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CENTRAL LIMIT THEOREMS AND BOOTSTRAP IN
HIGH DIMENSIONS

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

ABSTRACT. In this paper, we derive central limit and bootstrap the-
orems for probabilities that centered high-dimensional vector sums hit
rectangles and sparsely convex sets. Specifically, we derive Gaussian and
bootstrap approximations for the probabilities P(n~!/2 X € A
where Xi,...,X, are independent random vectors in R? and A is a
rectangle, or, more generally, a sparsely convex set, and show that the
approximation error converges to zero even if p = p, — 0o and p > n; in
particular, p can be as large as O(eC"C) for some constants ¢, C' > 0. The
result holds uniformly over all rectangles, or more generally, sparsely
convex sets, and does not require any restrictions on the correlation
among components of X;. Sparsely convex sets are sets that can be
represented as intersections of many convex sets whose indicator func-
tions depend nontrivially only on a small subset of their arguments, with
rectangles being a special case.

1. INTRODUCTION

Let X1,...,X, be independent random vectors in RP where p > 2 may
be large or even much larger than n. Denote X; = (Xj1,... ,Xip)/ for 1 =
1,...,n. Assume that each X; is centered, namely E[X;;] = 0, and E[Xf]] <
o foralli=1,...,nand j=1,...,p. Define the normalized sum

S = (Sp s S ZX (1)
We consider Gaussian approximation to S;X, and to this end, let Y7,...,Y,,

be independent centered Gaussian random vectors in RP such that each Y;
has the same covariance matrix as X;, that is, ¥; ~ N (0, E[X;X]]). Define
the normalized sum for the Gaussian random vectors:

Sy = (Sh,....8y) ZY (2)
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We are interested in bounding the quantity

pu(A) = sup [P(S; € A) —P(S) € 4)], (3)

where A is a class of (Borel) sets in RP.

Bounding p,, (.A) for various classes A of sets in R?, with a special emphasis
on explicit dependence on the dimension p in bounds, has been studied by
a number of authors; see, for example, [5, 6, 7, 20, 26, 31, 32, 33, 34] (see
[15] for an exhaustive literature review). Typically, we are interested in
how fast p = p, — oo is allowed to grow while guaranteeing p,(A) — 0.
In particular, Bentkus [6] established one of the sharpest results in this
direction and proved that, when Xi,..., X, are i.i.d. with E[X;X/] =1,

pn(A) < (B[ X°]/v/n, (4)

where ¢,(A) is a constant that depends only on p and A; for example, ¢,(A)
is bounded by a universal constant when A is the class of all Euclidean balls
in RP, and c,(A) < 400p*/* when A is the class of all convex sets in RP.
Note, however, that this bound does not allow p to be larger than n once
we require p,(A) — 0. Indeed by Hélder’s inequality, when E[X; X][] = I,
E[||X; %] > (E[||X:]|2])%/? = p*/?, and hence in order to make the right-hand
side of (4) to be o(1), we at least need p = o(n'/3) when A is the class
of Euclidean balls and p = o(n?7) when A is the class of all convex sets.
Similar conditions are needed in other papers cited above. It is worthwhile
to mention here that, when A is the class of all convex sets, it was proved
by [26] that py,(A) > cE[|| X;||*]//n for some universal constant ¢ > 0.

In modern statistical applications, such as high dimensional estimation
and multiple hypothesis testing, however, p is often larger or even much
larger than n. It is therefore interesting to ask whether it is possible to
provide a nontrivial class of sets A in R? for which we would have

pn(A) = 0 even if p is potentially larger or much larger than n. (5)

In this paper, we derive bounds on p,(A) for A = A" being the class of
all rectangles, or more generally for A = A® being the class of simple convex
sets, and show that these bounds lead to (5). We call any convex set a simple
convex set if it can be well approximated by an affine transformation of a
rectangle. Once we establish the result for rectangles, we extend the results
to the simple convex sets, which include an interesting and important class
of sparsely convex sets. These are sets that can be represented as an inter-
section of many convex sets whose indicator functions depend nontrivially
only on a small subset of their arguments.

The sets considered are useful for applications in mathematical statistics.
In particular, the rectangles and sparsely convex sets are interesting because
they allow us to approximate the probabilities of various key statistics ex-
ceeding or falling below certain thresholds. For example, the probability
that a collection of Kolmogorov-type statistics falls below a collection of
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thresholds,

JE€EJK

P (maxST)fj <tp; k= 1,...,/1) :P(Sff € A),

can be approximated by P(SY € A) within the error margin p,(A"); here
{Ji} are subsets of {1, ..., p}, {tx} are the thresholds in the interval [—oo, o0],
1 < k < 2P is an integer, and A C A" is a rectangular region of the form {w €
RP : maxjeg, wj < tg; k=1,...,x}. Or, for example, the probability that a
collection of Pearson-type statistics falls below a collection of thresholds,

P(ISX)enl <t k=1,...5) =P (5X € 4)

can be approximated by P(SY € A) within the error margin p,(A%); here
{Ji} are subsets of {1,...,p} of fixed cardinality sg, {tx} are the thresholds
in the interval (0,00, 1 < k < (Lf;) is an integer, and A C A® is a sparsely
convex set of the form {w € R : ||(w;) e, ||* < te; k= 1,...,x}. In practice,
as we demonstrate, the approximations above could be estimated using the
empirical or multiplier bootstrap.

The results in this paper extend those obtained in [14] where we consid-
ered the class A = A™ of sets of the form A = {w € R? : maxjc;w; < a} for
some a € R and J C {1, ..., p}, but to obtain much better dependence on n,
we employ new techniques. Most notably, we employ an induction argument
as the main ingredient in the new proof, as inspired by Bolthausen [§]. Our
paper builds upon our previous work [14], which in turn builds on a number
of works listed in the bibliography (see [15] for a detailed review and links
to the literature).

1.1. Organization of the paper. In Section 2, we derive a Central Limit
Theorem (CLT) for rectangles in high dimensions; that is, we derive a bound
on p,(A) for A = A" being the class of all rectangles and show that the
bound converges to zero under certain conditions even when p is potentially
larger or much larger than n. In Section 3, we extend this result by showing
that similar bounds apply for A = A® being a class of simple convex sets. In
Section 4, we derive high dimensional Empirical and Multiplier Bootstrap
CLTs that allow to approximate the distribution of P(SY € A) for A € A"
or A® using the data X1,...,X,. In Section 5, we state an induction lemma,
a key result underlying all the derivations in the paper. Finally, we provide
all proofs as well as some technical results in the Appendix.

1.2. Notation. For a € R, [a] denotes the largest integer smaller than or
equal to a. For w = (wy,...,wp) € RP and s = (s1,...,5,)" € RP, we
write w < s if w; < s; for all j =1,...,p. For s = (s1,...,5,) € RP and
a € R, we write s +a:= (s1 +a,...,sp + a)’. Throughout the paper, E,|[]
denotes the average over index ¢ = 1,...,n; that is, it simply abbreviates
the notation n=1 Y"1 |[-]. For example, E,[z;;] = n™! Y | 2;;. Also, we
denote X7 := (X1y,...,X,). Finally, following standard notation, for & > 0,
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we define the function v, : [0,00) — [0,00) by ¥4(x) := exp(z®) — 1, and
for a random variable &, we define

1€]lpe := inf{A > 0= Ela(|€]/A)] <1}

For a > 1, || - ||y, is an Orlicz norm, while for a € (0,1), || - ||, is not a
norm but a quasi-norm, that is, there exists a constant K, depending only
on « such that || + &y, < Ka(|1llga + 1|&2]|4. ). Throughout the paper,

we assume that n > 4 and p > 2.

2. HigH DIMENSIONAL CLT FOR RECTANGLES

This section presents a high dimensional CLT for rectangles. Let A" be
the class of all rectangles in RP; that is, A" consists of all sets A of the form

A={weRP:q; <wj<bjforall j=1,...,p} (6)

for some —oo < a; < b; < oo, j =1,...,p. We will derive a bound on
pn(A"), and show that under certain conditions it leads to p,(A") — 0 even
when p = p,, is potentially larger or much larger than n.

To describe the bound, we need to prepare some notation. Define

L= max 3 E[|XG ) (7)

and for ¢ > 1, define

1 o 5
My x(¢) =~ ;E Lrg]agpanl 1 {Ej‘é‘p Xl > vn/(4 logp)}] - (8)
Similarly, define M,, y (¢) with X;;’s replaced by Y;;’s in (8), and let M,,(¢) :=
M, x(¢) + M, y(¢). The following is the first main result of this paper.

