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Denis Chetverikov' Zhipeng Liaot

Abstract

In this paper, we derive a rate of convergence of the Lasso estimator when the penalty
parameter A for the estimator is chosen using K-fold cross-validation; in particular, we show
that in the model with Gaussian noise and under fairly general assumptions on the candidate
set of values of A, the prediction norm of the estimation error of the cross-validated Lasso
estimator is with high probability bounded from above up-to a constant by (slogp/n)'/? -
(log7/ ®n) as long as plogn/n = o(1) and some other mild regularity conditions are satisfied,
where n is the sample size of available data, p is the number of covariates, and s is the
number of non-zero coefficients in the model. Thus, the cross-validated Lasso estimator
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achieves the fastest possible rate of convergence up-to the logarithmic factor log
addition, we derive a sparsity bound for the cross-validated Lasso estimator; in particular,
we show that under the same conditions as above, the number of non-zero coefficients of the
estimator is with high probability bounded from above up-to a constant by slog® n. Finally,
we show that our proof technique generates non-trivial bounds on the prediction norm of the
estimation error of the cross-validated Lasso estimator even if p is much larger than n and the
assumption of Gaussian noise fails; in particular, the prediction norm of the estimation error
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is with high-probability bounded from above up-to a constant by (slog?(pn)/n)'/* under

mild regularity conditions.

1 Introduction

Machine learning techniques are gradually making their way into economics; see NBER Sum-
mer Institute Lectures Chernozhukov et al. (2013) and Athey and Imbens (2015). Using these
techniques, for example, Cesarini et al. (2009) analyzed genetic factors of social preferences,
Belloni and Chernozhukov (2011) found country characteristics associated with long-run growth
in the cross-county growth study, Saiz and Simonsohn (2013) constructed corruption measures
by country and by US state. Belloni et al. (2013) and Wager and Athey (2015) developed

machine-learning-type techniques for estimating heterogeneous treatment effects.
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The most popular machine learning technique in econometrics is certainly the Lasso estima-
tor. Since its invention by Tibshirani (1996), large number of papers have studied its properties.
Many of these papers have been concerned with the choice of the penalty parameter A required
for the implementation of the Lasso estimator. As a result, several methods to choose A have
been developed and theoretically justified; see, for example, Zou et al. (2007), Bickel et al.
(2009), and Belloni and Chernozhukov (2013). However, in practice researchers often rely upon
cross-validation to choose A (see Biilmann and van de Geer (2011), Hastie, Tibshirani, and
Wainwright (2015), and Chatterjee and Jafarov (2015) for examples), and to the best of our
knowledge, there exist few results in the literature about properties of the Lasso estimator when
A is chosen using cross-validation; see a review of existing results below. The purpose of this
paper is to fill this gap and to derive a rate of convergence of the cross-validated Lasso estimator.

We consider the regression model

Y=XB+e E[|X]=0, (1)
where Y is a dependent variable, X = (X1, ..., X,)" a p-vector of covariates, ¢ unobserved scalar
noise, and 3 = (B1,. .., 3p)" a p-vector of coefficients. Assuming that a random sample of size n,

(Xi,Y;), from the distribution of the pair (X,Y) is available, we are interested in estimating
the vector of coefficients 5. We consider triangular array asymptotics, so that the distribution
of the pair (X,Y), and in particular the dimension p of the vector X, is allowed to depend on
n. For simplicity of notation, however, we keep this dependence implicit.
We assume that the vector of coefficients 3 is sparse in the sense that s = s, = ||5]l0 =
?:1 1{B; # 0} is (potentially much) smaller than p. Under this assumption, the effective way
to estimate § was introduced by Tibshirani (1996) who suggested the Lasso estimator:

n
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n

B()) € argmin <1 > (Y= X(b)* + A||b||1> ; (2)
where for b = (by,...,by) € RP, ||b]l; = ?:1 b;] denotes the L' norm of b, and A is some
penalty parameter (the estimator suggested in Tibshirani’s paper takes a slightly different form
but over the time the version (2) has become more popular, probably for computational rea-
sons). Whenever the solution of the optimization problem in (2) is not unique, we assume for
concreteness that one solution is chosen according to some pre-specified rule; in particular, we

assume that a solution with the smallest number of non-zero components is selected.
To perform the Lasso estimator 3 (A), one has to choose the penalty parameter A. If X is

1/2 rate of convergence

chosen appropriately, the Lasso estimator is consistent with (slogp/n)
in the prediction norm under fairly general conditions; see, for example, Bickel et al. (2009)
or Belloni and Chernozhukov (2011). On the other hand, if A is not chosen appropriately, the
Lasso estimator may not be consistent or may have slower rate of convergence; see Chatterjee
(2014). Therefore, it is important to select A appropriately. In practice, it is often recommended
to choose A using cross-validation as described in the next section. In this paper, we analyze

properties of the Lasso estimator 3 (M) when A = \ is chosen using (K-fold) cross-validation and



in particular, we demonstrate that under certain mild regularity conditions, if the conditional

distribution of € given X is Gaussian and plogn/n = o(1), then

A 1/2
1B = Bl 5 (E2) - g™ @

with probability 1 — o(1) up-to some constant C, where for b = (b1,...,by) € RP, ||bll2n =
(n=1 327 (X!b)?)1/2 denotes the prediction norm of b. Thus, under our conditions, the cross-
validated Lasso estimator B (/):) achieves the fastest possible rate of convergence in the prediction
norm up-to the logarithmic factor log7/ 8n. We do not know whether this logarithmic factor can
or can not be dropped.

Under the same conditions as above, we also derive a sparsity bound for the cross-validated

Lasso estimator; in particular, we show that
1BM)lo < slog®n

with probability 1—o0(1) up-to some constant C. Moreover, we demonstrate that our proof tech-
nique generates a non-trivial rate of convergence in the prediction norm for the cross-validated
Lasso estimator even if p is (potentially much) larger than n (high-dimensional case) and the
Gaussian assumption fails. Because some steps used to derive (3) do not apply, however, the
rate turns out to be sub-optimal, and our bound is probably not sharp in this case. Nonetheless,
we are hopeful that our proof technique will help to derive the sharp bound for the non-Gaussian
high-dimensional case in the future.

Given that cross-validation is often used to choose the penalty parameter A for the Lasso
estimator and given how popular the Lasso estimator is, deriving a rate of convergence of the
cross-validated Lasso estimator is an important question in the literature; see, for example,
Chatterjee and Jafarov (2015), where further motivation for the topic is provided. Yet, to the
best of our knowledge, the only results in the literature about cross-validated Lasso estimator
are due to Homrighausen and McDonald (2013a,b, 2014). Homrighausen and McDonald (2013a)
showed that if the penalty parameter is chosen using K-fold cross-validation from a range of
values determined by their techniques, the Lasso estimator is risk consistent, which under our
conditions is equivalent to consistency in the L? norm. Homrighausen and McDonald (2014)
derived a similar result for leave-one-out cross-validation. Homrighausen and McDonald (2013b)
derived a rate of convergence of the cross-validated Lasso estimator that depends on n via
n~/4 but they substantially restricted the range of values over which cross-validation search
is performed. These are useful results but we emphasize that in practice the cross-validation
search is often conducted over a fairly large set of values of the penalty parameter, which could
potentially be much larger than required in their results. In contrast, we derive a rate of

1/2 and we impose only minor conditions on the range of

convergence that depends on n via n™
values of A\ used by cross-validation.
Other papers that have been concerned with cross-validation in the context of the Lasso

estimator include Chatterjee and Jafarov (2015) and Lecué and Mitchell (2012). Chatterjee



and Jafarov (2015) developed a novel cross-validation-type procedure to choose A and showed
that the Lasso estimator based on their choice of A has a rate of convergence depending on n
via n=1/4. Their procedure to choose A, however, is related to but different from the classical
cross-validation procedure used in practice. Lecué and Mitchell (2012) studied classical cross-
validation but focused on estimators that differ from the Lasso estimator in important ways. For
example, one of the estimators they considered is the average of subsample Lasso estimators,
K1 Zszl B_k(A), for fj\_k()\) defined in (4) in the next section. Although the authors studied
properties of cross-validated version of such estimators in great generality, it is not immediately
clear how to apply their results to obtain bounds for the cross-validated Lasso estimator itself.

We emphasize that deriving a rate of convergence of the cross-validated Lasso estimator is a
non-standard problem. In particular, classical techniques to derive properties of cross-validated
estimators developed for example in Li (1987) do not apply to the Lasso estimator as those
techniques are based on the linearity of the estimators in the vector of dependent variables
(Y1,...,Y,), which does not hold in the case of the Lasso estimator. More recent techniques,
developed for example in Wegkamp (2003), help to analyze sub-sample Lasso estimators like
those studied in Lecué and Mitchell (2012) but are not sufficient for the analysis of the full-
sample Lasso estimator. See Arlot and Celisse (2010) for an extensive review of results on
cross-validation available in the literature.

The rest of the paper is organized as follows. In the next section, we describe the cross-
validation procedure. In Section 3, we state our regularity conditions. In Section 4, we present
our main results. In Section 5, we describe results of our simulation experiments. In Section
6, we provide proofs of the main results. In Section 7, we give some technical lemmas that are

useful for the proofs of the main results.

