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Abstract

In this paper we investigate panel regression models with interactive fixed effects. We
propose two new estimation methods that are based on minimizing convex objective
functions. The first method minimizes the sum of squared residuals with a nuclear
(trace) norm regularization. The second method minimizes the nuclear norm of the
residuals. We establish the consistency of the two resulting estimators. Those estima-
tors have a very important computational advantage compared to the existing least
squares (LS) estimator, in that they are defined as minimizers of a convex objective
function. In addition, the nuclear norm penalization helps to resolve a potential iden-
tification problem for interactive fixed effect models, in particular when the regressors
are low-rank and the number of the factors is unknown. We also show how to construct
estimators that are asymptotically equivalent to the least squares (LS) estimator in Bai
(2009) and Moon and Weidner (2017) by using our nuclear norm regularized or mini-
mized estimators as initial values for a finite number of LS minimizing iteration steps.
This iteration avoids any non-convex minimization, while the original LS estimation
problem is generally non-convex, and can have multiple local minima.
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1 Introduction

In this paper we consider a linear panel regression model of the form

K Ro
Yie = Z Bok Xt + Z Ao,ir four + Bt (1)
k=1 r=1
where © = 1...N and t = 1...7T label the cross-sectional units and the time periods,

respectively, Yj; is an observed dependent variable, X} ; are observed regressors, 3, =
(Boas---,0Box) are unknown regression coefficients, fo, and A, are unobserved factors
and factor loadings, Ej; is an unobserved idiosyncratic error term, Ry denotes the number
of factors, and K denotes the number of regressors. The factors and loadings are also called
interactive fixed effects. They parsimoniously represent heterogeneity in both dimensions of
the panel, and they contain the conventional additive error components as a special case.
We assume that Ry < min(N,T), and for our asymptotic results we will consider Ry as

fixed, as N, T — oo. We can rewrite this model in matrix notation as
Y=0- X+Ty+ E, (2)

where Gy X = Zszl XiBox and I'g := Ao fg, and Y, Xy, I'g and E are N x T' matrices, while
Ao and fo are N x Ry and T'x Ry matrices, respectively. The parameters 5y and I'g are treated
as non-random throughout the whole paper, that is, all stochastic statements are implicitly
conditional on their realization. Without loss of generality we assume Ry = rank(Iy).

One widely used estimation technique for interactive fixed effect panel regressions is the

least squares (LS) method,! which treats A and f as parameters to estimate (fixed effects).?

1/2
Let the Frobenius norm of an N x T matrix A be ||Al|y := (ZZ]\LI ST A?t> . Then, the

LS estimator for S reads

B\LS,R := argmin Lr(f), Lr(B) : ! Y —p-X— /\f'||§ , (3)

= min —
BERK {AeRNxR_feRTxRY 2NT

where R is the number of factors chosen in estimation. A matrix I' € R¥*T can be written
as I' = \f’, for some A € RV*E and f € RT*% if and only if rank(T") < R. The profiled

IThe LS estimator in this context is also sometimes called concentrated least squares estimator, and was
originally proposed by Kiefer (1980).

20ther estimation methods of panel regressions with interactive fixed effects include the quasi-difference
approach (e.g., Holtz-Eakin, Newey, and Rosen 1988), generalized method of moments estimation (e.g. Ahn,
Lee, and Schmidt 2001, 2013), the common correlated random effect method (e.g., Pesaran 2006), the decision
theoretic approach (e.g., Chamberlain and Moreira 2009), and Lasso type shrinkage methods on fixed effects
(e.g., Cheng, Liao, and Schorfheide 2016, Lu and Su 2016, Su, Shi, and Phillips 2016).



least square objective function Lg(f) can therefore equivalently be expressed as

La(f) = | in oV =B X - T, (4)
It is known that under appropriate regularity conditions (including exogeneity of Xy ; with
respect to Ey), for R > Ry, and as N,T — oo at the same rate, the LS estimator ZB’\LS,R
is v/ NT-consistent and asymptotically normal, with a bias in the limiting distribution that
can be corrected for (e.g., Bai 2009, Moon and Weidner 2015, 2017).

