ¢, h,w) = ®
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8.2.1 The neoclassical model

When the individual is in work, the best choice of hours A is such that
V(c,h,a,b) > V(c,h' a,b) for all b’ in H.

By linearity, the b term drops from these inequalities, which then become
av(h) + ¢ "R(w,h) > av(h') + ¢ " R(w, h')

for all A’ in the choice set.

From the monotonicity of v, the inequality above can be rewritten equivalently as

_ R(w, ') — R(w, h) R(w,h) — R(w, h)
wonC T (k) — u(h) W o) —o(h)

Let
_ 1 R(w, W) = R(w, h)
) 1y | _ zapga
g% (e, hyw) e { vlnc+1In {1}1}&%{ v(h) —v(l) 7y

1 R(w,h) — R(w, W
(¢, h,w) = s {—’ylnc—i—ln {g}gﬁ (U’(h/)) —vgh)’ )] - Z“B“}.

Gathering up these terms, the likelihood function associated with a worker with A hours

at work, conditional on hourly wage w and consumption c is given by

e (¢,hw)
/ Fb(e, ¢, h,w)p(e)de.

g% (c,h,w)

For an individual who is not in employment, the computation is different because

neither the wage nor potential hours of work are observed. For this individual the cost of

going to work b is larger than the benefit, whatever the hours worked, so that for a wage

rate w the probability of not working is
1 — max F*(e% ¢, h,w).

h>0

The likelihood function is the integral of this expression with respect to €* and w.
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8.2.2 The two-offer model

When the individual would like to work she can choose from two offers A and h’. Offer

h is preferred to offer A" when

e cither h is larger than A’ and

R(w, h) — R(w, )
v(W') —v(h)

a<c?

which can be written equivalently

e < ale, b, I w) = Ui {—71n0+ In {R(Z’(Z,))__Jj&”)’ h/)] . Z%a} ,

e or h is smaller than A’ and

R(w,h') — R(w, h)
v(h) —v(h)

¢’ < a,

which is also

LN N LS. ) P A P

The probability of being employed and choosing h, conditional on (¢, w), is therefore

a(e,h,h/ w)
G(hle.w) = g(h) {Z 200) [ P wole)ae
h'<h -
[
+g(h) + 2g(h F’(g,c,h,w)p(e)de p .
g(h) hz>h g(h') e (€, ¢, h,w)g(e) 5}

Finally the probability of being unemployed at a given wage w in the two offer model is
obtained by summing over all the couples (h, '), the probability of preferring not to work
< 1
S5 ghgh) / D5 (R(w,0) + (0 exp(2°5° + 0°2) + 7'
ho W

— 00

—max(R(w, h) + v(h) exp(Z°B* + o), R(w, h') + v(k') exp(Z°B* + 6°¢)))|p(e)de.

Since the wage of the unemployed agents is not known, w has to be integrated out in the

above expression.

3The probability of getting a couple of offers (h,h’), h # k', is 2g(h)g(h’), while that of getting (h, h)
is g(h)2.
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9 Empirical results

9.1 Failure of the neoclassical model

Turning first to the results for the neoclassical model, we find that 7.5% of sampled
women are observed working at hours that do not comply with the left hand side of neo-
classical revealed preference inequality (10). For this group we can reject the neoclassical
model as there are alternative hours of work that strictly dominate the observed choices.
This is a nonparametric rejection of the unrestricted choice model in the sense that the re-
jection does not depend on estimated unknown parameters. The actual budget constraints
for some of the individuals in this rejection group were used in the upper panel of Figure
2 above.

In practice, to incorporate individual observations that fail to satisfy the revaled pref-
erence inequality, we put a lower bound of 1073! on the likelihood function of any obser-
vation, with a smooth approximation of the function between 1073!° and the lower bound.
Using this bound, and the estimated model parameters from the neoclasical model, we find
an additional 4.5% of failures. Overall we find a total of 12% of the sample that fail the
revealed preference inequality.