Theorem 2.1 (High Dimensional CLT for Rectangles). Suppose that there
exists some constant b > 0 such that m=* 3", E[ij] >bforallj=1,...,p
and m = [n —logn — 1],...,n. Then there exist constants Ki,Ks > 0
depending only b such that for every constant Ly, > Ly,

: (9)

s 1/6
L, log7p + My (dn)
n L,

pn(AT) < Ky <
with

n

o L\l
21
b = K> <” °8 p> . (10)

Remark 2.1 (Key features of Theorem 2.1, I). The bound (9) should be
contrasted with Bentkus’s [6] bound (4). For the sake of exposition, assume
that the vectors Xy, ..., X,, are such that E[Xf]] = 1 and for some constant
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B, > 1, |X;| < B, foralli=1,...,nand j = 1,...,p. Then it can be
shown that the bound (9) reduces to

21007 1/6
,On(-AT) <K (Bnloi(pn)> (11)
for some universal constant K; see Corollary 2.1 below. Importantly, the
right-hand side of (11) converges to zero even when p is much larger than
n; indeed we just need B2log’(pn) = o(n) to make p,(A") — 0, and if in
addition B, = O(1), the condition reduces to logp = o(n'/7). In contrast,
Bentkus’s bound (4) requires p = o(n?/7) to make p,(A) — 0 when A is the
class of all convex sets. Thus, if we restrict attention to the smaller class of
sets, A = A", the requirements on p are considerably weaker. [

Remark 2.2 (Key features of Theorem 2.1, II). On the other hand, the
bound in (11) depends on n through n~'/%, so that our Theorem 2.1 does
not recover the Berry-Esseen bound when p is fixed. However, given the that
the rate n /6 is optimal (in a minimax sense) in CLT in infinite dimensional
Banach spaces (see [4]), the factor n=/% seems nearly optimal in terms of
dependence on n in the high-dimensional settings. In addition, examples in
[16] suggest that dependence on B,, is also optimal. Therefore, we conjecture

that .
K (Bi loga(p)>l/
n
for some @ > 0 is an optimal bound (in a minimax sense) in the high di-
mensional setting. A value of a = 3 could be motivated by the theory of
moderate deviations for self-normalized sums when the components of X;
are independent. [ ]

Remark 2.3 (Relation to previous work). Theorem 2.1 extends the result
of Theorem 2.2 in [14] where we derived a bound on p,(A™) with A™ C A"
consisting of all sets of the form

A={w=(wy,...,wy) ERP:wj <aforal j=1,...,p}
for some a € R. In particular, we improve dependence on n from n~1/8 in
[14] to n~/6. In addition, we note that extension to the class A" from the
class A™ is not immediate since in both papers we assume that Var(Sé) is

bounded below from zero uniformly in j = 1,...,p, so that it is not possible
to obtain the class A" from the class A™ by rescaling some coordinates of
SX. [

The bound (9) depends on M, (¢,) whose values are problem specific.
Therefore, we now apply Theorem 2.1 in two specific examples that are
most useful in mathematical statistics (as well as other related fields such as
econometrics). Let b > 0 be some constant and let B,, > 1 be a sequence of
constants, possibly growing to infinity as n — co. Assume that the following
conditions are satisfied:
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(M.1) n=13°0 E[X?]] >bforall j=1,...,p,

(M.2) n= 3" E[|X;;2*) < BFforall j=1,...,pand k= 1,2.
We consider examples where one of the following conditions holds:
(E.1) Elexp(|Xij]/Bn)] <2foralli=1,...,nand j =1,...,p,

(E.2) E[(maxi<j<p |Xij|/Bn)l <2foralli=1,...,n,

where ¢ > 4. Application of Theorem 2.1 under these conditions leads to
the following corollary.

Corollary 2.1 (Leading Examples). Assume that conditions (M.1) and
(M.2) are satisfied. Then under (E.1), we have

B21 7 1/6
pular) < € (PR ) (12)
where the constant C' depends only on b, while under (E.2), we have
. B2log"(pn)\ " [ B2log’p\""*
pn(A") <C <n) + <n1—2/q) ) (13)

where the constant C depends only on b and q.

3. HicH DIMENSIONAL CLT FOR SIMPLE CONVEX SETS

In this section, we extend the results of Section 2 by considering larger
classes of sets; in particular, we consider classes of simple convex sets, and
obtain, under certain conditions, bounds that are similar to those in Section
2 (Corollary 3.1). Although an extension to simple convex sets is not dif-
ficult, in high dimensional spaces, the class of simple convex sets is rather
large, and, as we demonstrate in Lemma 3.1, contains interesting classes
of sparsely convex sets (Definition 3.1). These classes in turn may be of
interest in mathematical statistics where sparse models and techniques have
been getting very popular in the past years.

Consider a convex set A C RP. This set can be characterized by its
support function:

Sy: Pt S RU{x}, v Syu(v) :=sup{w'v:w e A},
where SP~! := {v € RP : ||v|| = 1}; in particular, A = Nyegp-1{w € R? :
w'v < Sy (v)}. We say that a convex set A is m-generated if it is generated
by intersections of m half-spaces. The support function S4 of such a set A
can be characterized completely by its values {Sa(v),v € V(A)} for the set

V(A) consisting of m unit vectors that are outward normal to the faces of
A. Indeed,

A= Nyeyay{w € RP : w'v < Sx(v)}.
For € > 0 and an m-generated convex set A™, we define

A" = Nyepamy{w € R - w'v < Sym(v) + €}
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Further, we say that a convex set A admits an approximation with precision
€ by an m-generated convex set A" if

A" C AcC A™E
Let a,d > 0 be some constants. Let A4° be a class of sets A in RP that

satisfy the following condition:

(C) The set A admits an approximation with precision € = a/n by an
m-generated convex set A™ where m < (pn)?.

We refer to sets A that satisfy condition (C) as simple convex sets because
they can be well approximated by affine transformations of rectangles. Note
that rectangles A € A" trivially satisfy condition (C) with a =0 and d = 1.

For all A € A® with the approximating m-generated set A™ as in condition
(C) and X; = (Xi1, ..., Xim)" = (v Xi)pey(am), i = 1,...,n, we assume that
the following conditions are satisfied:

(M.1) n=130 E[)Z?J] >bforall j=1,...,m,

(M.2') 'S B[| X% < BE forall j =1,...,m and k = 1,2.
In addition, we assume that one of the following conditions hold:

(E.1") Elexp(|X|/Bn)] <2foralli=1,...,nand j=1,...,m,

(E.2') E[(maxi<j<m |Xij|/Bp)q] < 2foralli=1,...,n,

Conditions (M.1"), (M.2), (E.1'), and (E.2') are similar to those used in

the previous section but they apply to vectors Xi,..., X, rather than to
vectors X1q,...,Xn.

Recall the definition of p,(A) in (3). A simple extension of Corollary 2.1
gives the following result for the classes of sets A = A®.

Corollary 3.1 (High dimensional CLT for simple convex sets). If all sets
A in the class A® satisfy (C), (M.1"), (M.2), and (E.1"), then we have

B2log’ (pn) ) 1o

- (14

pn(A%) < C(

where the constant C depends only on b, a, and d; and if all sets A in the
class A = A*® satisfy (C), (M.1"), (M.2"), and (E.2'), then we have

B2(log"(pn)\"/® . [ B2logp\ '
n + nl=2/4 ’

where the constant C depends only on b, q, a, and d.

Pn(AS) <C

Applying Corollary 3.1 to log-concave distributions gives the following
particularly useful result:
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Corollary 3.2 (High dimensional CLT for simple convex sets with log—
concave distributions). Assume that the vectors X1, ..., X, have (centered)
log-concave distributions on RP and that mazimal eigenvalue of E[X;X]] is
bounded from above by a constant K for alli=1,...,n. If all sets A in the
class A® satisfy (C) and (M.1"), then we have

log” (pn) ) 1o

n

mixe) < (
where the constant C depends only on b, a, d, and K.

As we mentioned above, the class of simple convex sets is large and, in
high dimensions, contains many interesting sets. In particular, this class
contains sparsely convex sets defined as follows.

Definition 3.1 (Sparsely convex sets). For integers s,Q > 0, we say that
A C RP is an (s, Q)-sparsely convex set if A = ﬂqulAq where for each g,
A, C RP is a convex set whose indicator function w — I(w € A;) depends at
most on s components of its argument w = (wy, ..., w,) (which we call main

components of A;). We also say that A = ﬁgzlAq is a sparse representation
of A.

The simplest example fitting into this definition is a rectangle as in (6),
which is a (1, 2p)-sparsely convex set. Another simple example is the set

A={w eRP:vw<ay, forall k=1,...,m} (15)

for some unit vectors vy € SP~! and coefficients aj, k = 1,...,m. If the
number of non-zero components of each v does not exceed s, this A is an
(s, m)-sparsely convex set. Another, slightly more complicated, example is
the set

A={weRl:a;<w;j<bjforall j=1,...,pand wi + w3 <c} (16)

for some coefficients —oo < a; <b; <o0,j=1,...,p,and 0 < ¢ < oco. This
A is (2,2p + 1)-sparsely convex set. A more complicated example is the set

A={weRP:q; <wj Sbj,w,%—i—w? < ey, forall j,k,l=1,...,p} (17)

for some coefficients —oo < a; < b; < 00, 0 < ¢y < 00, 5kl =1,...,p.
This A is (2,p? + 2p)-sparsely convex set. Another example, given in the
introduction, is

A={weR: |[(wy)jes | <tr: k=1,..,K}

here {Ji} are subsets of {1, ..., p} of fixed cardinality so, {tx} are the thresh-
olds in the interval (0,00), and 1 < k& < (s’;) is an integer. This A is
(so, p°°)-sparsely convex set. In practice the approximations above could be
estimated using the empirical or multiplier bootstrap.

The following lemma shows than many sparsely convex sets are simple
convex sets:
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Lemma 3.1 (Sparsely convex sets are simple convex sets). Assume that A is
an (s, Q)-sparsely convez set containing the origin such that sup,,c 4 lw| < R
and such that all sets Ay in the sparse representation A = ﬂqulAq of A
satisfy —Aq C pAq for some > 1. Then for any v > e/8, there exists ey =
eo(y) > 0 such that for any 0 < € < €y, the set A admits an approximation
with precision Re by an m-generated convex set A™ where

m<Q(n/* g )" a8)

Therefore, if Q@ < (pn)®, R < (pn)®, and p < (pn)% for some constant
dy > 1, then there exists an absolute integer ng such that the set A satisfies
(C) for allm > ny with a =1 and d depending only on s and dy.

Remark 3.1 (On conditions of Lemma 3.1). The conditions of the lemma
are sufficient to establish the bound (18) but they are not necessary. These
conditions arise from the fact that our derivation relies upon the approxima-
tion result of Barvinok [3]. Similar bounds can often be established under
different /weaker conditions using ad hoc arguments. For example, these
assumptions can be clearly avoided in the case of the set in (15).