The LS estimation approach is convenient, because it does not restrict the relationship be-
tween the unobserved heterogeneity (I'g) and the observed explanatory variables (X7, ..., Xk).
However, the calculation of BLS, R requires solving a non-convex optimization problem. While
|Y — 8- X =T is a convex function of 4 and T, the profiled objective function Lz(3) is
in general not convex in 3, and can have multiple local minima, as will be discussed in Sec-
tion 2.1 in more detail. The reason for the non-convexity is that the constraint rank(I') < R
is non-convex.

In this paper we use a convex relaxation of this rank constraint. Let s(I') := [s1(D),
$o(I'), ..., Smin(v,7) ()] be the vector of singular values of I'.* The rank of a matrix is equal
to the number of non-zero singular values, that is, rank(I') = ||s(I")||,, where |[lv||, equals
the number of non-zero elements of the vector v (sometimes calles the “/°-norm” of v). The
nuclear norm of I' is defined by ||I'||; := ||s(I')||, = Z;n:iri(N’T) s-(I"), that is, the nuclear norm
of the matrix T is simply the £!-norm of the vector s(I').* A convex relaxation of (4) can then
be obtained by replacing the non-convex constraint rank(I') < R by the convex constraint
|IT]]x < ¢, for some constant c. This gives

1

Y —3-X —T|?

min
{FE]RNXT } ||I‘H1§C¢}
. 1
min |——
PeRNxT | 2NT

IV =8 X~ + = Tl = Qu().

where in the second line we replaced the constraint on the nuclear norm by a nuclear-norm

penalty term.® Choosing a particular penalization parameter ¢ > 0 is equivalent to choosing

3The non-zero singular values of I' are the square roots of non-zero eigenvalues of I'T’. Singular values
are non-negative by definition.

4The nuclear norm ||T'||; is the convex envelope of rank(I") over the set of matrices with spectral norm at
most one, see e.g. Recht, Fazel, and Parrilo (2010). The nuclear norm is also sometimes called trace norm,
Schatten 1-norm, or Ky Fan n-norm. Our index notation for the nuclear norm ||T'||;, Frobenius norm ||T||2,
and spectral norm ||I||oc = limg_, ||T'|4 is motivated by the unifying formula ||I'||, = ET;?(N’T) [s,-(T)]9.

5The normalizations with 1/(2NT) and 1/v/NT in (5) are somewhat arbitrary, but turn out to be
convenient for our purposes.



a particular value for ¢ = ¢, and we find it more convenient to parameterize the convex
relaxation Qy(8) of Lg(53) by ¢ instead of c. For a given ¢ > 0 the nuclear-norm regularized

estimator reads

@b = argmin Q. ().
BERK
We also define B* = limy o B\d, for fixed N and T.° We will show in Section 2.2 that
B* = argming ||Y — - X||;, that is, B\* can alternatively be obtained by minimizing the
nuclear norm of Y — - X. The main goal of this paper is to explore the properties of B\w
and B\*, that is, we want to understand how these estimators can be used to help identify
and estimate f.

Those estimators have a very important computational advantage compared to the LS
estimator, in that they are defined as minimizers of convex objective functions. The LS
objective function in (4) is in general non-convex and can have multiple local minima. This
can become a serious computational obstacle if the dimension of the regression coefficients
is large. If the underlying panel regression model is nonlinear (e.g., Chen 2014, Chen,
Fernandez-Val, and Weidner 2014), then optimizing a non-convex objective function with
respect to the high-dimensional parameters A\ and f becomes even more challenging. By
contrast, under appropriate non-collinearity conditions on the regressors, the nuclear norm
penalized objective function in (5) is strictly convex and therefore has a unique local mini-
mum that is also the global minimum.

In addition to this computational advantage the nuclear norm penalization also helps to
resolve a potential identification problem for interactive fixed effect models. Namely, without
restrictions on the parameter matrix I'y in (2), we cannot separate 3y - X and 'y uniquely,

because for any other parameter 5 we can write
Y=0-X4Tog+E=0-X+T(5,X)+E, where T'(5,X):=Tq— (8- 50X,

implying that (5, [g) and (5,T(5, X)) are observationally equivalent. If any non-trivial
linear combination of the regressors Xj is a high-rank matrix, then the assumption that
Ry = rank(I'y) < min(N,T) is sufficient to identify /3y, because rank[I'(5, X )] will be large
for any other value of 3. However, if some of the regressors X have low rank, and the
true number of factors Ry is unknown, then there is an identification problem, and some

regularization device is needed to resolve this. In Section 2 we show that the nuclear norm

6Here, the limit v — 0 is for fixed N and 7T, and has nothing to do with our large N, T asymptotic
considerations.



penalization indeed provides such a regularization device to uniquely identify ;.