In Table 3 we contrast the characteristics of these (very low likelihood) observations
with the remaining sample. The sample of women whose observed hours of work fails the
neoclassical model are more often lone mothers than married ones, their average wage is
lower than the other women’s average wage and, as Figure 3 shows, their distribution of
hours worked is shifted to the left.

9.2 Parameter Estimates

Table 4 presents the estimation results for the parameters of preferences, fixed costs and
the offer distribution, respectively. The first column of results are those for the neoclassical
model and in the second column are the estimates for the two-offer specification. The ¢
and -y parameters refer to the exponents on hours (non-market work) and on consumption
as described in the utility specification (1) of section 3. The next panel refers to the
parameters that influence the marginal utility of hours through the specification of In(a)
in equation (2). Following these are the parameters of fixed costs (3). The only remaining
parameters in the neoclassical model are the variance and covariances parameters that

link the unobserved heterogeneity terms in preferences, wages (4) and consumption (5).
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Figure 3: Hours distributions for optimising and non optimising individuals
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The unobserved heterogeneity terms are assumed to have a joint normal distribution as
described in Section 3.

For the two-offer specification of the restricted choice model, described in (11) of section
4.1 above, offers are modelled as a mixture of two independent normals. The associated
parameter estimates are presented in the final column of Table 4. The two-offer model
is estimated on the whole sample as the framework is designed to incorporate potential
failures of the revealed preference condition. It is noticeable that the preference parameters
¢ and v are both smaller in this two-offer model, suggesting a more responsive underlying
preference structure. These estimates of the parameters of the offer distribution suggest

offers concentrated at full-time (around 36) hours and part-time (around 17) hours.

9.3 Frisch Elasticities with Linear Budget Constraints

To further understand the underlying ‘shape’ of preferences underlying these two esti-

mated models, we compute the distribution of Frisch elasticities at the intensive margin
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assuming no hours restrictions. That is we simply use the estimated utility parameters. In
this exercise we also assume a linear budget constraint.

Frisch elasticities hold the marginal utility of consumption constant and, in our additive
utility specification (1), the labour supply elasticity just depends on ¢, L and a;. The
estimated elasticities are displayed in Table 5 and refer to the two columns of estimates in
Table 4. The estimated labour supply elasticities are positive across the distribution and
are moderately sized. They show a moderately higher underlying responsiveness for the
preferences estimated in the two-offer model. This is as we might expect. Since, if we do
not account for restrictions on the offer set, estimated preference parameters could reflect

behaviour that appears less responsive.

9.4 Model Fit

The contrast between the two model specifications is perhaps best displayed in Figure
4 which plots the simulated hours distributions against the actual hours distribution. The
neoclassical model does quite poorly in replicating the twin peaks of the actual hours
distribution, predicting hours choices that tend to be too low. The two-offer model provides
a much better fit.

Examining the differences between the model specifications in Table 4 more closely
we notice that the v parameter changes dramatically across specifications. This is the
marginal utility of consumption parameter in utility specification (1), determining the size
of wealth and income effects. Notice that the Frisch elasticities in Table 5, which hold the
marginal utility of consumption fixed, do not depend on the v parameter. It does not enter
the expression for the marginal utility of hours in this utility specification. The same is
true for the fixed cost parameters. Fixed costs enter the work decision but not the hours
of work decision once in work. Nonetheless these parameters will enter the simulation of
the hours and employment in both models.

When using the parameters from the neoclassical model to simulate employment, we
find 60.25 percent of the women in the sample would choose to be in employment. As
would be expected, this closely accords with the actual percentage in work in the sample.
However, if we use the preference and fixed cost parameters from the two-offer model to
simulate employment choices, we find a larger employment rate of 77.84 percent. It appears
that the restrictions in the two-offer model significantly reduce the number in employment

relative to those who would, in the ‘long-run’, choose to work.
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Figure 4: Hours distributions: observed, neoclassical and two offers model
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9.5 Elasticities with Non-linear Budget Constraints

As an alternative to the elasticities presented in Table 5 which assume a linear budget
constraint, we can compute elasticities that take explicit account for the nonlinearities in
the budget constraint. For each individual these nonlinearities transform the impact of a
gross wage change. Given the complex nature of the budget constraints facing the individ-
uals in our sample this can have a sizable impact on the resulting estimated elasticities.