Notation. Throughout the paper, we use the following notation. For any vector b =

bi,...,b,) € RP, we use ||b]lo = Y.F_, 1{b; # 0} to denote the number of non-zero components
p =1 J
of b, [[blly = >°4_, |bj to denote its L' norm, [|b] = (324_, b?)l/2 to denote its L? norm (the Eu-

clidean norm), [|b]|ec = maxi<j<, |bj| to denote its L norm, and [|blj2,, = (n~* Y27, (X!b)?)1/2

to denote its prediction norm. In addition, we use the notation a,, < b, if a, < Cb, for some
constant C that is independent of n. Moreover, we use SP to denote the unit sphere in RP, that
is, S = {6 € RP: ||§|| = 1}. Further, for any matrix A € RP*P, we use ||A| = sup,cs» ||Az||
to denote its spectral norm. Also, with some abuse of notation, we use X; to denote the jth
component of the vector X = (X1,...,X,)" and we use X; to denote the ith realization of the
vector X in the random sample (X;,Y;) ; from the distribution of the pair (X,Y"). Finally, for
any finite set S, we use |S| to denote the number of elements in S. We introduce more notation

in the beginning of Section 6, as required for the proofs in the paper.



2 Cross-Validation

As explained in the Introduction, to choose the penalty parameter A for the Lasso estimator
B (M), it is common practice to use cross-validation. In this section, we describe the procedure in
details. Let K be some strictly positive (typically small) integer, and let (Ik)szl be a partition
of the set {1,...,n}; that is, for each k € {1,..., K}, I} is a subset of {1,..., K}, for each k, k" €
{1,...,K} with k # K/, the sets I and I}y have empty intersection, and UX_ I, = {1,...,n}.
For our asymptotic analysis, we will assume that K is a constant that does not depend on n.
Further, let A, be a set of candidate values of \. Now, for k =1,..., K and A € A, let

B_k(X\) € argmin
beRP n—mng

> (Vi = X[b)* + Allblly (4)
i¢ Iy

be the Lasso estimator corresponding to all observations excluding those in I where nj; = ||
is the size of the subsample I;. As in the case with the full-sample Lasso estimator B(/\) in
(2), whenever the optimization problem in (4) has multiple solutions, we choose one with the

smallest number of non-zero components. Then the cross-validation choice of A is
X=argminy Y (¥; — X/B_,(N)% (5)

The cross-validated Lasso estimator in turn is ,B\ (X) In the literature, the procedure described
here is also often referred to as K-fold cross-validation. For brevity, however, we simply refer to

it as cross-validation. Below we will study properties of 3 (X)

3 Regularity Conditions

Recall that we consider the model given in (1), the Lasso estimator 3(A) given in (2), and
the cross-validation choice of A given in (5). Let c¢;, C1, a, and ¢ be some strictly positive
numbers where a < 1 and ¢ > 4. Also, let (§u)n>1, (Yn)n>1, and (I'y)n>1 be sequences of
positive numbers, possibly growing to infinity. To derive our results, we will impose the following

regularity conditions.

Assumption 1 (Covariates). The random vector X = (X1,...,X,) is such that we have ¢ <
(E[X'312))'/? < C1 and (B[|X'8|*))Y/* < Ty, for all§ € SP. In addition, max<j<,(B[|X;]4])/*4 <
Yn and nP (|| X|| > &,) = o(1).

The first part of Assumption 1 means that all eigenvalues of the matrix E[X X’] are bounded
from above and below from zero. The second part of this assumption, that is, the condition that
(E[|X"8]*)/* < T, for all § € SP, is often assumed in the literature with I', < 1; see Mammen
(1993) for an example. To develop some intuition about this and other parts of Assumption 1,

we consider three examples.



Example 1 (Gaussian independent covariates). Suppose that the vector X consists of inde-
pendent standard Gaussian random variables. Then for all § € SP, the random variable X'¢
is standard Gaussian as well, and so the condition that (E[|X’§|*])/* < T, for all § € SP is
satisfied with T, = 3/4. Similarly, the condition that max;<;<,(E[|X;|*])/* < 4, holds with
Yo = 3%, In addition, || X||? is a chi-square random variable with p degrees of freedom in this
case, and so for all ¢ > 0, we have P(|| X|? > p+2y/pt +2t) < e7; see, for example, Section 2.4
and Example 2.7 in Boucheron, Lugosi, and Massart (2013). Setting ¢ = 2logn in this inequality
shows that the condition that nP(||X|| > &,) = o(1) is satisfied with &, = (2p + 6logn)'/2. =

Example 2 (Bounded independent covariates). Suppose that the vector X consists of in-
dependent zero-mean bounded random variables. In particular, suppose for simplicity that
maxi<j<p |X;| < 1 almost surely. Then for all ¢ > 0 and § € SP, we have P(|X'd| > t) <
2exp(—t2/2) by Hoeffding’s inequality. Therefore, the condition that (E[|X’d8[*])'/* < T, for
all § € 8P is satisfied with [';, = 2 by the standard calculations. Also, the condition that
max;<j<p(E[|X;|4])/* < v, is satisfied with v, = 1, and the condition that nP(|| X| > &,) =
o(1) is satisfied with &, = p'/2. "

Example 3 (Bounded non-independent covariates). Suppose that the vector X consists of not
necessarily independent bounded random variables. In particular, suppose for simplicity that
maxj<j<p|X;| < 1 almost surely. Then the condition that (E[|X’8|*])Y/* < T, for all § € S is
satisfied with T, = C}/?p/4 since E[(X'6)%] < E[(X'6)2| X ||2||6]|?] < pE[(X'8)?] < C2p. Also,
like in Example 2, the conditions that max;<;<,(E[|X;|*])"/* < 4, and that nP(| X|| > &,) =
o(1) are satisfied with v, = 1 and &, = p'/2. n

Assumption 2 (Noise). We have ¢; < E[e? | X] < Oy almost surely.

This assumption means that the variance of the conditional distribution of € given X is
bounded from above and below from zero. The lower bound is needed to avoid potential super-

efficiency of the Lasso estimator. Such bounds are typically imposed in the literature.

Assumption 3 (Growth conditions). We have M2s(log* n)(log p)/n*=2/4 = o(1) where M, =
(E[|| X |9, In addition, vs*logp/n = o(1) and I'* (logn)(loglogn)?/n = o(1).

Assumption 3 is a mild growth condition restricting some moments of X and also the number
of non-zero coefficients in the model, s. In the remark below, we discuss conditions of this

assumption in three examples given above.

Remark 1 (Growth conditions in Examples 1, 2, and 3). In Example 1 above, this assumption
reduces to the following conditions: (i) s(logn)*(logp)?/n'=¢ = o(1) for some constant ¢ > 0

and (ii) s?logp/n = o(1) since in this case, M,, < C,(logp)*/?

for all ¢ > 4 and some constant
Cy that depends only on ¢. In Example 2, Assumption 3 reduces to the following conditions:
(i) s(logn)*(logp)/n'=¢ = o(1) for some constant € > 0 and (ii) s?logp/n = o(1) since in this

case, M, <1 for all ¢ > 4. In Example 3, Assumption 3 reduces to the following conditions: (i)



s2logp/n = o(1) and (ii) p(logn)(loglogn)/n = o(1). Indeed, under assumptions of Example 3,
we have M, < 1 for all ¢ > 4, and so the condition that M?2s(log*n)(logp)/n'~2/4 = o(1) follows
from the condition that s(log®n)(logp)/n'=2/7 = o(1) but for ¢ large enough, this condition
follows from s?logp/n = o(1) and p(logn)(loglogn)/n = o(1). Note that our conditions in
Examples 1 and 2 allow for the high-dimensional case, where p is (potentially much) larger
than n but conditions in Example 3 hold only in the moderate-dimensional case, where p is

asymptotically smaller than n. [

Assumption 4 (Candidate set). The candidate set A, takes the following form: A, = {Cia': | =
0,1,2,...; a' > ¢1/n}.

It is known from Bickel et al. (2009) that the optimal rate of convergence of the Lasso estima-

tor in the prediction norm is achieved when X is of order (logp/n)'/?

. Since under Assumption
3, we have log p = o(n), it follows that our choice of the candidate set A, in Assumption 4 makes
sure that there are some \’s in the candidate set A that would yield the Lasso estimator with
the optimal rate of convergence in the prediction norm. Note also that Assumption 4 gives a
rather flexible choice of the candidate set A,, of values of A; in particular, the largest value, C,
can be set arbitrarily large and the smallest value, ¢1/n, converges to zero rather fast. In fact,
the only two conditions that we need from Assumption 4 is that A, contains a “good” value of
A, say Ag, such that the subsample Lasso estimators 3_(Xg) satisfy the bound (9) in Lemma 1
with probability 1 — o(1), and than |A,| < logn up-to a constant that depend only on ¢; and

Cy. Thus, we could for example set A, = {a': 1 =...,-2,-1,0,1,2,...; a~! <n%, ol <n®}.
Assumption 5 (Dataset partition). For all k =1,..., K, we have ng/n > c;.

Assumption 5 is mild and is typically imposed in the literature on K-fold cross-validation.
This assumption ensures that all subsamples I are balanced and their sizes are of the same

order.

4 Main Results

Recall that for b € R?, we use ||b]l2n, = (R 31, (X[0)?)!/2 to denote the prediction norm

of b. Our first main result in this paper derives a rate of convergence of the cross-validated

Lasso estimator 3 (X) in the prediction norm for the Gaussian case where ¢2logn/n = o(1). As
explained in Remark 4 below, the last condition implies that this is a moderate-dimensional

case, where p is asymptotically smaller than n.

Theorem 1 (Gaussian moderate-dimensional case). Suppose that Assumptions 1 — 5 hold. In
addition, suppose that £2logn/n = o(1). Finally, suppose that the conditional distribution of &

given X is Gaussian. Then

R | 1/2
1B = Bl 5 (2E2) - g™

with probability 1 — o(1) up-to a constant depending only on c1, C1, K, a, and q.