After that identification discussion, we establish asymptotic results for Bw and B* when
both panel dimensions become large. Under appropriate regularity conditions we show
\/W—mnsistency of these estimators. We also show how to use B¢ and B\* as initial
values for a finite iteration procedure that gives improved estimates that are asymptotically
equivalent to the LS estimator.

Nuclear norm penalized estimation has been widely studied in machine learning and sta-
tistical learning literature. There, the parameter of interest is usually the matrix that we
call " in our model, in particular, there are many papers that use this penalization method
in matrix completion (e.g., Recht, Fazel, and Parrilo 2010 and Hastie, Tibshirani, and Wain-
wright 2015 for recent surveys), and for reduced rank regression estimation (e.g., Rohde and
Tsybakov 2011). More recently, nuclear norm penalization has also been used in the econo-
metrics literature: Bai and Ng (2017) use it to improve estimation in a pure factor models.
Athey, Bayati, Doudchenko, Imbens, and Khosravi (2017) apply nuclear norm penalization to
treatment effect estimation with unbalanced panel data due to missing observations together
with a regularization on the high dimensional regression coefficients — their primary interest
is to predict the left-hand side variable using the regularization. Chernozhukov, Hansen,
Liao, and Zhu (2018) consider panel regression models with heterogeneous coefficients, while
in this paper we focus on panel regression with homogenous coefficients. To the best of our
knowledge, our results here on the estimates of the common regression coefficients 3y are new
in this literature, and the nuclear norm minimizing estimator B* has also not been proposed
previously.

The paper is organized as follows. Section 2 provides theoretical motivations of nuclear
regularization over the conventional rank restriction. In Section 3 we derive consistency
results on @p and B* Section 4 shows how to use these two estimators as a preliminary
estimator to construct an estimator through iterations that achieves asymptotic equivalence
to the fixed effect estimator. Section 5 investigates finite sample properties of the estimators.
In Section 6 we briefly discuss extensions to nonlinear panel models with interactive fixed
effects, and Section 7 concludes the paper. All technical derivations and proofs are presented

in the appendix or supplementary appendix.

2 Motivation of Nuclear Norm Regularization

In this section we provide further motivation and explanation of the nuclear norm regularized
estimation method. This estimation approach comes with the computational advantage of

having a convex objective function, and it also provides a solution to the identification



problem of interactive fixed effect models with low-rank regressors.

2.1 Convex Relaxation

We have already introduced the profile LS objective function Lg(f) and its convex relaxation
Qy(P) in the introduction. Here, we explain those objective functions further. Firstly, we
want to briefly explain why Q. (/) is indeed convex. We have introduced the nuclear norm
as |y == 3™ 5 (1), but it is not obvious from this definition that ||I'[; is convex

in I', because the singular values s,.(I") themselves are generally not convex functions of I,

except for r = 1. A useful alternative definition of the nuclear norm is

M= max  Te(AD), (6)

{AERNXT ||A||oo§1}
that is, the nuclear norm is dual to the spectral norm || - ||o. From this it is easy to see
that || - ||; is indeed a matrix norm, and thus convex in I'.” Therefore, the nuclear norm

regularized objective function

1

Y - B-X —T|?

iy
VNT "
as a function of (f,T") is convex. Profiling with respect to I' preserves convexity, that is,
Qy(B) is also convex.