To derive these elasticities we follow three steps: First, we jointly simulate the en-
dogenous variables (log of wages, log of consumption, preference for leisure and cost
of working) given the estimated parameters and the exogenous variables. Second, us-
ing the IFS tax and benefit simulator (TaxBen), we assess the new budget constraints
(R(w®,h),h=0o0r h € H) and (R(w®(1+2%),h),h =0 or h € H) associated to the sim-

ulated wages for each individual. Finally, we optimise the value function over the whole
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set of possible hours:

V(h,aw?, 82,68 e%) = a(eo(h) + 7 (R(wi,h) —B) ¥V h>0

V(0,w’, 8%, ¢ &%) HNo(h) + 7 R(w;, 0)

AR A )

I
o
—
o

Each individual chooses

he = arg max V(h,w’, B ¢, &
7 thOJLEH ( Y 17/817 79 1,)

We repeat the optimisation with (w?(1 + 2%), ¢, 9, 37), and each individual chooses

Pt A ]

E 5 S 5 _S

hi? = arg hi%%}e(H V(h,wy (1 +2%), 67, ¢7,€7)
To compare elasticities at the intensive margin, Table 6 presents the elasticities for both
sets of preference parameter estimates using the same sample of women employed under
both model specifications. The intensive elasticity computation is as follows: among those

who initially work (h$ > 0),

1 (hf —hg) 1
Elntensive — Ij(h?—>0> Z TQ]_%

i/h2>0 !

For the neoclassical model, the median value for the distribution of estimated intensive
elasticities is .24 with a P75 to P25 range of 0.45 to 0.0.* For the preference parameters
under the restricted model assumptions the elasticities are very similar. These estimates
lie in the range of estimates from various studies of female labour supply in the UK and in
North America, see Blundell and MaCurdy (1999). Figures 5 and 6 present the distribution

of these estimated elasticities according to the percentiles of the wage distribution.

9.6 Short-run elasticities in the two-offer model

For the two-offer model we can compute two types of elasticities. In Tables 5 and 6
the elasticities are those implied by the preference and fixed cost parameters alone, as if
the restrictions on hours were lifted. We think of these as ‘long-run’ elastcities, directly

comparable to those reported for the neoclassical model. Alternatively we can account

4They are estimated with a 1% wage increase, and for hours ranging from 1 to 90, every hour. The
tails of the intensive elasticity distribution are sensitive to the step choice, but its median is quite robust.
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Figure 5: Simulated Elasticities across the Wage Distribution: Neoclassical Model
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for the estimated offer distribution. In this case choices are highly restricted. A single
alternative is on offer. We think of these as ‘short-run’ elastcities.
To calculate the distribution of these elasticities, we follow the same overall procedure
as above, but we additionally draw two offers from the offer distribution: (hJ"', %) ~ g.
We thus have two sets of comparison and actual hours will take the form
h™ = arg max V(h* w87, 7))
0,n5t RS2
Similarly, with the same couple of simulated hours, the choice problem under the new

budget set is given by

hiE = arg max V(h,wf(l—l-:v%), §>Cfaff)-

S,1 45,2
0,h5"1 A

For the majority of individuals we find the change in wage is not sufficient to generate

changes in hours given the (restricted) choices on offer. Those that do move tend to move
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Figure 6: Simulated Elasticities across the Wage Distribution: T'wo-Offer Model
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in large steps. The implied mean intensive elasticity is .40. This number is the average
of no change for most of the population and large switches in hours for a few individuals.
At the employment margin the restriction on offers is reflected in a short-run extensive

elasticity of .21.

10 Conclusions

In this paper we have developed a model of employment and hours in which individ-
uals face an offer distribution over possible hours choices. Observed hours reflect both
the distribution of preferences and the distribution of offers. The leading example is of
individuals selecting from two offers. Their choice set is limited and their observed hours
will not necessarily satisfy the revealed preference conditions for optimal choice.