Remark 2 (Near-optimality of cross-validated Lasso estimator). Let o be a constant such that
E[e? | X] < 02 almost surely. The results in Bickel et al. (2009) imply that under assumptions
of Theorem 1, setting A = A* = Co(log p/n)'/? for sufficiently large constant C' gives the Lasso
estimator B(A\*) satisfying [|B(A\*) — Bllam = Op((slogp/n)/?), and it follows from Rigollet
and Tsybakov (2011) that this is the optimal rate of convergence (in the minimax sense) for
the estimators of § in the model (1). Therefore, Theorem 1 shows that the cross-validated
Lasso estimator B(X) has the fastest possible rate of convergence in the prediction norm up-
to the logarithmic factor log7/ 8n. Note, however, that implementing the cross-validated Lasso
estimator does not require knowledge of o, which makes this estimator attractive in practice. The
rate of convergence established in Theorem 1 is also very close to the oracle rate of convergence,
(s/n)'/2, that could be achieved by the OLS estimator if we knew the set of covariates X; having

non-zero coefficient 3;; see, for example, Belloni et al. (2015a). m

Remark 3 (On the proof of Theorem 1). One of the ideas in Bickel et al. (2009) is to show
that outside of the event
1 n
- Z Xijei
i=1

where ¢ > 2 is some constant, the Lasso estimator B()) satisfies the bound ||3(\) —Bll2;n S Ms.
Thus, to obtain the Lasso estimator with fast rate of convergence, it suffices to choose A such
that A\ is small enough but the event (6) holds at most with probability o(1). The choice

A = A* described in Remark 2 satisfies these two conditions. The difficulty with cross-validation,

A < ¢ max
1<j<p

: (6)

however, is that, as we demonstrate in Section 5 via simulations, it typically yields a rather
small value of A, so that the event (6) with A = X holds with non-trivial probability even in
large samples, and little is known about properties of the Lasso estimator E (A) when the event
(6) does not hold, which is perhaps one of the main reasons why there are only few results on
the cross-validated Lasso estimator in the literature. We therefore take a different approach.
First, we use the fact that \ is the cross-validation choice of A to derive bounds on ||B_k(/):) =Bl
and [|B_r(N) — Bll2.n for the subsample Lasso estimators B_r(\) defined in (4). Second, we
use the “degrees of freedom estimate” of Zou et al. (2007) to derive a sparsity bound for these
estimators, and so to bound ||§_k(X) — B||1- Third, we use the two point inequality

~ 1< , 1 & PN ~
1BOY = bll50 < — Zl(Y = X{0)” + Allbll — Zl(Y — XIBN)? = AMBWi, for all b € R,
which can be found in van de Geer (2016), with b = (K —1)"' S35 (n— nk)B_r(N)/n, a convex
combination of the subsample Lasso estimators B,k(//\\), and derive a bound for its right-hand
side using the definition of estimators B_k(X) and bounds on HB_k(X) — || and |\3_k(X) —Blh-
Finally, we use the triangle inequality to obtain a bound on || B (A) — Bll2,n from the bounds on
I1B(A) — bll2,» and 1B_(X) — Bll2.n- The details of the proof, including a short proof of the two

point inequality, can be found in Section 6. [



Remark 4 (On the condition ¢2 logn/n = o(1)). Note that in Examples 1, 2, and 3 above, the
condition that &2logn/n = o(1) reduces to plogn/n = o(1), which we used in the abstract and
in the Introduction. In fact, Lemma 17 in Section 7 shows that under Assumptions 1 and 3,
we have \/p < &, so that p is necessarily asymptotically smaller than n under the condition
2logn/n = o(1). This is why we refer to the case where £2logn/n = o(1) as the moderate-

dimensional case. u

In addition to the bound on the prediction norm of the estimation error of the cross-validated
Lasso estimator given in Theorem 1, we derive in the next theorem a bound on the sparsity of

the estimator.

Theorem 2 (Sparsity bound for Gaussian moderate-dimensional case). Suppose that all condi-

tions of Theorem 1 are satisfied. Then
1B(N)]lo < slog”n (7)
with probability 1 — o(1) up-to a constant depending only on ¢1, C1, K, a, and q.

Remark 5 (On the sparsity bound). Belloni and Chernozhukov (2013) showed that if A is
chosen so that the event (6) holds at most with probability o(1), then the Lasso estimator B(N)
satisfies the bound |[B(\)[lo < s with probability 1 — o(1), so that the number of covariates
that have been mistakenly selected by the Lasso estimator is at most of the same order as the
number of non-zero coefficients in the original model (1). As explained in Remark 3, however,
cross-validation typically yields a rather small value of A, so that the event (6) with A = \ holds
with non-trivial probability even in large samples, and it is typically the case that smaller values
of X\ lead to the Lasso estimators E (A\) with a larger number of non-zero coefficients. However,
using the result in Theorem 1 and the “degrees of freedom estimate” of Zou et al. (2007), we
are still able to show that the cross-validated Lasso estimator is typically rather sparse, and in

particular satisfies the bound (7) with probability 1 — o(1). "

With the help of Theorems 1 and 2, we immediately arrive at the following corollary for the

bounds on L2 and L! norms of the estimation error of the cross-validated Lasso estimator:

Corollary 1 (Other bounds for Gaussian moderate-dimensional case). Suppose that all condi-

tions of Theorem 1 are satisfied. Then

B\ slogp v 7/8 30 s?logp 2 27/8
B - 8l (VL) - og ) and 1B - 8l (TEL) (oo
with probability 1 — o(1) up-to a constant depending only on c¢1, C1, K, a, and q.

To conclude this section, we consider the non-Gaussian case. One of the main complications
in our derivations for this case is that without the assumption of Gaussian noise, we can not
apply the “degrees of freedom estimate” derived in Zou et al. (2007) that provides a bound

on the number of non-zero coefficients of the Lasso estimator, || B()\)H(), as a function of the



prediction norm of the estimation error of the estimator, ||[3(A) — B||2.n; see Lemmas 6 and 9 in
the next section. Nonetheless, we can still derive an interesting bound on ||3(X) — Bll2,n in this

case even if p is much larger than n (high-dimensional case):

Theorem 3 (Sub-Gaussian high-dimensional case). Suppose that Assumptions 1 — 5 hold. In
addition, suppose that for all t € R, we have logE[exp(te) | X] < C1t?. Finally, suppose that
M2s(log® n)(log? p)/n'=*2 < 1. Then

(8)

n

130 = Bllam < <1g‘p”))/

with probability 1 — o(1) up-to a constant depending only on ¢1, C1, K, a, and q.

Remark 6 (On conditions of Theorem 3). This theorem does not require the noise € to be
Gaussian conditional on X. Instead, it imposes a weaker condition that for all t € R, we
have log E[exp(te) | X] < C1t?, which means that the conditional distribution of ¢ given X
is sub-Gaussian; see, for example, Vershynin (2012). Also, we want to emphasize that the
condition that M2s(log® n)(log? p)/n'~*7 < 1 is not necessary to derive a non-trivial bound on
HB (X) — Bll2,» but it does simplify the bound (8). Inspecting the proof of Theorem 3 reveals that
without this condition, the bound (8) would take the form:

TE slog2(pn)\ " slog(pn)\ /2
1B = Bllan < (gn(p)) (VM log? nlog2 ) <i(p)>

with probability 1 — o(1) up-to a constant depending only on ¢1, Cy, K, a, and q. [

5 Simulations

In this section, we present results of our simulation experiments. The purpose of the experiments
is to investigate finite-sample properties of the cross-validated Lasso estimator. In particular, we
are interested in (i) comparing estimation error of the cross-validated Lasso estimator in different
norms to the Lasso estimator based on other choices of A; (ii) studying sparsity properties of
the cross-validated Lasso estimator; and (iii) estimating probability of the event (6) for A = X,
the cross-validation choice of .

We consider two data generating processes (DGPs). In both DGPs, we simulate the vector
of covariates X from the Gaussian distribution with mean zero and variance-covariance matrix
given by E[X;X;] = 0.5kl for all j,k=1,...,p. Also, we set 3 = (1,—1,2, -2, 01 (p—a))’- We
simulate € from the standard Gaussian distribution in DGP1 and from the uniform distribution
on [—3,3] in DGP2. In both DGPs, we take £ to be independent of X. Further, for each DGP,
we consider samples of size n = 100 and 400. For each DGP and each sample size, we consider
p = 40, 100, and 400. To construct the candidate set A,, of values of the penalty parameter \,
we use Assumption 4 with a = 0.9, ¢; = 0.005 and C; = 500. Thus, the set A,, contains values
of A ranging from 0.0309 to 500 when n = 100 and from 0.0071 to 500 when n = 400, that is, the
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set A, is rather large in both cases. In all experiments, we use 5-fold cross-validation (K = 5).
We repeat each experiment 5000 times.
As a comparison to the cross-validated Lasso estimator, we consider the Lasso estimator

with A chosen according to the Bickel-Ritov-Tsybakov rule:
A =2con” 20711 — a/(2p)),

where ¢ > 1 and a € (0, 1) are some constants, o is the standard deviation of £, and ®~!(-) is the
inverse of the cumulative distribution function of the standard Gaussian distribution; see Bickel
et al. (2009). Following Belloni and Chernozhukov (2011), we choose ¢ = 1.1 and aw = 0.1. The
noise level o is typically have to be estimated from the data but for simplicity we assume that o
is known, so we set ¢ = 1 in DGP1 and o = v/3 in DGP2. In what follows, this Lasso estimator
is denoted as P-Lasso and the cross-validated Lasso estimator is denoted as CV-Lasso.

Figure 5.1 contains simulation results for DGP1 with n = 100 and p = 40. The first three
(that is, the top-left, top-right, and bottom-left) panels of Figure 5.1 present the mean of the
estimation error of the Lasso estimators in the prediction, L?, and L' norms, respectively.
In addition to the solid and dotted horizontal lines representing the mean of the estimation
error of CV-Lasso and P-Lasso, respectively, these panels also contain the curved dashed line
representing the mean of the estimation error of the Lasso estimator as a function of A in the
corresponding norm (we perform the Lasso estimator for each value of X in the candidate set
A,; we sort the values in A, from the smallest to the largest, and put the order of A on the
horizontal axis; we only show the results for values of A up to order 32 as these give the most
meaningful comparisons). This estimator is denoted as A-Lasso.