By contrast, the least squares objective ﬁ Y —6-X—=M\f ||§ is generally non-convex
in the parameters 5, X\ and f. However, the non-convexity of the LS minimization over A
and f is actually not a serious problem in computing the profile objective function Lg(5),
as long as the regression model is linear and one of the dimensions N or T is not too large.®
Recall that s,.(Y — 8- X) is the r" largest singular value of the matrix (Y — 3 - X), for
r = 1,..,min(N,T). One can show that (see Moon and Weidner (2017)) the profile least

"Let B and C be matrices of the same size. Then, by (6) there exists a matrix A of the same size with
[|A]loo <1 such that ||B+C|; = Tr[A" (B4 C)] = Tr(A'B) +Tr(A'C) < ||B|l1 + ||C||1, which is the triangle
inequality for the nuclear norm. Together with absolute homogeneity of ||-||; this implies convexity.

8The optimal X and fare simply given by the leading R principal components of Y — - X. Calculating
them requires to find the eigenvalues and eigenvectors of either the N x N matrix (Y — 8- X)(Y —3-X)  or
the T'x T matrix (Y — 8- X) (Y — 8- X), which takes at most a few seconds on modern computers, as long
as min(N, T') < 5.000, or so. The non-zero eigenvalues of (Y —3-X)(Y —3-X) and (Y —3-X)' (Y — 8- X)
are identical, and are equal to the square of the non-zero singular values of Y — 3 - X.



—Lg(B)
||== Qu(B), ¢ = |le| xlog(NT)/VNT

Profile Objective Function

Figure 1: Plot of Lg(8) and Q,(8) for the example detailed in Appendix A.1. The true
parameter is Gy = 2.

squares objective function is

min(N,T)
La() = sm O lseY =6 X, 7
r=R+1

where the largest R singular values are omitted in the sum, because they were absorbed by
the principal component estimates X and J? The remaining problem in calculating BLS, R is
the generally non-convex minimization of Lz(3) over 5.° To illustrate the potential difficulty
caused by this non-convexity, in Figure 1 we plot Lg(3) for the simple example described in
Appendix A.1. In this example Lz(/3) is non-convex and has two local minima, one of which
(the global one) is close to the true parameter f, = 2. The figure also shows that Q(5) is
convex and only has a single local minimum.

For any ¢ > 0 define the functions £, : [0, 00) +— [0, 00) and gy : [0, 00) — [0, 00) by

12 for s <1, 142 for s <1,
ly(s) =1 2 q(s) =4 2 (8)
0, for s > 1, s — 5, for s > 1.
For an N x T matrix A let £,(A4) := Y™™ 1 (5.(A)) and gy (A) == S g (s,(A)).

9n our discussion here we focus on the calculation of B\LS, r Vvia minimization of the profile objective
function Lg(3). More generally, ELS’R can be obtained by any method that minimizes |Y — 8- X — )\f'||§
over f3, A, f, see e.g. Bai (2009) or the supplementary appendix in Moon and Weidner (2015). For any
such method the non-convexity of the objective function is a potential problem, because the algorithm may
converge to a local minimum, or potentially even to a critical point that is not a local minimum.
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Figure 2: Plot of the functions ¢, (s) and £, (s) for ¢ = 1.

We can then rewrite (7) as

where (3, R) satisfies

s (%) < U(B, R) < sn (%) | (10)

Here, the normalization with 1/4/NT is natural, because under standard assumptions the
largest singular value of Y — 8- X is of order vV NT, as N and T grow. The formulation
(9) is interesting for us, because the following lemma shows that we have a very similar

representation for Q, ().

Lemma 1. For any 3 € RX and any ¢ > 0 we have

Y\—/%X>.

The proof is given in the appendix. Figure 2 shows the functions gy (s) and £,(s) for real

Qu(B) = ay (

valued arguments s and @ = 1. For values s < 9 the functions are identical, but at s = ¢
the function £, (s) has a non-continuous jump, implying that ¢, (s) is non-convex, while gy (s)
continues linearly for s > 1, thus remaining convex.

Comparing Lr(5) and Q4 () we see that the parameter R that counts the number of fac-
tors is replaced by the parameter v that characterizes the magnitude at which the singular
values of (Y — - X)/v/NT are considered to be factors, and for a given § the relation-

ship between R and v is given by (10). Large R corresponds to small ¢, and vice versa.



Furthermore, fw(ﬁ) := argming o |V — 8- X — |2+ \/% |||, has singular values'

Sy (ﬁp(ﬁ)) = max (sr ((Y -3 X)/\/W) — 1/1,()) r=1,..,min(N,T),

that is, the nuclear norm penalization shrinks the singular of Y — - X towards zero by a
fixed amount.