We illustrated this framework in a model of hours and employment with nonlinear
budget constraints where observed labor supply may not be reconciled with standard neo-

classical optimisation theory. We showed first that when the offer distribution is known
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preferences can be identified. We were also able to show that, where preferences are known,
the offer distribution can be fully recovered. We then developed conditions for identification
of both the parameters of preferences and of the offer distribution.

The new framework was then used to study the labour supply choices of a large sample
of women in the UK, accounting for nonlinear budget constraints and fixed costs of work.
The results point to a small but important group of workers who fail the neoclassical choice
model. For the remainder of the sample the neoclassical model suggests a distribution of
estimated Frisch elasticities at the intensive margin with a median of .39 and interdecile
range between 0.24 and 0.78. In contrast, the results from the two-offer model reveal an
estimated offer distribution with twin peaks centered around full-time and part-time hours.
The estimated preference parameters from the two-offer models imply larger elasticities
with a median of .49 and an interdecile range between 0.27 and 0.96.

Accounting for restrictions on the choice set changes the underlying pattern of prefer-
ence parameters. Individuals appear more responsive once restrictions are accounted for
and the model simulations predict a higher level of employment were hours restrictions to
be completed lifted. Actual responses though are quite different. Only a few individuals
find it worth adjusting in the short-run to small changes in wages. But those that do adjust
appear to make large changes.

The two-offer specification we adopt in the application in this paper is restrictive. In
future work we intend to develop the n-offer case, allowing a much more flexible specifi-
cation of the effective choice set. In pacticular, we could allow the number of alternative

choices to vary by location, age, education and point in the business cycle.
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Table 3: Non optimizing and optimizing agents

Proportion among ‘in work” women

Age at end of studies
Age

Hourly wage
Marginal tax rate
Usual weekly hours

Log of consumption

Number of kids

A kid younger than 4

The youngest kid between 5 and 10
London

Cohabitant

Spouse inwork

Out of work income
In work income

Optimizing agents

0.88

17.5
38.0

7.4
0.30
27.5

9.5
1.7
0.3
0.3
0.1

0.88
0.72
355
513

Non optimizing agents

0.12

16.7
37.2

2.5
0.60
22.6

0.1
1.8
0.2
0.4
0.1

0.46
0.22
199
255
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Table 4: Estimation results

Optimizing | Two Offer
o 6.27 5.49
(0.00) (0.10)
v 1.30 0.20
(0.06) (0.02)
a: Constant 23.84 23.89
(0.31) (0.46)
a: Cohabitant -1.90 -0.47
(0.07) (0.05)
a: Youngest kid between 0 and 4 1.20 1.23
(0.04) (0.03)
a: Youngest kid between 5 and 9 0.07 0.25
(0.02) (0.02)
b: Constant 0.97 0.73
(1.34) (0.43)
b: Cohabitant 0.86 0.68
(1.23) (0.25)
b: Number of kids 0.83 0.44
(0.37) (0.20)
o? 4.42
(0.24)
p(e, e°) -0.34
(0.02)
p(e® e™) 0.06
(0.01)
o 2.05
(0.02)
my 16.71
(0.12)
o1 6.35
(0.11)
(0.15)
(o)) 5.27
(0.06)
(0.01)
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Table 5: Frisch (Intensive) Elasticity Estimates

Neoclassical Model Two-Offer Model

Mean 0.57 0.68

(0.47) (0.56)
pl10 0.24 0.27
p20 0.27 0.31
p30 0.28 0.34
p40 0.32 0.41
p50 0.39 0.49
p60 0.51 0.61
p70 0.64 0.73
p80 0.78 0.96
p90 1.07 1.33

Notes: see the text for a discussion of the computation of these elasticities.

Table 6: Intensive Elasticity Estimates Accounting for Nonlinear Taxes

Intensive Elasticity | Neoclassical Model Two-Offer Model
mean 1.37 1.34
pb -0.77 -.36
pl0 0.00 0.00
p25 0.00 0.00
p50 0.24 0.21
p75 0.45 0.33
p90 1.11 0.65
p95 2.00 1.07

Notes: see the text for a discussion of the computation of these elasticities.
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