From these three panels of Figure 5.1, we see that the estimation error of CV-Lasso is only
slightly above the minimum of the estimation error over all possible values of A not only in the
prediction and L? norms but also in the L' norm. In comparison, P-Lasso tends to have much
larger estimation error in all three norms.

The bottom-right panel of Figure 5.1 depicts the histogram for the the number of non-zero
coeflicients of the cross-validated Lasso estimator. Overall, this panel suggests that the cross-
validated Lasso estimator tends to select too many covariates: the number of selected covariates
with large probability varies between 5 and 30 even though there are only 4 non-zero coefficients
in the true model. Thus, we conjecture that even if it might be possible to decrease the power
of the logarithm in the inequality HB (/)\\)||0 < slog® n obtained in Theorem 2, it is probably not
possible to avoid the logarithm itself.

For all other experiments, the simulation results on the mean of the estimation error of
the Lasso estimators can be found in Table 5.1. For simplicity, we only report the minimum
over A € A, of mean of the estimation error of A-Lasso in Table 5.1. The results in Table 5.1
confirm findings in Figure 5.1: the mean of the estimation error of CV-Lasso is very close to
the minimum mean of the estimation errors of the A-Lasso estimators under both DGPs for all
combinations of n and p considered in all three norms. Their difference becomes smaller when

the sample size n increases. The mean of the estimation error of P-Lasso is much larger than that
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of CV-Lasso in most cases and is smaller than that of CV-Lasso only in L'-norm when n = 100
and p = 400. Thus, given that the estimation error, for example, in the prediction norm of the
Lasso estimator B()\) satisfies the bound ||B(A) — Bll2.n < (slogp/n)/? with probability 1 —o(1)
when X is chosen using the Bickel-Ritov-Tsybakov rule, we conjecture that it might be possible
to avoid the additional log”/®n factor in the inequality ||B(X) — Bllam < (slogp/n)'/2- (log™® n)
obtained in Theorem 1.

Table 5.2 reports model selection results for the cross-validated Lasso estimator. More
precisely, the table shows probabilities for the number of non-zero coefficients of the cross-
validated Lasso estimator hitting different brackets. Overall, the results in Table 5.2 confirm
findings in Figure 5.1: the cross-validated Lasso estimator tends to select too many covariates.
The probability of selecting larger models tends to increase with p but decreases with n.

Table 5.3 provides information on the finite-sample distribution of the ratio of the maximum
score maxi<j<p|n ' Y1, X;jei| over X, the cross-validation choice of X. Specifically, the table
shows probabilities for this ratio hitting different brackets. From Table 5.3, we see that this
ratio is above 0.5 with large probability in all cases and in particular this probability exceeds
99% in most cases. Hence, (6) with A = A holds not only with non-trivial but actually with large
probability, meaning that existing arguments used to derive the rate of convergence of the Lasso
estimator based, for example, on the Bickel-Ritov-Tsybakov choice of A do not apply to the
cross-validated Lasso estimator (see Remark 3 above) and justifying novel analysis developed in

this paper.

6 Proofs

In this section, we prove Theorems 1, 2, 3, and Corollary 1. Since the proofs are long, we

start with a sequence of preliminary lemmas. For convenience, we use the following additional

notation. For £ =1,..., K, we denote
1/2 1/2
1 1
[8llz = | 2o S22 |  and il = | e S (XN
i€l i1

for all 6 € RP. We use ¢ and C' to denote constants that can change from place to place but that
can be chosen to depend only on ¢, Cy, K, a, and q. We use the notation a,, < b, if a, < Cb,.
In addition, we denote X{" = (Xi,...,X,). Moreover, for § € RP and M C {1,...,p}, we use
dar to denote the vector in RIM| consisting of all elements of & corresponding to indices in M
(with order of indices preserved). Finally, for § = (d1,...,0p)" € RP, we denote supp(d) = {j €
{1,...,p}: 6; #0}.

In Lemmas 1 — 5, we will impose the condition that for all t € R, we have log E[exp(te) | X]| <
C1t2. Note that under Assumption 2, this condition is satisfied if the conditional distribution of

e given X is Gaussian.
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Lemma 1. Suppose that Assumptions 1 — 5 hold. In addition, suppose that for all t € R, we
have log Elexp(te) | X] < C1t%. Then there exists Ao = Ao € A, possibly depending on n, such
that for all k=1,..., K, we have

~ = s(logp + loglogn ~ = s?(log p + loglogn
1B-ih0) - 1 5 % b and Bs () - B 5 )

n n

(9)
with probability 1 — o(1).

Proof. Let T = supp(f) and T¢ = {1,...,p}\T. Also, for k =1,..., K, denote

1
Zy = Y Xies
k n—ny - i€
’L¢Ik

and

Oll2pm.—
,%:nﬁ{““‘”’k:aeRﬂn&wh<swﬂh}
|67 (|1

To prove the first asserted claim, we will apply Theorem 1 in Belloni and Chernozhukov (2011)
that shows that for any k= 1,..., K and XA € A,,, on the event A > 4|| Zi||o, we have
~ 3\/s
1B-k0) = Bl s < 25,

2K}

Thus, it suffices to show that there exists ¢ > 0 such that
P(ki < c) =o0(1), (10)
for all k = 1,..., K, and that there exist \g = 5\”70 € A, possibly depending on n, such that
P (Mo < 4[| Zg]los) = 0(1) (11)

forall k=1,..., K and

. 1 loglogn '\ /2
Mo < < ogp + log ogn) . (12)

n

To prove (10), note that by Jensen’s inequality,

L, = (E[ max max |Xij]2D1/2 < <E[ max max |Xij\qD1/q

1<i<n 1<j<p 1<i<n1<j<p

< (Z:;lE[ max |Xij|qD1/q < n9M,.

1<j<p

Thus, for I, = slogn,

_Ln\[ln 1/2 1/2 1/2
= -<log p+ (logly) - (log' /< p) - (log n))
Ln\/g 2 1/2 Mn\/g 2 1/2
< . . < _Anve . —
S n (log"n) - (log™“p) < WveTr (log”n) - (log™“p) = o(1)
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by Assumption 3. Hence, noting that (i) all eigenvalues of the matrix E[X X’| are bounded from
above and below from zero by Assumption 1 and that (ii) (n —ng)~' < n~! by Assumption 5

and applying Lemma 15 with k, K, and d,, there replaced by [,, L,, and -, here shows that
LS 10ll2m,—k S 1 (13)

with probability 1—o(1) uniformly over all 6 € RP such that ||| = 1 and ||d7<||o < slogn and all
k=1,...,K. Hence, (10) follows from Lemma 10 in Belloni and Chernozhukov (2011) applied
with m there equal to slogn here.

To prove (11) and (12) fix £ = 1,..., K and note that

max E[|X¢j5i|2] <n
1<j<p
ig I

by Assumptions 1 and 2. Also,

51\ 1/2 1/q
(E[ max max |Xjje| ]) < (E[ max max ’Xz'j&"qD
1<i<n 1<5<p 1<i<n 1<5<p

n q 1/q< 1/q
< (SB[ Xel']) s ntfon,

by Jensen’s inequality, the definition of M,, and the assumption on the moment generating

function of the conditional distribution of € given X. Thus, by Lemma 13 and Assumption 3,
E(n—mMMMmLS nlogp +n'/IM,logp S v/nlogp.

Hence, applying Lemma 14 with ¢ = (nloglogn)'/? and Z there replaced by (n — ni)|| Z/lso
here and noting that nM;/(nloglogn)?/? = o(1) by Assumption 3 implies that

logp + loglogn> 1/2
n

1200 5 (
with probability 1 —o(1). Hence, noting that log p+loglogn = o(n) by Assumption 3, it follows
from Assumption 4 that there exists Ao € A,, such that (11) and (12) hold.

Further, to prove the second asserted claim, note that using (10) and (13) and applying
Theorem 2 in Belloni and Chernozhukov (2011) with m = slog n there shows that || 5_r(Xo) o <
s with probability 1 —o(1) for all k =1,..., K. Hence,

s2(logp + loglogn)
n

1B-(R0) = BIIT S s1B-%(R0) = BI” < sl1B-x(Ro) = Bl30,—r S

with probability 1 — o(1) for all &k = 1,..., K, where the second inequality follows from (13),

and the third one from the first asserted claim. This completes the proof of the lemma. [

Lemma 2. Suppose that Assumptions 1 — 5 hold. In addition, suppose that for all t € R, we
have log Elexp(te) | X] < C1t2. Then we have for all k =1,..., K that

s(logp + loglogn)
n

1B-k(X0) = B3k S

with probability 1 — o(1) for Ao defined in Lemma 1.
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Proof. Fix k=1,...,K and denote 3 = B_i(X). We have

18~ Bli— 1B~ Bl = | B8y (= S XX~ = S x:X!) (B )
k ig¢Iy k i€l
< |3 BY (= X XXt - ELXX) B - )
an
+|3-8) (o X XXi - BIXX) (3 - 8)
i€},
<|IB -8} A ‘ - 1nk > XiiXi - E[XJXH’
T il
18 - Bl max |- 3 XX - B,
e e 1,

by the triangle inequality. Further, by Lemma 1, |3 — B3 < s*(logp + loglogn)/n with
probability 1 — o(1) and by Lemma 13,

4 1/2 2
~;: logp M2 logp
, N ) < [ InP5F 2n 050
E[lglj%)ép)n_nkzzgijUle E[XJXI]H ~ < n ) nl=2/q ’
1 v logp 1/2 M?1logp
E[énﬁép)nszigkxﬁxﬂ —E[Xle]H < <"n +

since 1/n; S 1/n and 1/(n —ng) < 1/n by Assumption 5 and

2 2 4 4
m X2 X4 < m <
1§j3}§{pE[ Xl = 1§?§XpE[ il

by Holder’s inequality and Assumption 1. Noting that
vAs?logp/n = o(1) and MZ2slogp/n'~?/1 = o(1),
which hold by Assumption 3, and combining presented inequalities implies that

s(logp + loglog n)
P _ (1)