Fixing ¢ as opposed to fixing R already changes the functional form of the profile ob-
jective function, because according to (10) their relationship depends on B. In addition,
the objective function is convexified by replacing the function ¢, (s) that is applied to the
singular values of (Y — 3+ X)/v/NT with the function g,(s), as defined in (8). The function
qy(s) provides a convex continuation of £, (s) for s > 1.

Using the closed-form expression for Qy(f) in Lemma 1, and noticing that it is convex
in 3, one can compute the minimizer Bw of Qy(B) using various optimizing algorithms for a
convex function (see chapter 5 of Hastie, Tibshirani, and Wainwright 2015). If the dimension
of (8 is small, then one may even use a simple grid search method to find B¢. We will discuss

a data dependent choice of the penalty parameter ¢ in Section 5.

2.2 Unique Matrix Separation

When estimating the interactive fixed effect model (1) in practice both fy and R, are un-
known. Showing that 8y and Ry can be consistently estimated jointly is a difficult problem
in general.!! Within the interactive fixed effects estimation framework this joint inference
problem has only been successfully addressed when both of the following assumptions are

satisfies: 2
(C1) There is a known upper bound R,.x such that Ry < Ryax.
(C2) All the regressors X} are “high-rank regressors”, that is, rank(Xy) is large for all k.

Under those assumptions (and other regularity conditions) the consistency proofs of Bai
(2009) and Moon and Weidner (2015) are applicable to the LS estimator for § that uses

R = Ry > Ry factors in the estimation, and one can also show the convergence rate result

10Gee Lemma S.1 in the supplementary appendix for details.

UThe problem of joint identification of 3y and Ry is often avoided in the literature. Some papers (e.g.
Bai 2009, Li, Qian, and Su 2016, Moon and Weidner 2017) assume that the number of factors Ry is known
when showing consistency for an estimator of 8y. Alternatively, Lu and Su (2016) allow for unknown Ry,
but assume consistency of their estimator for .

12Some existing estimation methods avoid specifying R when estimating 3, but always at the cost of
some additional assumptions on the data generating process. For example, the common correlated effects
estimator of Pesaran (2006) avoids choosing R, but requires assumptions on how the factors fy enter into
the observed regressors Xy, and requires all regressors of interest to be high-rank.



HBLS,Rmax — BOH = Op (min(N, T)*l/z), as N,T — oo. To obtain a consistent estimator for
Ry one can then apply inference methods from pure factor models without regressors (e.g.
Bai and Ng 2002, Onatski 2010, Ahn and Horenstein 2013) to the matrix Y — ELS,Rmx - X.

The condition (C2) above is particularly strong, because “low-rank regressors” are quite
common in practice. If we can write Xy ;s = wg vk, then we have rank(Xy) = 1, and the
condition (C2) is violated. For example, Gobillon and Magnac (2016) estimate an interactive
fixed effects model in a panel treatment effect setting, where the main regressor of interest
indeed can be multiplicatively decomposed in this way, with wy; being the treatment indi-
cator of unit 7, and v;, being the time indicator of treatment. Those interactive fixed effects
models for panel treatment effect applications have grown very popular recently.'® However,
when Ry is unknown, then the presence of such low-rank regressors creates an identification

problem, as illustrated by the following example.

Example 1. Consider a single (K = 1) low-rank regressor X, = vw', with vectors v € RY
and w € RT. Let Ry = Ry + 1, Ay = [N, ], and fx = [fo, (Bo1 — Bx1)w]. Then, model
(1) with parameters By, Ro, Ao, fo is observationally equivalent to the same model with
parameters By, Ry, Ay, [, because we have By1 X1 + Mo fy = By, 1 X1 + Axfy. Thus, By is

observationally equivalent to any other value By if the true number of factors is unknown.

The example shows that regression coefficients of low-rank regressors are not identified if
Ry is unknown, because - X could simply be absorbed into the factor structure Af’, which
is also a low-rank matrix. Therefore, without some additional assumption or regularization
device, the two low-rank matrices Gy - X and I'g = Ao f} cannot be uniquely disentangled,

which is what we mean by “unique matrix separation” in the title of this section.