Remark 3.2 (On condition (M.1") for sparsely convex sets). As the proof of
Lemma 3.1 reveals, a simple sufficient condition for any (s, Q)-sparsely con-
vex set A in RP to obey condition (M.1") is that n=1 Y1 | E[(v/X;)?] > b for
any v € SP~! with non-zero components corresponding to main components
of some A, in the sparse representation A = ﬂ?zlAq.

We conclude this section with a lemma relating conditions (M.2"), (E.1’),
and (E.2") to conditions (M.2), (E.1), and (E.2).

Lemma 3.2 (On conditions (M.2'), (E.1’), and (E.2") for sparsely convex
sets). Assume that conditions (M.2) and (E.1) (or (E.2)) are satisfied with
constants b and B,,. Then any (s, Q)-sparsely convex set A in RP obeys con-
ditions (M.2") and (E.1") (or (E.2), respectively) with constants b and s*B,,
(in place of By ) and approzimating m-generated convex set A™ constructed
as in Lemma 3.1.

4. EMPIRICAL AND MULTIPLIER BOOTSTRAP CLT'S

In the last two sections, we showed that the probabilities P(SX € A)
can be well approximated by the Gaussian analog P(SY € A) under weak
conditions uniformly over rectangles A € A" or simple convex sets A € A®.
In practice, however, the covariance matrix of S}L/ is typically unknown,
and so approximating P(S;X € A) by P(SY € A) is infeasible. Therefore,
in this section, we derive two high dimensional bootstrap CLTs. These
theorems allow us to further approximate the probabilities P(S} € A) (and
hence P(S;X € A)) by means of the bootstrap. We consider multiplier and
empirical bootstrap methods.
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Our first theorem is concerned with the multiplier bootstrap. Let ey, ..., e,
be a sequence of i.i.d. N(0,1) random variables that are independent of
X ={X1,..., Xn}. Let 15\ := (finy, - Hpy) = En[Xi], and consider the
normalized sum:

SeX = (8o, ... Sflff : \erl i — ).

We are interested in bounding

pMB(A) = sup [P(SX € A| XT) —P(SY € A)]
AcA

for A = A" and A°. To state the bound, let
1 1o
BX = 3 = (X — ) and B = S EVY)
i=1 ‘
denote the covariance matrices of SX and SY | respectively (conditional on
X7 in case of S¢X), with Effgk and Eijk denoting the (7, k)th element of

»eX and XY, respectively. Also, denote the maximum norm of the difference
between ¥¢X and XY by A,:

A, = max ‘Eff,gk — Er};jk’ .

1<j,k<p
We have the following theorem for the class of rectangles A = A".

Theorem 4.1 (Multiplier bootstrap CLT). Assume that condition (M.1) is
satisfied. Then for any constant A,,, we have

pp' P (A7) < CAP(logp)*?
on the event that A, < A,, where the constant C' depends only on b.

We now specialize this theorem for moment conditions as in our leading
examples. For brevity of the paper, we state the corollary for the case of
simple convex sets A4 = A° and note that since all rectangles is a special
case of simple convex sets, the same result trivially applies for the case of
rectangles A = A" with conditions (C), (M.1"), (M.2), and (E.j’) replaced
by (M.1), (M.2), and (E.j) for j = 1 or 2. We have the following corollary.

Corollary 4.1 (Leading Examples). Let a € (0,e7!) be a constant. If all
sets A in the class A® satisfy (C), (M.1"), (M.2"), and (E.1"), then we have
with probability at least 1 — «,

W iA%< C (Bv% log® (pn) logz(l/a)>1/67 .

n

where the constant C depends only on b; and if all sets A in the class A®
satisfy (C), (M.1"), (M.2), and (E.2'), then we have with probability at least
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1—a,

MB(AS) <

n QZ/QTH*Q/Q

<Bg log®(pn) 1og2(1/oz)>1/6 n <Brgz10g3p>l/3] ., (20)

where the constant C' depends only on b and q.

Our second theorem is concerned with the empirical bootstrap. Let
X7,..., X, be iid. draws from the empirical distribution of Xi,...,X,,.
Conditional on X7 = {Xy,..., X}, X{,..., X} are i.i.d. with mean X =
E,[X;]. Consider the normalized sum:

X* X* * /\
Sy = (i . S ) \FZ (X;
We are interested in bounding
pEP(A) = sup [P(SY" € A| XT) ~ P(S) € 4)
AcA
for A = A" and A°. To state the bound, define

= — X, 21
lrgfganI ij — fing | (21)

an empirical analog of L,. Also, for ¢ > 1, define
—~ 1 <&

o 31 ~X
My x(¢) = 125, |Xij — Fingl*1 { 1ax | Xij — ;| > v/n/ (40 logp)} :
1=

1<;<p

My (0) = B | s S5 { s 15551 > vt/ (46 logp) | X1
<j<

empirical analogs of M, x(¢) and M, y(¢), and let J/\Zn(@ = ]/\/Tn,X(qb) +
M, y(¢). Then we have the following theorem for the class of rectangles

A=A"

Theorem 4.2 (Empirical bootstrap CLT). For any constants b, L, and
M,,, we have

MB fi log' (pn) e M,
WP (AT) < plIP(AT) + K, T Tt

on the event that E,[(X;; — ﬁfj)Q] >bforalj=1,...,p, Ln > Ly, and
M, > ]\/En(qﬁn), where

—9 4 -1/6
L lo
¢n = K2 ( ° ng p) )

and where the constants Ky, Ko depend only on b.
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As in the case of multiplier boostrap, we now specialize this theorem for
moment conditions as in our main examples. For brevity of the paper, we
state the corollary for the case of simple convex sets A = A° and note that
the same result applies for the case of rectangles as a special case. We have
the following corollary.

Corollary 4.2 (Leading Examples). Let a € (0,e™!) be a constant. Assume
that log(1/a) < Klog(pn) for some other constant K. If all sets A in the
class A® satisfy (C), (M.1"), (M.2"), and (E.1"), then we have with probability
at least 1 — «,

(22)

B2 log®(pn) log2<1/a>>” ’
n )

o <o

where the constant C' depends only on b and K ; and if all sets A in the class
A satisfy (C), (M.1"), (M.2"), and (E.2"), then we have with probability at
least 1 — a,

plA) < C

n ()42/‘177,1—2/‘1

<BEL log® (pn) 1Og2(1/04)>1/6+ <BVQL 10g3(pn)>1/3] . (23)

where the constant C depends only on b, q, and K.

Remark 4.1 (The a.s. bootstrap CLTs). Corollaries 4.1 and 4.2 are sharp
enough to yield the following a.s. multiplier and empirical bootstrap CLTs.
Let Z,7Z1,Z5,... be ii.d. random variables taking values in a measurable
space (5,S). For each n > 4, let F,, be a class consisting of p = p, =
|Fn| > 2 measurable functions S — R. Consider random vectors in RP,
X; = X, := (f(Z;) —E[f(2)])feF,, for i = 1,...,n. Also define S;*, S¢¥,
SXT pMB(4%), and pEPB(A®) as above. Applying Corollaries 4.1 and 4.2
with o = a,, = n~'log™2n and using the Borel-Cantelli emma (recall that
S ,ntlog™?n < o) implies that under conditions (C), (M.1"), (M.2'),
and (E.1),

pMB(A%) = o(1) and pZB(A%) = 0(1) a.s. (24)

if B2log”(pn)/n = o(1). Similarly, under conditions (C), (M.1"), (M.2'), and
(E.2), (24) holds if B2log” (pn)/n = o(1) and B2 log®(pn)log"/?n/n!~4/1 =
o(1).

5. INDUCTION LEMMA

In this section, we prove an induction lemma that plays a key role in the
proof of our high dimensional CLT for rectangles (Theorem 2.1). Fix n, and
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consider normalized partial sums for m =1,...,n:

1 m
SX = (S,)l(ml,...,ST)fmp)’ = — ZXi’
\/mizl

1 m
Sy = (SN s SY ) = N Z;Y
Define
Onm =  Sup |P (ﬁs,ifm ++1— sz;m < 3) — P(S,{m < s)| , (25)
SERP ve[0,1]
and let My, (¢) := M, x(¢) + My, y(¢). Our induction lemma below provides
a bound on gy, , in terms of g, 1 for each m = [n —logn],..., n.

Lemma 5.1 (Induction Lemma). Suppose that there exists some constant
b > 0 such that m_IZQIE[Xin] >bforalj=1,....p and m = [n —
logn —1],...,n. Then gnm Ssatisfies the following inequality for all ¢ > 1
and m = [n—logn|,...,n:

¢?(log p)?

lo 1/2
Onm S iz (Ln¢0n,m—1 + L, (logp)'/? + ¢Mn(¢)) + (ogp) ”~

¢
up to a constant K that depends only on b.

Lemma 5.1 has an immediate corollary. Indeed, define

Onm = SUD ‘P(ﬁS’fm +V1- vSXm €A — P(ngm € A)|
Ae A ,ve(0,1]

where A" is the class of all rectangles in RP. Then we have

Corollary 5.1. Suppose that there exists some constant b > 0 such that
m=tym E[ij] >bforallj=1,...,pandm = [n—logn—1],...,n. Then
Q;%m satisfies the following inequality for all ¢ > 1 and m = [n—logn], ..., n:

2 lo 2 lo 1/2
Onm S ¢"logp)” (anb@;,m_l + Ly(logp)/? + ¢ Mn(2¢)> + (ogp) /=
nl/2 3

up to a constant K' that depends only on b.