18— B3 — 188

with probability 1 — o(1). In addition, by Lemma 1, HB\ - BH%’m_k < s(logp + loglogn)/n with
probability 1 — o(1). Therefore, it follows that

s(logp + loglog n)

o) 2
18 = 81 .

with probability 1 — o(1). This completes the proof. n

Lemma 3. Suppose that Assumptions 1 — § hold. In addition, suppose that for all t € R, we
have log Elexp(te) | X] < C1t2. Then we have for all k =1,..., K that

SN 1 log1 log 1 2
IBi(R) — Bl 5 20082 oBloBm) | (oglogm)

with probability 1 — o(1).
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Proof. We have

for Ao defined in Lemma 1. Therefore,

K K K

> el BokN) = Bl < D nkllBor(Ro) = Bl up +2D > eiX[(B(A) — Bi(No)).

k=1 k=1 k=14€ly
Further, by assumptions of the lemma, for A € Ap, k= 1,..., K, and Dy = {(Xy, Y)igr,; (Xi)ien, }
we have for all t € R that

log E [exp (#32e5,X](B-r(N) = B4 (\0))) | Di] S il Bs(A) = B D0) 3

Therefore, since |A,| < logn by Assumption 4, we have with probability 1 — o(1) that for all
k=1,...,K and A € A,,,

S eixi( ~ B-(A0))| S vk - (loglogn) - [|B-5(A) = B—x(R0)ll2n.k

i€ly,

by the union bound and Markov’s inequality; in particular, since e A,,, we have with proba-
bility 1 — o(1) that for all k =1,..., K,

> e X[ (B-k(X) — B-ik(M))| S v/x - (loglogn) - [|B_r(X) — B_i(Xo)ll2 k-

i€l
Hence, since ni/n > ¢; by Assumption 5, we have with probability 1 — o(1) that

K K loe 1 K
S 8-4) = Bl S D2 IB(30) = Bl + =2 ST IB4(R) = Btz
k=1 k=1

Let kbeak =1,..., K that maximizes ||3_z(A) — B_r(Xo) —o(1),
~ Ko loglogn <
18_5(%) — BII2 it S 2 MBk(0) = BIZ s + ——— ~ 18_5(%) = B_(30) Iy, 7
k=1
and so, by Lemma 2 and the triangle inequality, with probability 1 — o(1),
~ s(logp + loglogn)
1Be(M =B, £ 5 :
loglogn [s(logp+loglogn) log logn
Conclude that for all k = 1,..., K, with probability 1 — o(1),
-~ s(logp +loglogn)  (loglogn)?

1B-(R) - PORLe oglogn)  LosoEn)

This completes the proof. [
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Lemma 4. Suppose that Assumptions 1 — 5 hold. In addition, suppose that for all t € R, we
have log Elexp(te) | X] < C1t?. Then we have for allk = 1,..., K that

~ o~ s(logp + loglogn log logn)?
IB_e(R) - g  2Cosrt oglosn) , {oglog )

with probability 1 — o(1).

Proof. Fix k =1,...,K. For A € Ay, let 6y = (B_r(\) — B8)/||B_r(A) — 8. Observe that con-
ditional on Dy, = (Xl, Yi)i¢r,> (Ox)xen, is non-stochastic. Therefore, maxyep, ) E[(X60)* |

Dy] < Tin by Assumption 1 since ||6y]| = 1 for all A € A,,. In addition,

i€ly,

(E[max max (X/6x)? | DkDI/2 <Ir?. (n|An])'/2.

i€l AEA,
So, by Lemma 13,
_ 1 / 2 / 2 N
R = max | — Z (X505)" — BE[(X;0\)" | D]

Xehn | R
kel

4 2 1/2
B[R] < /FnlnglAn|+Fn (n|An|T)L log |Ay| —o(l)

by Assumption 3 since |A,| < logn by Assumption 4. Moreover, by Assumption 1, for any
A€ A,,

satisfies

1B-x(N) = BI* < — ZE —8))* | Dy
ZGIk
< fz —8))” + R[B-x(N) — Bl
ZEIk

= Bk () = B3 + RIB-£(N) — BI.

Therefore, with probability 1 — o(1),

3 (N >N 1 logl log1 2
IB43) = BI? S 1B-iB) = B3 s U082 H ToBlogm) | (loglogm)”

where the second inequality follows from Lemma 3. The asserted claim follows. n
Lemma 5. Suppose that Assumptions 1 — 5 hold. In addition, suppose that for all t € R, we

have log Elexp(te) | X] < C1t2. Finally, suppose that £2logn/n = o(1). Then we have for all
k=1,.... K that

s(log p + log log n) (loglogn)?
n n

1B+ (V) —

with probability 1 — o(1).
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Proof. Since nP(||X| > &) = o(1) and for all § € S?, we have (E[|X’§?])}/? < C; and
(E[|X'5|*])Y/* < T, by Assumption 1, applying Lemma 16 shows that with probability 1 — o(1),

~ o~ ~ o~ 2log(pn 2 log(pn
1By~ Bl30s < 18D B (1 P2 (PIX] > 6)/2 4 /S 1080 Saloslon) ).
In addition, I'2 - (P(||X|| > &.)'/? = o(1) by Assumptions 1 and 3. Also, £2log(pn)/n = o(1)
since we have 2 logn/n = o(1) and it follows from Lemma 17 that \/p < &,. Thus, the asserted

claim follows from Lemma 17. ]

Lemma 6. For all A € A,,, the Lasso estimator g()\) given in (2) based on the data (X;,Y;)! | =
(X5, X[+ ¢€i)i; has the following properties: (i) the function (;)7_; — (Xig()\))?zl mapping
R™ to R™ for a fized value of X' = (X1, ..., Xy) is Lipschitz-continuous with Lipschitz constant
one whenever the matriz (Xi,...,X,)" has full column rank; (ii) if for all i = 1,...,n, the
conditional distribution of €; given X; is N(0,02) and the pairs (X;,&;) are independent across

i, then

EIIBOIo | X7] = o *Bl=XI(BO) - 8) | X1 (14)
i=1
on the event that the matriz (X1,...,Xy) has full column rank.

Proof. This lemma is an extension of the main result in Zou et al. (2007) to the heteroscedastic
case (we allow 02’s to vary over 7).

Fix A € A, and X} = (X3,...,X,) such that the matrix (Xi,...,X,)" has full column
rank. Denote B\ = B\()\) and T = supp(ﬁ). Note that B\ is well-defined because the solution of
the optimization problem (2) is unique since the optimized function is strictly convex under the
condition that the matrix (Xi,...,X,) has full column rank. Also, let D denote the set of all
vectors in R? whose elements are either —1 or 1. Moreover, let N, xp be a subset of R" consisting
of all values of e = (e, ...,e,)" € R™ such that for some M C {1,...,p} with M # {1,...,p},
je{l,...,p} \ M, and d € D, we have

2 ~
‘n D e+ X[(B—1)Xi;| = A
i=1
where b = (by, . .. ,/l;p)’ is a vector in R? such that
1o 1
(O)m = (n Z(Xi)M(Xi)IM> (n > (Xi)he(ei + X]8) — )\dM/2>
i=1 i=1

and /b\j — 0 for all j ¢ M. Note that b is well-defined because the matrix ((X1)az,. .., (Xn) )
has full column rank under the condition that the matrix (X7i,...,X,)" has full column rank.
It follows that N- x7p is contained in a finite set of hyperplanes in R™.

Next, by the Kuhn-Tucker conditions, for all j € T', we have

2 — ~ R
=) (Y= XiB)Xi; = A sign(5;),
=1
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and for all j ¢ T, we have

2 < ~
=3 (Y= XiB) X[ < A
n
=1
Thus, since the matrix ((X1)z,...,(Xy)s) has full column rank under the condition that the
matrix (Xi,...,X,)" has full column rank, we have for all [ = 1,...,n that

-1
X[f = (X)) (1 Z(xof(Xi)gf) (1 S (X0)pYi— A sign(/?f)m) L)
= =1

~

Moreover, since [ is the unique solution of the optimization problem (2), it follows that the
functions (e;)I"4 — T and ()i q — sign(gf) are well-defined and are locally constant for all
values of (g;)j-, satisfying (e1,...,en)" & Nxp.

Now we are ready to show that the function (&;)7_; — (X/3)?_; is Lipschitz-continuous with
Lipschitz constant one, which is the first asserted claim. To this end, consider B as a function of
(€)™ ;. Let el and 2 be two values of (g;);, and let B(sl) and B(ez) be corresponding values
of B. Suppose first that the line segment P = {te2+ (1 —t)e': t € [0, 1]} does not intersect Nxp.

Then T and sign(gf) are constant on P, and so (15) implies that

n
S (X1B(E) - XIBE) <1~ ) (16)
i=1

Second, suppose that P has a non-empty intersection with N xp. Recall that the set N, xn 18

contained in a finite collection of hyperplanes, and so we can find 0 =t < t1 < --- <t =1

such that T remains constant on each line segment {te? 4 (1 —t)el: ¢ € (tji—1,t)}, 5=1,...,k,
of P. In addition, note that the function (g;)?_; — (X! 3)?:1 is continuous (otherwise we could

use, for example, the fact that the optimized function in (2) is strictly convex to arrive at a

contradiction). Hence, (16) holds in this case as well by the triangle inequality. This gives the

first asserted claim.