APPENDIX A. TECHNICAL TOOLS

A.1. Anti-concentration inequality.

Lemma A.1 (Nazarov inequality, [27]). Let Y = (Y1,...,Y,) be a centered
Gaussian random vector in RP such that E[Y]Q] >bforallj=1,...,p and
some constant b > 0. Then for every s € RP and a > 0,

P(Y <s+a) - P(Y < s) < Ca(logp)'/?,

where C' is a constant depending only on b.
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Remark A.1. This inequality is less sharp than the dimension-free anti-
concentration bound CaE||Y||s proved in [17] for the case of max rectangles
(anti-concentration inequalities for suprema of Gaussian processes). How-
ever, the former inequality allows for more general rectangles than the lat-
ter. The difference in sharpness for the case of max-rectangles arises due
to dimension-dependence (log p)'/2, in particular the term (logp)'/? can be
much larger than E||Y||s. This also makes the anti-concentration bound in
[17] more relevant for the study of suprema of Gaussian processes indexed
by infinite classes. It is an interesting question whether one could establish
a dimension-free anti-concentration bound similar to that in [17] for classes
of rectangular sets other than max rectangles. ]

Proof of Lemma A.1. Let ¥ = E[Y'Y”], so that Y has the same distribution
as ¥1/27 where Z is a standard Gaussian random vector. Denote by o; the
jth column of £¥/2, so that XV/2 = (01,...,0p). Then

P(Y <s+a)=P(EY2Z <s+a)
=P((0;/|0;1)'Z < (sj + a)/|oj| for all j =1,...,p),
and
P(Y <s)=P((0j/|oj|)Z < sj/|oj| for all j =1,...,p).

Since Z is a standard Gaussian random vector, and a/||o;|| < a/b'/? for all
j=1,...,p, the assertion follows from Theorem 20 in [22], whose proof the
authors credit to Nazarov [27]. [

A.2. Maximal inequalities.

Lemma A.2. Let X1,...,X, be independent centered random vectors in RP
withp > 2. Define Z := maxi<;<p | Z?Zl Xijl, M = maxi<j<, maxi<j<p | Xij|
and 0% = maxi<j<p Y iy B[X7]. Then

E[Z] < K(o+/logp + /E[M?]logp).
where K is a universal constant.

Proof. See Lemma 8 in [17]. [

Lemma A.3. Assume the setting of Lemma A.2. (i) For everyn > 0,0 €
(0,1] and t > 0,

P{Z > (1 +n)E[Z] + t} < exp{~1*/(30%)} + Bexp{—(t/(KI|M]|y,))"},

where K = K (n,3) is a constant depending only on n, 3.
(i) For everyn >0,s > 1 andt >0,

P{Z > (1+n)E[Z] + t} < exp{—t?/(30?)} + K'E[M?]/¢*,
where K' = K'(n, s) is a constant depending only on 1, s.

Proof. See Theorem 4 in [1] for case (i) and Theorem 2 in [2] for case (ii).
See also [19]. n
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Lemma A.4. Let Xq,...,X, be independent random wvectors in RP with
p > 2 such that X;; > 0 for all i = 1,...,n and j = 1,...,p. Define
7 = maxlgjgp Z?:l Xij and M = maxlgign maxlgjgp X@] Then

BI2] < & ( quax BIS X + B[] log ).
1<5<p

where K is a universal constant.

Proof. See Lemma 9 in [17]. [

Lemma A.5. Assume the setting of Lemma A.4. (i) For everyn > 0, €
(0,1] and t > 0,
P{Z > (1+ n)E[Z] + t} < 3exp{—(t/(K|M]ly,))"},

where K = K(n,B) is a constant depending only on n,[. (ii) For every
n>0,s>1andt >0,

P{Z > (1+n)E[Z] + t} < K'E[M"]/¢*,
where K' = K'(n, s) is a constant depending only on 1, s.

The proof of Lemma A.5 relies on the following lemma, which follows
from Theorem 10 in [24].

Lemma A.6. Assume the setting of Lemma A.4. Suppose that there exists
a constant B such that M < B. Then for every n,t > 0,

2 1
P {Z >(1+nE[Z]+ B <3 + ) t} <et.
n
Proof of Lemma A.6. By homogeneity, we may assume that B = 1. Then
by Theorem 10 in [24], for every A > 0,
log E[exp(A(Z — E[2]))] < ¢(ME[Z],

where ¢(\) = e* — X\ — 1. Hence by Markov’s inequality, with a = E[Z],

P{Z — E[Z] > t} < e MoV,

The right side is minimized at A = log(1 + ¢/a), at which =\t + ap(A) =
—aq(t/a) where q(t) = (1 + t)log(1 +¢t) —t. It is routine to verify that
q(t) > t2/(2(1+t/3)), so that

+2

P{Z —E[Z] > t} <e 20@ti/3).
Solving #2/(2(a +t/3)) = s gives t = s/3 + \/s2/9 + 2as < 25/3 + \/2as.

Therefore, we have
P{Z > E[Z] + V2as + 2s/3} < e °.

The conclusion follows from the inequality v/2as < na + 1~ 's. ]
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Proof of Lemma A.5. The proof is a modification of that of Theorem 4 in
[1] (or Theorem 2 in [2]). We begin with noting that we may assume that
(1 + n)8E[M] < t/4, since otherwise we can make the lemma trivial by
setting K or K’ large enough. Take

X... if X<
p= SE[M], }/Z] — { 1] 1 maXlS]SP 1) = P

0, otherwise
Define
n n
Wi 3 Vi Wa = a3 (05— )
Then

P{Z > (1 4+ nEIZ] + 1t} < P{Wy > (1+ m)E[Z] + 3t/4} + P(Wy > t/4)
<P{W1 > (1 +n)E[W1] — (1 +n)E[Ws] + 3t/4} + P(Wy > t/4).
Observe that
P{ max max Y (Xi5 — Vi) > 0} <P(M > p) <1/8,

1Sm<n 1<j<p“ ]
1=

so that by the Hoffmann-Jgrgensen inequality [see 23, Proposition 6.8], we
have

E[IW2] < 8E[M] < t/(4(1 +1)).
Hence
P{Z > (1 +n)E[Z] +t} <P{W1 > (1 + n)E[W1] +t/2} + P(W3 > t/4).

By Lemma A.6, the first term on the right-hand side is bounded by e~/
where ¢ depends only on 7. We bound the second term separately in cases
(i) and (ii). Below C7,Cy, ... are constants that depend only on 7, 3, s.
Case (i). By Theorem 6.21 in [23] (note that a version of their theorem
applies to nonnegative random vectors) and the fact that E[Ws] < 8E[M],

[Wally, < CLEWs] +[[M]ly,;) < Col| My,

which implies that P(Wy > t/4) < 2exp{—(t/(C’3||M||wﬁ))5}. Since p <
Ca|| M|y, we conclude that

e~UP £ P(Wa > t/4) < 3exp{—(t/(C5]|M]|4,))"}.

Case (ii). By Theorem 6.20 in [23] (note that a version of their theorem
applies to nonnegative random vectors) and the fact that E[Ws] < 8E[M],

(EIWS)'Y® < Co(E[Wa] + (E[M*))!/*) < C7(B[M])"/*.

The conclusion follows from Markov’s inequality together with the simple
fact that e7t/t7% — 0 as t — oo. [
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A.3. Other useful inequalities.

Lemma A.7. Let ¢ : R — R, and ¢ : R — Ry be nondecreasing functions,
and let &1 and & be independent random variables. Then

E[p(&1)]E[0(61)] < E[p(&1)9(61)], (26)
Elp(£1)]E[¢(&2)] < Elp(§1)9(&1)] + Elp(£2)0(£2)], (27)
Elp(£1)9(82)] < E[p(&1)8(81)] + E[p(£2)d(82)]- (28)

Moreover, (28) holds without independence of & and &s.

Proof. Inequality (26) is Chebyshev’s association inequality; see Theorem
2.14 in [10]. Further, since &£ and & are independent, E[p(£1)p(&2)] =
E[e(&1)]E[¢(&2)], and so (27) follows from (28). In turn, (28) follows from

Elp(£1)9(&2)] < Elp(&1)9(&2)] + E[o(&1)9(&2)]
< E[p(&1)8(81)] + Elp(&2)p(&2)]

where the first inequality holds because ¢(&1)¢(€2) > 0 and the second
inequality follows from rearranging terms in the following inequality:

E[(¢(&1) — ¢(&2))(8(&1) — #(&2))] > 0,

which holds by monotonicity of ¢ and ¢. This completes the proof of the
lemma. ]

Lemma A.8. Let & be a nonnegative random variable such that P(§ > x) <
Ae=*/B for all x > 0 and for some constants A,B > 0. Then for every
t >0, B[E31{¢ > t}] < 6A(t + B)2e /B,

Proof. Observe that
E[e31{¢ > t}] = 3/0t P(¢ > t)z?dr + s/too P(¢ > x)2’dx
= P> )t + 3/too P(¢ > z)z’dx.
Since P(€ > ) < Ae~*/B using integration by parts, we have

/ P(¢ > s)z’dr < A(Bt* + 2Bt + 2B%)e /5,
t

which leads to
E[€31{¢ > t}] < A(t® + 3Bt? + 6Bt + 6B%)e /P < 6A(t + B)?e /B,

This completes the proof of the lemma. [ ]
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APPENDIX B. PROOFS FOR SECTION 5

Proof of Lemma 5.1. The proof of this lemma relies on a Slepian-Stein
method developed in [14] and an induction idea of [8]. In the proof, in-
equalities a,, < d,, are understood as a, < Cd,, where C' is a constant that

depends only on b. Also, since n > 4, it follows that [n — logn] > n/2, so

that m > n/2 for all m = [n —logn],...,n. We will use this inequality in
the proof frequently without additional notice.
Fix s = (s1,...,8p) € RP, v € [0,1], and m = [n — logn],...,n. Let

Wi, ..., Wy be a copy of Yi,...,Y,. Without loss of generality, we assume
that sequences Xi,...,X,, Y1,...,Y,, and Wy,... W, are independent.

Consider
1 m
1=

Then P(SY,, < s) =P(S}},, <s), so that
Onm = Sup |P(\/{}S§m+ Vl*USZmSS)ip(SymSS”'
sERP vE(0,1] ’ ’ ’

Further, denote
B = ¢logp,
and for w € RP, define

Fs(w) == ;log ZeXp(ﬁ(wj - 55))
j=1

It is easy to check that the function Fj(w) has the following property:
0 < Fp(w) — max (wj — ;) < B logp = ¢~ (29)
1<j<p

for all w € RP. Also, consider a function gop : R — [0, 1] with bounded
derivatives up to the third order such that go(¢) =1 for ¢ <0 and go(t) =0
for t > 1. For t € R, define g(t) := go(¢t), and for w € RP, define

m(w) := g(Fp(w)).
For brevity of notation, we will use indices to denote partial derivatives of m;
for example, 0;0,0ym = mj;. The function m(w) has the following property
established in Lemmas A.5 and A.6 of [14]: for every j,k,l =1,...,p, there
exists a function Uji(w) such that

[k (w)] < Ujgr(w), (30)
p
S Uni(w) < (6% + 68+ 65%) < ¢, (31)
Gkl=1
Ujti(w) S Ujp(w +w) S Uji(w) (32)

where inequalities (30) and (31) hold for all w € RP, and inequality (32) holds
for all w,w € RP with max;<j<,|w;|f < 1 (formally, [14] only considered
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the case s = (0,...,0) but the extension to s € RP? is trivial). Moreover, for
w € RP and t > 0, define

h(w,t) =1 {—gb_l —t/B < max (w; —s;) < ¢~ + t/ﬁ} . (33)
1<j<p
Finally, for ¢ € (0,1), define

w(t): !

T Viavi—t

The proof consists of two steps. In the first step, we show that

°(1 § 1 1/2
E[Z,] < W (Ln¢9n,m—1 + Ln(logp)'/* + ¢Mn(<z>)) + (Oaﬁ)

where
I == m(VoS), + VI =08y ) — m(S),.).

In the second step, we combine the bound from the first step with Lemma
A.1 to complete the proof.

Step 1. For ¢ € [0,1], define the Slepian interpolant

Z(t) =Y Z(t)
=1

where
1
Zi(t) = Jm (ﬂ(\/;Xi +V1—-0Y;) +vV1— tWi) .
Note that Z(1) = \/vSa,, + V1 —0vSY,, and Z(0) = S}",, and so

7= w38 + VT aY) it = [ D (@

Also, define Stein leave-one-out terms
ZO(t) := Z(t) — Zi(t).

Finally, define

. 1 1 1
Zi(t) == NG (\/i(\/aXi +V1—-vY;) — \/1—_th> :

For brevity of notation, we omit argument t; that is, we write Z = Z(t),
Zi = Zi(t), ZW = ZO(t), and Z; = Z;(t).
Now, it follows from (34) and Taylor’s theorem that

E[Z,] = EZ Z/ E[m;(Z)Z;;|dt = %(I + 11+ I11)



20 CHERNOZHUKOV, CHETVERIKOV, AND KATO

where
P 1
I:= Z/ E[m;(ZD)Z;;]dt,
j=1i=1"0
p m 1
=% Z/ Elm;r(29)Zi; Zdt,
jk=1i=1"0
P m .1l )
or= %> / / (1 — NE[mu(ZD + 12;) Zi; Ziw Zu)drdt.
jki=1i=170 JO

By independence of Z() from Z;; together with E[Z;;] = 0, we have I = 0.
Also, by independence of Z @) from Z;j Zik, together with

. 1
E[ZijZik] = EE [(\/EXU + 11— ’UYZJ)(\/EXlk ++v1-— ’UYlk) — Wzngk]
1

we have IT = 0. Therefore, it suffices to bound I71.
To this end, denote

o = 1 e 1V Y5 v 5 < v/ (49) )
1<j<p
Then III = II11 + II15 where

P m 1 1
IIIl = Z Z/ / (1 — T)E[Ximjkl(z(z) + TZi)ZijZikZil]det,
jki=14=170 0

Poom .11
= ) Z/ / (1= 7)E[(1 — xi)mju(ZD + 72)) Zi; Zip, Zig|drdt.
jkil=1i=170 JO
We bound 111y and I11s separately. For 1115, we have
p m 1 1 . o
I < > Z/ / E[(1 — xi) Ui (2D + 72)| Zij Zig, Zay || drdit
jki=1i=170 JO
mo ol
2 . ;77
Sor*Y [ B0 - Vsl

m
Z/ w(®E[(1 = xi) max [Xy[* v V> v (Wi Pldt. (35)
= Jo 1<j<p

~ 372

where the first and the second lines follow from (30) and (31), respectively.
Further, denoting 7 = /n/(403), the union bound gives

1—x <1{max | X5 >T}+1{max Y31 >T}+1{max |Wij] >T}.
1<5<p 1<5<p 1<5<p
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Therefore, using inequality
max [ Xi[* v [y v Wi < max [Xi[° + max [Yi]* + max [W;[°
1<j<p 1<j<p 1<j<p 1<j<p
and inequality (28) of Lemma A.7, we obtain that the integral in (35) is
bounded from above up to an absolute constant by

E [max 1 X %1 { max | X;;| > T}} +E [max V321 { max |Y;;| > TH
1<j<p 1<j<p 1<j<p 1<j<p

since W;’s have the same distribution as that of Y;’s. Conclude that
[IT12| S (M, x(9) + My (6))08° /n'/? = My (¢)¢% /n'/?

since m > n/2, and so 1/m3/? < (2/n)3/2.

To bound I1Ty, recall the definition of 2 (w, t) in (33). Note that mjx(Z"+
77;) = 0 for all 7 € [0,1] if both A(Z®,2) = 0 and x; = 1 hold (indeed, if
Xi = 1, then maxi<j<,|Zi;| < (3/4)(n/m)'/?/8 < 2/B, and so when both
h(Z®,2) = 0 and y; = 1 hold, we have that h(Z® + 7Z;,0) = 0, which in
turn means that either F/g(Z(i) +77;) <0or Fg(Z(i) +7Z;) > ¢~ ! because
of (29); in both cases, ¢'(F5(Z® +72;)) = 0, so that the claim follows from
the definition of m). Therefore,

p m 1 1
np< >N /D /0 Elxi|mn(Z9 + 72;) Zi; Zi Zap | drdt
G kl=1i=1

p
=3

J,kl=11=1

m

(]

1 1
/ / Elx:h(Z9,2) U (ZD + 72,)| Zij Zir Zat| | drdt
o Jo

~

M=

m 1 1
g' Z /O /0 E[xih(ZD,2)U1(ZD)| Zij Zin Zit | drdt

1:=1

=
Il

)

Js

1
< / E[h(Z, 2)U,0(29)El| Zij Z Zadt (36)
0

M@
NE

1

x>

14

Jik,l
where the second inequality follows from (30), the third inequality from
(32), and the fourth inequality from the indepence of Z® from Zij Zin Zy.
Further, we split the integral in (36) inserting x; + (1 — x;) under the first

expectation sign. We have

P m 1
Sy / E[(1 = x0)h(2D, 2)U 0 (Z9)E[| 21y Zun Zalldt
jki=114=1"0

m 1
< 0B E[l — \,JE ZiiZanZal| dt < M, 2 /12
< 9P 2; /0 L= 2alB || max |23 ZiZal | dt S Ma(@)66"/n

where the last inequality follows from an argument similar to that used to
bound 7], with an application of (26) and (27) instead of (28) in Lemma
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A.7. Also, since h(Z¥,2) = 0 if both h(Z,4) = 0 and x; = 1 hold by the

same argument as above, we have

Z Z/ [xih Ui (ZD)|E(| Zij Ziw Zal | dt

7,k =1 1=1
p m 1 ‘
Z Z/ E[h VWi (2)|E[| Zij Zix Zy | dt
J,k,lzl 0
p 1 m
- Z E[W(Z, 4)Ujn(Z ZE | Zij Zir, Zy || dt
jki=1"0 i1
1 m
§¢62/ E[h(Z,4)] max EHZzyszZle (37)
0 1<]kl<p —

We split the integral in (37) inserting x,, + (1 — Xm) under the first expec-
tation sign again. We have

m

1
o [ B0 -2 0] i S EZ Zuzilae 5

1<4,k,l

mo 1
S0y [ B xole | e (ZiZazal| e (39)
i=1 "0
Under the integral in (39), we add the term

E[l — x;]E Lgfjr,’lﬁ%p !ijkaZmz!] ,

and then the resulting expression can be bounded using an argument similar
to that used to bound IIl, with an application of (26) and (27) instead of
(28) in Lemma A.7, so that we obtain (39) < M, (¢)¢5%/n'/2.