Next, we prove (14), which is the second asserted claim. Note that since for all values
of (gi)j, satisfying (e1,...,6,)" ¢ Nxp, the functions (g;)f_; — T and (ei)y — sign(Bf)
are locally constant, it follows from (15) that for the same values of (&) ;, the functions
(ei)iq — X B are differentiable. Moreover,

1 n -
9(X;B) _ l(Xl)/f <:& ' (Xi)f(Xz)%> (X0)7

Oey n

and so

=1 I=1 =1
— EZtr((xl)’f(% 3 (Xz‘)f(XZ)/f)_l(Xl)f>
=1 =1



whenever (e1,...,&,)" ¢ Nxp. Since P((e1,...,6,) € Nx» | XT') = 0, it follows that

] = E[|T] | X7].

In addition, the first asserted claim implies that the functions (&;)i; — X] B are absolutely
continuous, and so applying Stein’s lemma (see, for example, Lemma 2.1 in Chen, Goldstein,
and Shao, 2011) conditional on X" and using the fact that pairs (Xj, ¢;) are independent across

7 shows that

E[T] | X7] ZE

] - ng2E[5lX;§| X7 Zaz Ele X (5 - 8) | X{].

=1

which gives (14), the second asserted claim, since |T| = || B()\)Ho. This completes the proof of

the lemma. n

Lemma 7. Suppose that Assumptions 2 and 5 hold. In addition, suppose that the conditional
distribution of € given X is Gaussian. Then for all X € A, and t > 0, we have

P(|IBO) = Bllzn — ENBOY) = Bllz | X1

>t X?) < Cement®,
and forallk=1,...,K, A€ Ay, and t > 0, we have

P([I1B-k(N) = Bllan, & = EIIB-(\) = Bllan, | X7

>t Xf) < Ce o’

on the event that the matriz (X1, ..., X,)" has the full column rank, where ¢ > 0 and C > 0 are

some constants that depend only on c¢1 and C1.

Proof. Fix A € A, and X} = (X1,...,X,,) such that the matrix (Xy,...,X,)" has full column
rank. By Lemma 6, the function (¢;)]" ; — (X{B()\))?:l is Lipschitz-continuous with Lipschitz
constant one, and so is (g;); — (Zyzl(Xg(B()\)—B))Q)l/Q. In turn, (Z?:l(Xz((g()\)—ﬁ)y)l/Q =
N B(/\) — Bl2,n. Thus, by the Gaussian concentration inequality (see, for example, Theorem
2.1.12 in Tao, 2012),

P(|VAlBO) = Bllan — EVRIBO) = Bllzn | X1]

>t X{l> < Ce ",

for some constants ¢ > 0 and C' > 0 that depend only on ¢; and C;. Replacing ¢ by y/nt in
this inequality gives the first asserted claim. The second asserted claim follows similarly. This

completes the proof of the theorem. n
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Lemma 8. For some sufficiently large constant C, let

1/2
T, —C <<s(logp+loglogn)> N loglogn> ’

n Vi
and fork=1,..., K, let
Anl(XT) = {X € An: BIIB-4(N) = Bllan, 4 | X7 < To}

Suppose that Assumptions 1 — 5 hold. In addition, suppose that the conditional distribution of
e given X is Gaussian. Finally, suppose that £2logn/n = o(1). Then PN Ay 1 (XT) for all
kE=1,..., K with probability 1 — o(1).

Proof. Fix k=1,..., K. We have
P(X ¢ Aun(XD)) < P(IBk() - B3, i > T2/4)

~ ~ 2
+ P((max 11BN = Bl = BB = Bllz- | X7| > T2/4).

The first term on the right-hand side of this inequality is o(1) by Lemma 5 (recall that the fact
that the conditional distribution of € given X is Gaussian combined with Assumption 2 implies
that log E[exp(te) | X] < C1? for all ¢ > 0 if Oy in this inequality is large enough).

Further, since nP(||X|| > &,) = o(1) and for all § € S, we have ¢; < (E[|X'6)?])"/? < ¢4
and (E[|X'6]*])"/* < T, by Assumption 1, Lemma 16 implies that all eigenvalues of the matrix
(n —ng)~? > igr, XiX; are bounded below from zero with probability 1 — o(1), like in Lemma
5. In addition, on the event that the matrix (n — ng) ™" Ziglk X; X! is non-singular, we have by

Lemma 7 and the union bound that the expression

|20,k — E[|B_£(\) — 8

~ 2
P (g 1500 - 5 o | X7 > 72711 27
is bounded from above by C|A,|exp(—C'logn) for arbitrarily large constant C as long as the
constant C' in the statement of the lemma is large enough. Since |A,| < logn by Assumption 4,
it follows that

P (e [IB-40 Bl ~ BB = Bllns | X7 > 72/4) = o)

Hence, the asserted claim follows. [

Lemma 9. Suppose that Assumptions 1 — 5 hold. In addition, suppose that the conditional
distribution of ¢ given X is Gaussian. Finally, suppose that £2logn/n = o(1). Then for all
k=1,....K,

18-£(Mllo < 5 (10> p) - (log? n)

with probability 1 — o(1).

21



Proof. Fix k=1,... K.
smallest eigenvalue of the

probability 1 — o(1) since

Similarly to the proof of Lemma 5, we have by Lemma 16 that the
matrix (n — ng) ! Digr, X; X! is bounded from below by ¢?/2 with

the smallest eigenvalue of the matrix E[X X’] is bounded from below

by ¢2 by Assumption 1. Fix X7 = (X1,..., X,,) such that the smallest eigenvalue of the matrix

(n —ng)~? Dig, X, X! is

bounded from below by ¢?/2. Also, fix X € A, (X7 for A, k(XT)

defined in the statement of Lemma 8. Then E[Hg_k()\) — Bllan,—k | XT'] < T, for T;, defined in

the statement of Lemma 8. Hence, by Fubini’s theorem and Lemma 7, we have

B[IB) = Bl | X7] = [ P(IB-A) = Bl > 01 X7 )t

Thus,

<t [ (1B — Blans > 4| X7 )t
T4

n

oo
<Th 4 / exp ( —en(tV4 — Tn)Q)dt
T4

n

ST+ 1/00 (t/\/ﬁ—FT )3ex (—ct®)dt < T2

1/

(BB ~ Bl | X71) " ST (1)

Then by Assumption 2 and Lemma 6 applied to the data (X;,Y;);¢;, and the Lasso estimator

B_k(N),

EllIBkWllo | X7) S Sigr, BleiX](B-r(A) — 8) | X7]

SE|

<E|

< (e

where the last line follows

(B|Sinex:

< (B][Signeex

< Valogp (B[00 - 811 x3]) " < Valomp (B[I40) - Bl | X1])

Z’i%[kgiXi
‘ Z'L%I}CEZX'L

[Zieneex:

1Bk = Bl | X7

1Bk = Bl A 1Bkl + 5 | X7

2 ~ ~ 1/2
1By = 817 | Xp ] - ENIB- o+ | X71)

from Hélder’s inequality. In turn, with probability 1 — o(1),

2 ~ 1/2
B - BI2 | x7])

io | Xﬂ E[Hﬁ_k()\) — Bt | X{LDIM

1/4

and the last expression is bounded from above up-to a constant C by

s'/2 . (log"/? p) - (log p + loglog n)*/2 + (log'/?p) - (log log n)

by (17). Hence, with probability 1 — o(1),

E[[|B_r(Nlo | X7 < s (logp) - (logp + loglogn) + (log p) - (loglog n)>.
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So, by Markov’s inequality and the union bound,

18-k (Wllo S (10g*/2n) - (s - (1og p) - (log p + loglog ) + (log p) - (log log n)?
< s- (log®? p) - (log? n)

for all A € A, 1 (X7) with probability 1 — o(1) since |A, x(X7)| < |Ay| S logn by Assumption
4 and since logp < logn by the assumption that ¢2logn/n = o(1) (recall that by Lemma 17,
VP S &n). The asserted claim follows since by Lemma 8, N Ap i (XT) forall k =1,..., K with
probability 1 — o(1). "

Lemma 10. For all A € A, and b € RP, we have

—~ n 1 & —~ —~
1BV = BB < = S0 = X2 + Al — - S (¥~ X)) = NI
i=1 i=1

Proof. The result in this lemma is sometimes referred to as the two point inequality; see van de
Geer (2016). Here we give a short proof of this inequality using an argument similar to that of
Lemma 5.1 in Chatterjee (2015). Fix A € A, and denote 3 = B()\). Take any ¢t € (0,1). We
have

S Y= XU + MBI < - 3%~ XL+ (1= ) + Altb+ (1~ 03]
i=1 i=1

< iZ(Y — X[+ tXI(B = 0)* + A[bll + (1 — A Bl
Hence, ) .
ENIBI — bll) < 218 — bl + = S (% — X{B)(X/B - X0b),
and so -

~ ~ 2 ~ —~
MBI = lIll) < €18 = bl3,, + - > (Vi = XiB)(X{B — Xb).
i=1

Since t € (0, 1) is arbitrary, we obtain

n

~ 2 ~ ~
A8l = lioll) < > (Vi = XIB)(X{B — Xb).
=1
Thus,
—~ 1 & —~
—bl3, == (V; — X[b— (Y; — XIB))?
”B HQ,n n ;( 7 ( zﬂ))
_ 1 zn:(y — Xb)%* + 1 zn:(Y- — XIB)? - 2 zn:(y- — XIb)(Y; — X!B)
ni:l Z ' ni:l l Z nz‘:l l Z Z '
LS - LS X - 23 (B - X - X0B)
n =1 l Z n =1 l Z n =1 Z Z Z 1

n

1 , 1 o~ .
— 2 (Y= Xi0)? = =D (Y= XIB)2 = MBI~ [lbll)-
=1

i=1

IN
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The asserted claim follows. n