In addition, since h(Z,4) = 0 if both h(Z(™),6) = 0 and x,, = 1 hold, by
the same argument as above, we have

m

1
2
o || Blonh 2] ma > B2l

m

1
< 432 (m)
S oB /O E[h(Z 76)]1;}1]33;]3 1E[|Z1]szZzl|]

< @) | OB, ol Lo [ wtominze oy

0

where

L, = max —ZE |X,]] + Y] }

1<j<pn

and the last line follows from m 2 n/ 2 and the observation that E[|Y;;]3] <
(B[|Y;*)*/? = (E[1Xi;*)*? < E[|1Xy[%] by Gaussianity of Y.
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It remains to bound fol w(t)E[R(Z™)6)]dt. Note that

m—1
1 N ~
zm) —, = Y @2X 4+ (1-0)V%Y)
=1

_1/L_1~1/2 X 1/2 oY _ m—=1s
- m (U Snm 1+( ) Snm 1) m Vn,m—l

where ¥ := v/tv and Vn,m_l = 51/25’7)1(,”  + (1= )1/25’}{ 1- Therefore,
E[h(Z(m)7 6)] =P (vn,m—l < j) -P (‘A}n,m—l < l)
where I and I are vectors in RP defined as

I:= \/K(s —¢ P =687 and I := M(s +¢ 657",

By the definition of 9, ,,—1, this implies that

E[h(Z( ™) 6)]<2Qnm 1+P(Snm 1<I) (Sriz/m 1<I)

< onm—1 + (logp)/2 /¢

where the second line follows from the anti-concentration inequality (Lemma
A.1) since 37! < ¢~!. Combining presented bounds gives the claim of this
step.

Step 2. We now complete the proof using the argument from [14]. De-
noting

nm:—\/isgz(m"i'vl_v n,m»

we obtain
P(Vom < 5= ¢~ ") < P(Fp(Vaum) < 0) < E[m(Vm))]
< P(F3(S) < 671 + Elm(Vam)] — E[m(S)7,)])
<P(SY, <s+¢7")+E[L)
<P(S), <s—¢ ")+ Cllogp)/?/¢ + E[L,]

where the first three lines follow from the properties of Fg(w) and g(t) (recall
that m(w) = g(Fs(w))) and the fourth line from the anti-concentration
inequality (Lemma A.1). Here the constant C' depends only on b. Combining
this chain of inequalities with the bound on E[Z,] derived in Step 1 and
noting that the bound is independent of s and that a similar argument also
gives

P(Von <s—¢ 1) = P(SY, <s—¢ ) — C(logp)/?/¢ — E[Z,]

completes the proof of the lemma. [ ]
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Proof of Corollary 5.1. Fix some rectangle A = {w € R : w; €
[a;,b;] forall j = 1,...,p}. Fori =1,...,n, consider random vectors X;
and }7; in R? defined by )Afij = X;; and Ej =Y for j =1,...,p and
)?ij = —X; j—p and ﬁj =Y, j_p for j =p+1,...,2p. Also, consider the
constant vector s in R? defined by sj=bjfor j=1,...,pand s; = —a;_,
forj=p+1,...,2p. Then

P(SY,, € A) = P(SY,, < s) and P(SY,, € A) = P(S},, < 5)

where S,)fm and S}{m are defined as Sffm and S,’L/m with X;’s and Y;’s re-

placed by X s and Y s. Therefore, the corollary follows by applying Lemma
5.1 to random vectors (X; )i-, and ; 3)7_, and noting that the term M, (¢)
in the lemma is replaced by M, (2¢) in the corollary because

E [max X531 {fgj&%(pXiﬂ > \/ﬁ/(4¢log(2p))}]

1<5<p

< & max 161 { max X, > v/ (5o og(o) }

1<j<p

since we assume that p > 2. [ ]

APPENDIX C. PROOFS FOR SECTION 2

Proof of Theorem 2.1. The proof of this result relies on the induction
Lemma 5.1 and its Corollary 5.1 stated in Section 5 and proven in Appendix
B.

Let K’ denote a constant from the conclusion of Corollary 5.1. This
constant depends only on b. Set Ky :=1/(K’'V 1) in (10), so that

G = (Li(logp)4>_l/6

K'v1 n

Without loss of generality, we will assume that ¢,, > 2; otherwise, the claim
of the theorem holds trivially by setting K1 = 2(K’ V 1).

Now, applying Corollary 5.1 with ¢ = ¢,,/2 gives for all m = [n —
logn],...,n,

—=1/3
g < Gmor | BETVIPL(ogp)0 | Ma(6n)
n,m —= S(K/\/l) nl/6 S(K/\/l)gfn.

Iterating this inequality and using inequalities K’ V1 > 1 and [logn] <
n — [n — log n] yields

1 [log n+1]
- /
Onn > (8) Qn,[n—logn]—l

n 1 3<K'v1> L (logp)7/% M, (¢n)
B Q)T ),

m=[n—logn]




CLT AND BOOTSTRAP FOR HIGH DIMENSIONS 25

Since Q;,[nflogn}fl <1 and Z;‘;O(I/S)j = 8/7, this inequality gives

logn —1/3
g (D)8 (B VL oa )0 Ma6n)
nn =\ g n1/6 SL.

7

In addition, it follows from the assumption n~' Y7 | B[X2] > b that L, >
L, > c for some constant ¢ that depends only on b, and so (1/8)e" <
(1/e)8m = 1/n < ((logp)7/n)'/0 < c_l/s(fi(logp)7/n)1/6. Therefore, the
asserted claim follows by noting that p,(A") < o}, - [

Proof of Corollary 2.1. The proof consists of applying Theorem 2.1.
Without loss of generality, we will assume in the proof that
B (log(p vV n))"

L < ¢:=min (b/(64), (¢'/2)?, (K2/2)°) (40)

where Ks appears in (10), A > 0 is an absolute constant and ¢ > 0 is a
constant that depends only on b; both A and ¢’ are defined later in the proof.
Otherwise, the result for both cases is trivial.

Step 1. In this step we verify that

1 m
— D EIX] > b/2 (41)
i=1
holds for all m = [n —logn — 1],...,n and j = 1,...,p. Indeed, under the
conditions (E.1) or (E.2), we have that E[ij] < AB? foralli=1,...,n
and j = 1,...,p where A is an absolute constant. Therefore,

1 n
— Y E[X}] < AB2(2+logn)/n < 3AB}logn/n < 3Ac
n

i=m-+1

since n > 4. Since ¢ > 0 is such that 3Ac < b/2, we have
1 & 0 1 by I 9
~ > EX]] > - > EX] > - > E[X]] - b/2 > b)/2.
i=1 i=1 i=1

Therefore, (41) follows.
Step 2. Given Step 1 we can apply Theorem 2.1 to get the bound on
pn(A") stated in Theorem 2.1:

7 (42)

Laogp)™\ " | Max(6n) + Moy (60)
n L,

Pn(Ar) < K (

where

9 ~1/6
L, (logp)*
%:&<Afm>
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and where L,, is any number such that L, > L,. Recall that

= max fZE 1X1],

1<]<p n

Max(o) =3 38 Lrgag 1 { x> Vi/astoen) } |
and M,y (¢n,) is deﬁned similarly with X;;’s replaced by Yj;’s.

In what follows, we need to select L,, such that L, > L, and compute
upper bounds on M,, x (¢r,) and M,, y (¢,,) in order to compute upper bounds
on the right side of (42). The steps below carry out these computations for
cases (E.1) and (E.2) separately. Inserting the resulting bounds into (42)
gives the two claims of the corollary.

Case (E.1). In this case, the notation a, < d,, means that a, < Cd,
for some constant C' > 0 depending only on b. By condition (M.2), we have
L, < By, =: L,,. Observe that (E.1) implies that || X;;|y, < B, for all i and
j. Therefore, Lemma 2.2.2 in [38] shows that

< A'B,logp (43)

max Xj;
1<5<p 1

for some absolute constant A’. Hence, by Markov’s inequality,

T
| < e
P <1r£1]aé<p\X”| > m) < 2exp < B, 10gp>

for all x > 0, so that applying Lemma A.8 gives

Mix(#n) S (Vi) (6n10gp) + By logp)® exp (_ﬁ/<4¢>lgp>>

A'Bylogp

3 C/nl/S
< (Vn+ Bylogp)” exp (—32/3

(log p)*/3
~1/3
< n3%exp <—c’ log(pn) (Bﬁ(log(pn)ﬂ) )

n
< n*? exp(—2log(pn)) < n” /2

for some constant ¢ > 0 that depends only on b where the second, third,
and fourth lines follow from (40) and the observation that

-2 1/6 1/6
;_;(Ln(logp)‘*) S;(B?L(log(pn))‘*) <1 (4
n 2 n 2 n

where the last inequality again follows from (40). Further, E[Yé] = E[X%] <
AB2, so that ||Yyj|ly, < Bn by Gaussianity of Y;; for all i and j. Therefore,
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M,y (én) S n~Y2 by the same argument as that used above, and so
Mn,X(ﬁbn) + Mn,Y(Cbn) Bg(log(pn)y ) 1o
Ly n

where we used B,, > 1. Inserting this bound and L, into (42) gives the
required claim (12).

< Myx (6n) + Moy (60) < (

Case (E.2). In this case, the notation a,, < d,, means that a,, < Cd,, for
some constant C' > 0 depending only on b and ¢. Without loss of generality,

in addition to (40), we will assume that
By (logp)*/
nl/2—1/q

otherwise, the result for the (E.2) case is trivial. Further, by definition of
L,, and condition on B,, given in (M.2) we have that:

< (K2/2)%/%; (45)

B? -
< < n =: L,.
b = Bn = (B” i (logp)1/2n1/22/q> b

Therefore, since (a + d)'/® < a'/% 4 d'/6 for any a,d > 0,

. 6 2/3

2 (logp)™\ B2(logp)™\"/®  ({ Bulogp)¥2\”

Tl 08P ) o (Zal08P) ) (DB
n n nl/2-1/q

Hence, under (40) and (45), we have that that
_ 1/6 _ 1/6

11 (Teept)” _ 1 (L, (10gp) : -1

b Ko n ~ Ko n '

Next, using the bound E[|Z[*1(|Z] > t)] < E[|Z*(|1Z|/t)1731(|1Z| > t)] <
E[|Z|9379] holding for any random variable Z and t > 0, we conclude that

B¢ °(log p)?~*
Mn,X(d)Tb) S nq/2_3/2 .