Proof of Theorem 1

Let

=1 1 ¢y

where the second line follows from the definition of B_k(X)’s and the third from the triangle

inequality. Also,

K
1712 / / 2N
1 ZZ (Vi = X)) > s 303 (= X0 + 207 — X)(X0b— XF(3)
k=1i¢I}, k=1i¢I}
n 9 K
_ 2 : ~ o~
= — X}b) +ﬁZZ(Yz—Xz{b)(Xz{b—Xz{ﬂ—k(A»
i=1 k=1i¢I,
Thus, by Lemma 10,
~ o~ 2 K PN 9 K
nl BN = b3, < 1 > Z(Yi = Xib)(Xib = Xifk (V)| < o > Tk +To)
k=1 |i¢ I, k=1
where
T = Y axio-Ba))|,  Tow= | S (XIB—X) - (Xb- XBO)|. (19)

Next, for all k =1,..., K, we have

b= Bk V]l1-

T <max‘ ;X
1,k ji Z¢] 1<4\ij
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Now, maxi<;<p | Zigélk €iXij| £ v/nlogn with probability 1—o(1). In addition, with probability
1—0(), forallk=1,..., K,

=

Ib = B_k (M1 < [Ib = Bl + 1B-x(X) = Bl < Z () = Bl

< (s- 0g?n) - (08?2 >)” 'S IR - 8l
=1

1/2 172 . (log!/* p) - (log'/* n s-(lo - (log®4n
S (s~(log2n)‘(10g3/2p)) (log nﬁl (log”"m) _s-( gp}ﬂ/(z g n)

where the first line follows from the triangle inequality and (18), the second from Lemma 9, and
the third from Lemma 4 (again, recall that the fact that the conditional distribution of ¢ given
X is Gaussian combined with Assumption 2 implies that log E[exp(te) | X] < Cyt? for all ¢ > 0
if C1 in this inequality is large enough) and the observation that logp < logn, which follows
from £2logn/n = o(1) and Lemma 17. Thus, with probability 1 — o(1), for all k = 1,..., K,

Tr s < s+ (logp) - (log”/* ).
Also, with probability 1 —o(1), for all k =1,..., K,
Lok < (n = 1) 18 = bllam—k - 10— BN ll2.n,—
< =) (SEABAR) ~ Bl 4) S slogn

where the first line follows from Hélder’s inequality and the second from (18) and Lemmas 3 and

5 since logp < logn. Combining presented inequalities shows that with probability 1 — o(1),

~ o~ slogp
1B = BlI3 , £ — > - (log"/" ).

Finally, with probability 1 — o(1),

K ~

S 1B - B3,

k=1

K ~ o~ slogn

S 3 (1B-13) = Bl i+ 1B-4(3) = Bl as) S

k=1
by Lemmas 3 and 5. Thus, by the triangle inequality,

~ o~ slogp
1BR) — B3, 5 BL - (log7/ )

with probability 1 — o(1). This completes the proof of the theorem. [
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Proof of Theorem 2

Let
2 /
Ap(XT) = {)\ €N E[||BAA) = Bllan | XT] < C - (810#)1 2 _ (log7/8 n)}

for some sufficiently large constant C'. Since by Theorem 1,

I1BG) - Bl < &
with probability 1 — o(1) if C' is large enough, it follows by the same argument as that used in
the proof of Lemma 8 that A € A, (X7) with probability 1 — o(1).

Further, as in the proof of Lemma 9, fix X7* = (X1, ..., X,;) such that the smallest eigenvalue
of the matrix n=! Yoy Xi X! is bounded from below by c?/2, which happens with probability
1 —o(1), and fix A € A,,(X7"). Then

1/2
(k11300 — 318, 1 371) 7 £ (2282) 7 g5,

n

C? slogp
1< &L 208D gogtity

and so

E[IBlo | X7 <Y EleX/(B(A) — 8) | X7

=1
< ([ 1 x]) ™ (BA0) - 18,1 x7)
< 52 (logp) - (g n) - (BB o+ x31)

< s12. (log!5/8 ) . (E[HB(A)IIO + 5| XI‘]>1/2

(BB o + 51 x77) "

by the same argument as that used in the proof of Lemma 9. Therefore,
E[IBMo | X7 S slog!™* n.

Hence, given that |A,(XT)| < |A,| S logn by Assumption 4, it follows from Markov’s inequality

and the union bound that
1B(M)lo < slog”n

with probability 1 — o(1). This completes the proof of the theorem. n

Proof of Corollary 1

Like in the proof of Lemma 5, it follows from Lemma 16 that

~ o~ ~ o~ 2 2
1BR) - B £ 13 ~ 813,/ (1 T (P(IX] > )V - S oBEn) Snloslon) )

n n

with probability 1 — o(1), and so the first asserted claim follows from Theorem 1 and the
assumption that £2logn = o(n). The second asserted claim follows from the first claim combined

with the observation that
1B = BIF < (1B o + 5) - IBAY) — B2
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and Theorem 2. This completes the proof of the corollary. [
Lemma 11. For all A € A, and k =1,..., K, we have Hg,k(/\)Ho <n.

Proof. Fix A € A, and kK = 1,..., K. Denote B\ = B\,k()\) and T = supp(g). Suppose to the
contrary that ||3]lo > n. Then the matrix ((X1)5,.--,(Xn)s)" does not have full column rank,
and there exists v € RP with ||v|| # 0 and supp(vy) C T such that Xiv=0forali=1,...,n.
Also, the function o +— ||B + ay||; mapping R into R is constant in some neighborhood around
zero, and so as « increases in this neighborhood, some of the components of the vector E + avy
increase and others decrease. Thus, as we move «, we can always find a vector B + ary that
is a solution of the optimization problem (4) but is also such that ||3 + ay|o < ||3]lo, which
contradicts to our assumption that whenever the lasso optimization problem in (4) has multiple
solutions, we choose one with the smallest number of non-zero components. This completes the

proof of the lemma. n
Lemma 12. Suppose that Assumptions 1 — 5 hold. Then we have for all k =1,..., K that

L 1
15—k (X) = BII3 i, < (n*/7M21og* nlogp) - gn(pn)

with probability 1 — o(1).

Proof. Note that ||3_x(A)|lo < n by Lemma 11. Also, recall that ||3]jo = s. In addition,

1/2
(E [max max |Xij|2]> < n'/ap,
i¢l, 1<j<p

for M,, defined in Assumption 3. Therefore, since all eigenvalues of the matrix E[XX'] are
bounded from above by Assumption 1, applying Lemma 15 with k = n+ s < n shows that with
probability 1 — o(1),

1Bk (N) = Bl3 = S I1B-#(A) = BII* - n*/ 1M log nlog p.
Combining this inequality with Lemma 4 and noting that

s(logp + loglogn) N (loglogn)? < slog(pn)
n n ~ n

gives the asserted claim. [

Proof of Theorem 3

Define b as in (18). Also, for k =1,..., K, define Z; j, and Zy ;, as in (19). Then it follows as in
the proof of Theorem 1 that

K

~~ 2
BlIBR) = b < = S (T + Tap)
k=1
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Fix k=1,...,K. To bound Z j, we have by the triangle inequality and Lemmas 4 and 11 that

b= Bx )l < 15 = Bl + 1B = Bl S Z 1B-1(3) = Bl

K
< VY _|IB=i(N) = BIl S (slog(pn))/?
=1

with probability 1 — o(1). Thus,

Tk < max ZXW?@ Ib— Bk (NIl S (nlog(pn))"/? - (slog(pn))*/* = (sn)"/* log(pn)
11

with probability 1 — o(1). Further, to bound Zy j, we have by Holder’s inequality and Lemmas
3 and 12 that

Tog < (n—n)||B — blla—k - b — B-x(N)
S =) (SEABAN) ~Bllnr) 5 (n290Fog o) (sTog(on)

with probability 1 — o(1). Hence,

o~ o~ 1 2 1/2 1 1 2 1/2
1B = b3, < <S°g(1m)> + (M2 g nlog p) - Ogn(pn) < (8 og (pn)>

n n
with probability 1 — o(1) where the second inequality holds by the assumption that

M;s(log® n)(log? p)
n1—4/q

<1

Finally, with probability 1—o0(1),

16— BllanZ! ) = Bll3.»

FU o s /
S Z (W—k()\) — Bl3p + 1B-£(X) — 5“%7”7%) < (M)l 2
k=1

n

by Lemmas 3 and 12. Combining these inequalities and using the triangle inequality shows that

A 1 2 1/2
13 - 8180 5 (25

with probability 1 — o(1). This completes the proof of the theorem. [

7 Technical Lemmas

Lemma 13. Let X1,..., X, be independent centered random vectors in RP with p > 2. Define
Z = maxi<j<p | 2oiny Xigl, M = maxi<icn maxi<j<p | Xy, and 0? = maxi<j<p > i) B[X7].
Then

B[Z) < K (o\/logp + VEM?]logp)

where K is a universal constant.
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Proof. See Lemma E.1 in Chernozhukov, Chetverikov, and Kato (2014). n

Lemma 14. Consider the setting of Lemma 13. For everyn > 0,t >0, and ¢ > 1, we have
P(Z = (1+ElZ] +1) < exp(~t2/(30%) + KE[M?] /19

where the constant K depends only on n and q.

Proof. See Lemma E.2 in Chernozhukov, Chetverikov, and Kato (2014). [

Lemma 15. Let Xi,...,X, be i.i.d. random wvectors in RP with p > 2. Also, let K =

(E[maxi<j<n, maxi<;<p |Xi2j])1/2 and for k > 1, let

KV
G

Moreover, let SP = {6 € RP: ||0|| = 1}. Then

n (10g"/2p + (10g k) - (1og"/2p) - (log"* ) )

L~ o2 21| < 52 s 27 2
E sup (X;0)° —E[(X10)°]|| <05+ n sup E[(X10)7]
oesr: ||0]lo<k ' T i 0eSP: ||0)|0<k
up-to an absolute constant.
Proof. See Lemma B.1 in Belloni et al. (2015b). See also Rudelson and Vershynin (2008) for

the original result. n

Lemma 16. Let X1,..., X, be a random sample from the distribution of a p-dimensional ran-
dom vector X such that for all § € SP, we have (E[|X'6|?)Y/? < C and (E[|X'6|)/* < T for
some constants C' and I'. Then for any constants £ > 0 and t > 0 such that t > 0, we have

P(|| o X - B

>+ T2 (P(|1X] > €)12)

A 2
< exp (Loa(2p) ~ gy y) +PUIX] > ©

where A is a constant depending only on C.

Proof. An application of Corollary 6.2.1 in Tropp (2012) shows that

P ( > t) < exp <log(2p) — Am€2)> (20)

(14t
where A depends only on C see, for example, Lemma 10 in Chetverikov and Wilhelm (2015).
Now, let D be the event that || X;|| < & for all i = 1,...,n and let D¢ be its complement.
Then P(D¢) < nP(||X]| > &) by the union bound. Also,

1 n
= XXA{IX < € - B[XX{|IX] < &}
=1

[elxxaxi>af= s B[Pl > ¢}

< s (Exa) " (POx) > 9) <12 (POix) > )

 SeRe: ||5]=1
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by Holder’s inequality. Hence,

P([| b xox; — B
n

>+ T2 (P(|IX] > €)12)

< P({]F o xixt - Bixx)

> 412 (P(|X] > )2} N D) + P(D?)
1 n
< P(H;ZileiXél{HXiH <&} —E[XX'1{||X]| < g}]H > t) +nP(||X] > €)
by the triangle inequality. The asserted claim follows by combining this inequality with (20). =

Lemma 17. Let X be a random vector in RP implicitly indexed by n, where the dimension
p = pp is also allowed to depend on n. Suppose that (E[|X'62]))Y/% > ¢ for all 6 € SP, n > 1,
and some constant ¢; > 0. Also, suppose that nP(||X|| > &,) = o(1) as n — oo for some
sequence of constants (&,)n>1. In addition, suppose that Ty, = supsegy (E[| X644 satisfies
I /n=o(1) as n — oo. Then &2 > p-min(1,c?/2) for all sufficiently large n.

Proof. Note that if ¢/2 > 1, the assumption that (E[|X’6|?])'/2 > ¢, for all § € SP implies that
(E[|X"8)?])"/? > /2 for all § € SP. Hence, it suffices to consider the case where ¢7/2 < 1 and to
show that &2 > ¢2p/2 for all sufficiently large n in this case.

To this end, suppose to the contrary that £2 < ¢2p/2 for all n = ny, k > 1, where (ng)g>1 is

some increasing sequence of integers. Then
B[IXIP1{IX]| < &}] < €2 < /2
for all n = ng. On the other hand,
E[IX |2 = BLX'X] = tr(BLX'X]) = Bltr(X'X)] = Bltr(XX")] = tr(E[XX']) > }p

for all n > 1 by the assumption that (E[|X’§[?])1/2 > ¢ for all § € SP, where for any p X p matrix
A, we use tr(A) to denote the sum of its diagonal terms, that is, tr(A) = ?:1 Aj;. Hence,

B[IXIP1{IX] > &a}] > cip/2 (21)
for all n = ng. In addition, the assumption that nP(||X|| > &,) = o(1) implies that
B[IX 218 < I1X]l < vB}| = o(p/m)
as n — 0o, and so it follows from (21) that
E[IXIPHIX] > v} = cip/a (22)

for all n = ny with sufficiently large k.

Let us now use (22) to bound T',, = supgsegp (E[| X’3[*])!/* from below to obtain a contradiction
with the assumption that I't /n = o(1). Let N = (Ny,...,N,)' be a standard Gaussian random
vector in RP that is independent of X. Then U = N/||N|| is distributed uniformly on S? and is
independent of ||N||. Further, let Z = X/||X||. Then for all § € SP,

E[|IX'5]") > Bl X o[ "1{|l x| > \/ﬁ}} = E[IIXIIZLIZ'5!41{IIXII > Vi
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and so

sup B0 > B[|X 1201 1IX ] > vp)] = B[IXIHIX] > vayE|Z01* | X[ (23)

On the other hand, for any non-stochastic z € SP,
3 =E[|2'N|*] = E[IN|"* - [2'U|"] = E[IN|"] - E[|z'U|"] < 3p°E[|z'U|"],
so that E[|z’U|*] > p~2. Hence, it follows from (23) that

sup E[IX'5]) > p_QE[HXHA‘l{HXH > P} |- (24)

However, (22) implies by Holder’s inequality that
Ap/4 < E[IXIPHIX] > vB}| = B[IXIP1{IX]| > v} - L{IX ] > vp}]
1/2
< (BlIxI{Ix] > vpY] - PUIX] > vP))
so that "
C1p
XI> )

for all n = ny with sufficiently large k. Therefore, it follows from (24) that

E[||X||41{HX” > \/15}} Z 16P(|

4
T4 — sup E[|X’6]4] > !
n = sup BN 2 op== vp)

for all n = ny with sufficiently large k. This contradicts to the assumptions that nP (|| X| >
&,) = o(1) and I'} /n = o(1) since under our condition that c?/2 < 1, we have &2 < ¢2p/2 < p
and P(|| X[ > &) > P(||X|| > /p) for all n = ny. This completes the proof of the lemma. =
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Figure 5.1: DGP1, n = 100, and p = 40. The top-left,

top-right, and bottom-left panels show the mean of

estimation error of Lasso estimators in the prediction, L2, and L' norms. The dashed line represents the mean of

estimation error of the Lasso estimator as a function of A (we perform the Lasso estimator for each value of A in the

candidate set A, ; we sort the values in A,, from the smallest to the largest, and put the order of A on the horizontal

axis; we only show the results for values of A up to order 32 as these give the most meaningful comparisons). The

solid and dotted horizontal lines represent the mean of the estimation error of the cross-validated Lasso estimator

and the Lasso estimator with A chosen according to the Bickel-Ritov-Tsybakov rule, respectively.
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Table 5.2: Probabilities for the number of non-zero coefficients of the cross-validated Lasso estimator hitting
different brackets

DGP1
[0,5] [6,10] [11,15] [16,20] [21,25] [26,30] [31,35] [36, p]
(n, p)=(100, 40)  0.0004 0.0818 0.3660 0.3464 0.1538  0.0388 0.0118 0.0010
(n, p)=(100, 100) 0.0000 0.0102 0.0814 0.2164 0.2596 0.1968 0.1210 0.1146
(n, p)=(100, 400) 0.0018 0.0230 0.0552  0.0720 0.0896  0.1234  0.1312 0.5038
(n, p)=(400, 40)  0.0010 0.1028 0.3906  0.3392  0.1288  0.0312  0.0058  0.0006
(n, p)=(400, 100) 0.0002 0.0192 0.1304 0.2658 0.2636  0.1672  0.0952 0.0584
(n, p)=(400, 400) 0.0000 0.0028 0.0236  0.0680 0.1338  0.1680 0.1670  0.4368
DGP2
[0,5] [6,10] [11,15] [16,20] [21,25] [26,p] [31,p] [36, p]
(n, p)=(100, 40)  0.0164 0.1394 0.3430 0.3134 0.1334  0.0426  0.0096  0.0022
(n, p)=(100, 100) 0.0142 0.1116 0.1952 0.2002 0.1818  0.1400 0.0774 0.0796
(n, p)=(100, 400) 0.0300 0.0934 0.1646  0.1728 0.1426  0.1160 0.0778  0.2028
(n, p)=(400, 40)  0.0012 0.0988 0.4022 0.3322 0.1304 0.0308 0.0044 0.0000
(n, p)=(400, 100) 0.0002 0.0210 0.1360  0.2620 0.2560  0.1802  0.0872 0.0574
(n, p)=(400, 400) 0.0000 0.0024 0.0238 0.0766 0.1348  0.1664 0.1592 0.4368
Table 5.3: Probabilities for maxi<j<p n71|2?:1Xij5i|/X hitting different brackets
DGP1
[0,0.5) [0.6,1) [1,1.5) [1.5,2) [2,2.5) [2.5,3) [3,00)
(n, p)=(100, 40) 0.0000  0.0902 0.3478 0.2852 0.1404 0.0668 0.0696
(n, p)=(100, 100) 0.0000 0.1578 0.4446 0.2310 0.0976 0.0360 0.0330
(n, p)=(100, 400) 0.0124 0.3708 0.3426 0.1326  0.0570 0.0284  0.0562
(n, p)=(400, 40) 0.0002  0.1164 0.4352 0.2900 0.1072 0.0318 0.0192
(n, p)=(400, 100)  0.0000 0.2672 0.5664 0.1456 0.0186 0.0018 0.0004
(n, p)=(400, 400) 0.0000 0.5886 0.3956  0.0148 0.0008 0.0002  0.0000
DGP2
[0,0.5) [0.6,1) [1,1.5) [1.5,2) [2,2.5) [2.5,3) [3,00)
(n, p)=(100, 40) 0.0018  0.1522  0.3474 0.2402 0.1308 0.0600 0.0676
(n, p)=(100, 100) 0.0066  0.3444 0.3732 0.1542 0.0710 0.0260 0.0246
(n, p)=(100, 400) 0.0380 0.6188  0.2250 0.0610 0.0242 0.0122  0.0208
(n, p)=(400, 40) 0.0000  0.1188 0.4450 0.2880 0.0996 0.0306  0.0180
(n, p)=(400, 100)  0.0000 0.2698 0.5764 0.1320 0.0196 0.0018 0.0004
(n, p)=(400, 400) 0.0000 0.5792 0.4028 0.0174 0.0006 0.0000  0.0000
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