Using an elementary inequality, we also conclude that

1/2,1/2—2/
1 _ (logp)/*n I

n B3

]

Hence, using the bound
— ~1/6 B
b — Ko L. (log p)* < nl/3-2/(q)
n " B (logp)'/2
which follows from (46), gives us

BZ/3+2(logp)‘I/2’3/2
na/6+1/6=2/q and L, ~ logp

Mn,X (¢n) S,

Mn,X(¢n) < 1 Bn(logp)3/2 s
T ni/2—1/q :
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Moreover, as in the proof for the (E.1) case, we have that

My (¢n)  (B2(log(p v n))"\"*
s (BEE)

Inserting these inequalities and L,, into (42) gives the required claim (13).
[

APPENDIX D. PROOFS FOR SECTION 3

Proof of Corollary 3.1. Consider the (E.1") case first. Fix any A €
A®. Let A™ be an approximating m-generated convex set as in (C.1). By
assumption, A™ C A C A™*, and so denoting

p = ’P(Sﬁf S Am) — P(S}{ € Am)‘ V ’P(Sff c Am,e) _ P(S}: c Am,e)‘,
we obtain
P(Sy € A) S P(S) € A™) < P(S) € A™) +p
P(SZ e A™) + Ce(logp)1/2 +p
P(SY € A) + Ce(logp)*/? + p.

IN

IN

An analogous argument also gives

P(S; € A) > P(S) € A) — Ce(logp)'/? — p.
Therefore,

‘P(Sf € A) —P(SY ¢ A)| < Ce(logp)/? + p.
Further,

1/2 2 7\ 1/6
6(10gp)1/2 < C(logp) <C <Bn(10g(pn)) >

n n

since By, > 1 and € < a/n. Therefore, the asserted claim in the (E.1") case
follows by noting that

p<c<%&ﬁmW)w
n
under (E.1") by Corollary 2.1 applied to vectors Xi,..., X, and Y3,...,Y,
where the latter sequence is defined by analogy with the former sequence
but using vectors Y7,...,Y,,. The asserted claim in the (E.2") case follows
from the same argument. This completes the proof of the corollary. [ ]
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Proof of Corollary 3.2. Since X; is a centered random vector with a log-
concave distribution in R?, Borell’s inequality [9, Lemma 3.1] implies that
[0 Xy, < c(E[(v'X;)?])}/2 for all v € R? for some universal constant ¢ > 0
[see 25, Appendix III]; hence if the maximal eigenvalue of each E[X;X]]
is bounded by a constant K, then any deformed rectangle A € A° obeys
conditions (M.2') and (E.1") with B,, replaced by a constant C' depending
only on c and K. Therefore, the asserted claim follows by applying Corollary

3.1. ]

Proof of Lemma 3.1. For convex sets P; and P» containing the origin and
such that P; C P, denote

dBM(Pl,PQ) = inf{e P, C (1 -+ E)Pl}.

It is immediate to verify that the function dpps has the following useful
property: for any convex sets P, P», P53, and P, containing the origin and
such that P; C P, and P3 C Py,

dBM(Pl NP3, PoN P4) < dBM(P1 N Pg) V dBM(Pg N P4). (47)

Let A = ﬂ?zlAq be a sparsely representation of A as appeared in the
statement of the lemma. Fix any A,. By assumption, the indicator function
w — I(w € A;) depends only on s, < s components of its argument w =
(w1,...,wp). Let E,; denote the subspace of RP corresponding to these s,
components. Since A contains the origin, it follows that A, contains the
origin as well. Therefore, applying Corollary 1.5 in [3] shows that one can
construct a polytope P, C E, with at most (y((u + 1)/€) /2 log(1 /€))%
vertices such that the section A, N E, satisfies

P/ C AN E, C (1+¢)P.

Clearly, the polytope P, has

82 82
1 1\° 1 1
mg < <v Gl 10g6> < <7 nr 10g6> (48)

€ €

faces (of dimension s, — 1). Indeed, since E; is a s,-dimensional vector
space, a polytope with k vertices has no more than k% faces. Hence, one
can construct an mg-generated convex set P, such that P, C A, C (1+¢€)P,
and all vectors in V(P;) having at most s non-zero components. Hence,

dpm(Py, Ag) < e
Next, it follows from (47) that
dBM(ﬂé,QZIPq, ﬁqulAq) <e.
Therefore, defining A™ = ﬁququ, we obtain from A = ﬂflg:lAq that

A" CAC (14 eA™ c A™Ee
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where the last assertion follows from the assumption that sup,c4 |w| < R.
Since A™ is an m-generated convex set with m < Z(?:l mg, the asserted
claim of the lemma now follows from (48). [

Proof of Lemma 3.2. Fix any v = (vy,...,vp) € V(A™). To estab-
lish (M.2), observe that by construction of A™ in Lemma 3.1, v has at
most s non-zero components. Let J(v) be the set containing positions of
non-zero components, so that |J(v)] < s. Using an elementary inequality
Xjesw) la;|)2th < 2tk D ies(w) lasl 2tk for all a = (a1,...,a,) € RP, we
obtain for k=1or2,

;ZH:EHU/XZ'FHC] < :LG:EK Z |Xij|>2+k}
i=1 =1

JEJ(v)

1
g2tk ZE[ Z ‘X”’2+k} 3+kBk (B;L)k

=1 jeJ(v

where B!, = s*B,,. This gives condition (M.2’ ).
Next, under (E.1"), we have || Xjj|ly, < Bp. Therefore, by the triangle
inequality, [|v'Xilly, < > ic @) [ Xijllyy < sBn showing that the vectors X,

i=1,...,n, satisfy (E.1’) Wlth B, replaced by sB,,.
Finally, under (E.2),

E[ max |v'X; \q} < $E [max | X514 ]
vEV(A™) 1<j<

showing that the vectors X;, i = 1,...,n, satisfy (E.2") with B,, replaced by
sB,,. This completes the proof of the lemma. [ ]

APPENDIX E. PROOFS FOR SECTION 4
Proof of Theorem 4.1. We first show that

on'P = sup [P(S5¥ < s | X7) —P(S) <s)| S A P(logp)*®  (49)
SERP

up to a constant C' that depends only on b. To show (49), fix s = (s1,...,s,)" €
RP. As in the proof of Lemma 5.1, for 5 > 0 and w € RP, define

p
Fg(w) == ;log Zexp(ﬂ(wj —55))
j=1

Note that conditional on X7, S¢X is a zero-mean Gaussian random vector
with covariance matrix X¢%. Hence, using the same argument as that in
the proof of Theorem 1 in [17], we obtain for any g € C*(R) with [|¢’||cc V
19" [|oo < 00 that

Elg(F5(55)) | X7 = Elg(Fs(Sy))I < (19" l0/2 + Blllloc) An
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(Formally, the proof of Theorem 1 in [17] imposes s = 0 but it is easy to
verify that their proof also applies for all s € RP.) Therefore, as in Step 2
of the proof of Lemma 5.1, we obtain with ¢ = 3/logp that
1/2
P <5 -0 | XD - Py <50 T 4 (4 o,

up to a constant C' that depends only on b. Substituting 8 = ¢logp, op-
timizing the resulting expression with respect to ¢, and noting that s is
arbitrary give (49).

The conclusion of the theorem now follows by noting that on the event
A, < A, we have M8 < Ai/g(logp)wg, and applying the same argument
as that in the proof of Corollary 5.1. [ ]

Proof of Corollary 4.1. In this proof, ¢ and C are constants that depend
only on b under (E.1") and on b and ¢ under (E.2") but their values may
change at each appearance. Also, for brevity of notation, in this proof we

implicitly assume that i is varying over {1,...,n} and j and k are varying
over {1,...,p}. Finally, without loss of generality, we will assume that
2 5 2
B2 (log(pn)*(log(1/0)? _ | 50)
n

otherwise, the asserted claims are trivial.
Fix any A € A°. Let A™ be an approximating m-generated convex set as
in (C). By assumption, A”™ C A C A™*. Denote

p:=max  [P(S¥ € A™ | XT") —P(SY € A™)],
n 1 n
[P(SEY €A™ | XT) — P(S) € A™)]}.

As in the proof of Corollary 3.1,
[P(S;Y € A XT) —P(S € A)| < Ce(logp)'/? +p

0 (B,%uoi(pn))?)” .

Therefore, the problem reduces to the case of rectangles A = A"; that is,
it suffices to prove the bounds (19) and (20) with p}MB(A%) replaced by
pMB (A7) and conditions (C), (M.1"), (M.2'), and (E.1") (or (E.2')) replaced
by (M.1), (M.2), and (E.1) (or (E.2), respectively). For the latter problem,
we will apply Theorem 4.1.
Note that E[X;X/] = E[Y;Y/] for all i. Therefore,
1o X
S-S = LS - BXGX]) - A ()
i=1
Hence, by the triangle inequality,

Ap < Apg+ A2, (51)
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where
1 n
Apy = max | ;(Xijxik — E[Xy X)), (52)
1/2
L ~X ~X _ ~X
Ay = <1g%§p|ﬂnjlunk‘> = max |7 (53)

The asserted claims follow from the bounds on A,, ; and A, 2, derived sep-
arately for (E.1) and (E.2) cases below, and Theorem 4.1.

Case (E.1). We start with some preliminary calculations. We have

s s

n n
ol = m%XZE [(Xij Xar — B[Xi5Xu))?] < m%xZE[|Xinik]2] (54)
=1 i=1

n n 1/2
< max (Z B X" E[IXikl‘*]) < nB (55)
’ i=1 i=1

where the second line follows from Hoélder’s inequality and (M.2). In addi-
tion,

I e | X Xil 1y, = | mae | X [*lly, , = | max | Xiglllf, S (Balog(pn))”
by (E.1). Thus, denoting M, := max; j | X Xir — E[X;; X;i]|, we obtain
[Mllg,,, S max | Xij Xiklll g, o + T]%?E[’XinikH
< (Bylog(pn))® + By, < (Bn log(pn))?,
which also implies that (E[M?2])'/2 < (B, log(pn))?. So Lemma A.2 yields

< Vo2logp N VE[M2]logp

E[An’l] ~
n n
2 1/2 2 3 2 1/2
< (Bn 10gp> N B, (log(pn)) < (Bn log(pn)>
n n n

where the last inequality follows from (50). Thus, applying Lemma A.3 (i)
with 5 = 1/2 yields for any ¢t > 0,

le 1/2
P (An,l > C (”Og(pn)> +t

n
ent? cy/nt

< — v

sow (-G )+ oo (5, gom)

for sufficiently large C' > 0 and sufficiently small ¢ > 0. Setting ¢t =
C (B2 log(pn)(log(1/a))?/n)'/? with sufficiently large C' > 0, this inequality
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yields

P<Am1>c>(B%bg@nxbgaﬂnF)lﬂ>

n
1/4 1/2
L0 [0/
44 BY/?(log(pn))3/+ 2

by (50). Hence,

p<mmmwﬂw>o<%mmmeamm3”jsj

n

It is also easy to check that the same inequality holds with A,, 1 replaced by
A%’Q. Therefore, the asserted claim for the (E.1) case follows from Theorem

4.1 applied with A,, = Ap1+ A%Q.

Case (E.2). Define 02 and M, by the same expressions as those in
the (E.1) case. Then the bounds (54) and (55) on o2 hold under (E.2) as
well. For the bound on M, using an elementary inequality |z — y\q/ 2 <
2|92 + |y|9/? for all z,y € R and ¢ > 2, we obtain

E[M;?] < Blmax | X Xop|?) + max (B[ X;; Xix[]) /2
27]7 l’.]?

< E[max | X5 Xix|/?] = E[max | X;|*) < nBY
Z’.]’ Z’J

where the third line follows from Jensen’s inequality and (E.2). The last
bound also implies that (E[M?])!/? < n?/9B2. So Lemma A.2 yields

1/2
< Voilogp  VE[Millogp _ (Bjlogp /2 Bllogp
n n ~ n ni=2/a "

E[A, 1]

) ~

Thus, applying Lemma A.3 (ii) with s = ¢/2 yields for any ¢ > 0,

2] 12 op2)
P(An71>C(B”ng> +Cn0gp+t

n nl—2/q

ent? BE

Sexp | ——05 —

B2 t4/2n4a/2-1

for sufficiently large C' > 0 and sufficiently small ¢ > 0. Setting
1/2
_ o | (Bilogon)tog(1/)*\ ' B2
n 052/‘171172/‘1

with sufficiently large C' > 0 yields

P<mm>c<%bamm%umw>”+cwm%p>gi+iza

n a?/anl—2/q 2
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by (50). Hence, using an elementary inequality |z +y|'/3 < |z|'/3 + |y|'/? for
all 2,y € R, we obtain that the probability that (A, 1(logp)?)'/3 is bounded
from below by

c <Bz<log<pn>>5<1og<1/a>>2)”6 . (Bﬁ(logm?’)”]

n a2/anl—2/q

is bounded from above by «/2. It is also easy to check that the same
inequality holds with A, 1 replaced by A%Q. Therefore, the asserted claim
for the (E.2) case follows from Theorem 4.1. This completes the proof of
the corollary. [ ]

Proof of Theorem 4.2. By the triangle inequality,

EB MB EB
Pn < pn o ton

where
oFB = sup |[P(SX € A| X)) —P(SX € A| X)].
Ac AT
Also, conditional on X7, X — iX,..., X} — i are i.i.d. with zero mean

and covariance Y¢X. In addition, conditional on X7,

1 n
SX =y Z v
v

where Y[*,...,Y," are i.i.d. zero-mean Gaussian random vectors with the
same covariance Y¢X. Therefore, the result follows by applying Theorem
2.1 conditional on X{* (with L,, and M, (¢y) in Theorem 2.1 substituted by
Ly, and M,(¢y,)) to bound 0ZB on the event that E,[(Xi; — finj)?] > b for
all1<j<p, L, > En, and M, > ]/W\n(¢>n) [ ]

Proof of Corollary 4.2. Here ¢, C are constants depending only on b, ¢, K;
their values may change from place to place. We first note that, for suffi-
ciently small ¢ > 0, we may assume that

By (log(pn))* (log(1/a))* < en, (56)

since otherwise we can make the assertion of the lemma trivial by setting C'
sufficiently large.

Further, by the same argument as that used in the proof of Corollary 4.1,
the problem reduces to the case of rectangles A = A"; that is, it suffices
to prove the bounds (22) and (23) with pZB(A%) replaced by pZP(A") and
conditions (C), (M.1"), (M.2"), and (E.1") (or (E.2’)) replaced by (M.1),
(M.2), and (E.1) (or (E.2), respectively). For the latter problem, we will

apply Theorem 4.2.

Case (E.1). With (56) in mind, by the proof of Corollary 4.1, we see
that P(A, > b/2) < «/6, so that with probability larger than 1 — «/6,
b/2 < E,[(Xi5 — ﬁf]()Q] < CB,y, for all j =1,...,p. We turn to bounding
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L,. Using the inequality |a — b* < 4(|a|® + [b*) together with Jensen’s
inequality, we have

Ln < A(max Bn[|Xi["] + max Jjiy,|") < 8 max En|Xi; |7

By Lemma A .4,

13 < -1 13
E[max En[|X;["]] < C(Ln +n™ E[max max |.X;|"} logp)

< C(B, +n'B3(log(pn))*).
Note that H|Xij\3\|¢1/3 < HXUH%1 < B3, so that applying Lemma A.5 (i)

n’

with 5 = 1/3, we have for every ¢t > 0,
P{L, > C(B, +n 'B3(log(pn))* + n ' B3t?)} < 3e~*.

Taking ¢ = log(18/a) < Clog(pn), we conclude that, with L,, = CB,, (recall

(56)). X
P(L, > L,) < a/6.

Consider to bound J\//.Tn x(¢n). Observe that

max |X;; — ﬁfj\ <2 max max |Xjjl,
1<j<p 1<i<n1<j<p

so that
P{Mn,x(ﬁﬁn) >0} < P{n}z}x | Xij| > v/n/ (8¢, logp)}.
Since ||Xj]|y, < B, the right side is bounded by

2(17”) eXp{_\/ﬁ/(8Bn¢n log p)}
Observe that
B logp < Cn~ /B2 (log p) /3,

so that using (56), we conclude that P{]\//Tnjan) > 0} < «/6. For ]\/Zn,y((ﬁn),
since with probability larger than 1 — a/6, E,[(X;; — ﬁfj)Q] < OB, for all

j =1,...,p, on that event, conditional on X1,...,X,, HSf;waQ < C‘B,ll/2
for all 5 = 1,...,p. Hence, using the same argument used in bounding
M, x(¢n), we conclude that

P{ M,y (¢n) > 0} < /6 + /6 = /3,
which implies that
P{M(¢p) =0} >1— (/6 +/3) =1 — a/2.

Taking these together, by Theorem 4.2, with probability larger than 1 —
(/6 4+ /6 + a/2) =1 —5a/6, we have

pEB < pMB 1 C{n~'B2(log(pn))"}1/°.

The final conclusion follows from Corollary 4.1.
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Case (E.2). In this case, in addition to (56), we may assume that

2 3

a2/apl=2/a — =7 (57)

since otherwise we can make the assertion of the lemma trivial by setting
C sufficiently large. Then as in the previous case, by the proof of Corollary
4.1, with probability larger than 1 — /6, b/2 < E,[(X;; — ﬁfj)ﬂ < CB,, for
allj=1,...,p.

To bound Ly,, recall that L,, < 8 max;<j<p En[|X;j|%], and by Lemma A .4,

E[max E,[|X;|%]] < C(B, + B3n "%/ 4log p).
1<5<p

Hence by applying Lemma A.5 (ii) with s = ¢/3, we have for every ¢t > 0,
P{L, > C(Bp,+B3n~**log p)+n~'t} < Ct~¥/3E[max |X;;|7] < Ct~93nBY.
0]

Solving Ct~9/3nBf = a/6, we conclude that

P(L, > L,) < a/6,
where L, = C(B,, + Bf’ln:\Hg/qa_g/q logp).

We turn to bounding M,, x(¢5). As in the previous case,
P{My,x (6n) > 0} < P{max|Xy| > v/ (3n logp)}.
Since the right side is nondecreasing in ¢,, and
¢ < eB,n!/2 i i(log p) 7,

we have (by choosing the constant C' in L,, large enough)
P{rrzlz;x 1 Xij| > v/n/(86nlogp)} < nP{m]aX 1X,;| > CBn'/%0711} < /6.

For M\n’y(qﬁn), we make use of the argument in the previous case, and con-
clude that

P{ M,y (¢n) >0} < a/2.
The rest of the proof is the same as in the previous case. Note that

<L<1g<>>>/ <o (Besmy " (shor) ),

n n az/‘Inl—z/q

and because of (57), the second term inside the bracket on the right-hand
side is at most

(B%(log@mﬁ)“?

a2/Qn1—2/lI

This completes the proof of the corollary. [ ]
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