Nuclear Norm Minimizing Estimation

In the following we explain how the nuclear norm minimization approach overcomes the
restrictions (C1), that is, how to estimate regression coefficients when Ry is unknown. We
already introduced B\* = limy_,o Ew in Section 1. Using Lemma 1 we can now characterize
B* differently. It is easy to see that limy 09 'gu(s) = s, for s € [0,00), and therefore
limy 0 'qu(A) = ||A]1, for A € RV*T. Lemma 1 thus implies that limy 0 ' Qyu(8) =
(Y —B-X)/v/NT||;. Another way to see this is as follows. According to (10), the limit ¢ — 0
corresponds to choosing R very large, i.e., R = min(N,T). In this case, fw(ﬁ) =Y -—-0(-X,

130ther recent applications in the same vein as Gobillon and Magnac (2016) are Chan and Kwok (2016),
Powell (2017), Gobillon and Wolff (2017), Adams (2017), Piracha, Tani, and Tchuente (2017), Li (2018), to
list just a few. This literature is also related to the synthetic control method (Abadie and Gardeazabal 2003,
Abadie, Diamond, and Hainmueller 2010, Abadie, Diamond, and Hainmueller 2015; see also Hsiao, Ching,
and Wan 2012).

10



and the profile objective functioHI;/ isﬂ gﬁb(ﬂ) = \/%le(ﬁ)ﬂl = \/%HY — (- X]||;. From this
we deduce limy 0 7' Qy(8) = S

Notice that for ¢» = 0 we trivially have Q(5) = 0, but the rescaled objective function
1~ 1Qy(B) nevertheless has a non-trivial limit as ¢» — 0. Since rescaling the objective function

by a constant does not change the minimizer we thus find that

~

By = argmin ||Y — 8- X||,, (11)
BERK

that is, the small 1 limit of the nuclear norm regularized estimator @l, is the nuclear norm
minimizing estimator 3,. The objective function ||Y — 8- X ||, is convex in f.

We cannot expect the LS estimator BLS, r to have good properties (in particular consis-
tency) if we choose the number of factors equal to, or close to, its maximum possible value
R = min(N,T). It is therefore somewhat surprising that Ew has a well-defined limit as
1 — 0, and that we are able to show consistency of the limiting estimator E* under appro-
priate regularity conditions in the following sections, because the resulting estimator for I'
is certainly not consistent for I'y in that limit.'

The main significance of B* is that it provides an estimator for § that does not require
any choice of “bandwidth parameter”, because neither R nor ¢ needs to be specified. It
thus provides a method to estimate [y consistently without requiring knowledge of an upper
bound on Ry as in the condition (C1) above. In a second step we can then estimate Ry
consistently by applying, for example, the Bai and Ng (2002) method for pure factor models
without regressors to the matrix ¥ — 3* - X.

Notice that the pooled OLS estimator 3y minimizes ||Y —3-X||3 = Zfl:iri(N’T) s (Y—3-X)2,
the ¢2-norm of the singular values of the residual matrix, Y — - X, while the nuclear norm
minimizing estimator 3, minimizes the ¢-norm, [|Y — 8- X||; = ™D g (v — . X)), of
the residual matrix. The relationship between these two estimators is therefore analogous
to that of the OLS estimator and the LAD (least absolute deviation) estimator for cross-
sectional samples. 3* is robust with respect to the unobserved factors, which are “outliers”
in the singular value spectrum, while the pooled OLS estimator is not robust towards the

presence of those unobserved factors (because they may be correlated with the regressors).

Nuclear Norm Penalization Approach for Matrix Separation

Next, we explain how the nuclear norm regularization approach helps to overcome the re-

strictions (C2) above, that is, how to estimate regression coefficients for low-rank regressors

4The 1 — 0 limit (for fixed N, T) of the optimal " in (5) is Y — B, - X, which as N and T grow converges
to Ao f} + E for consistent S, that is, the estimator for I" that corresponds to S, is not consistent for Ao fJ.

11



when Ry is unknown. The goal is to provide conditions on the regressors X under which
the nuclear norm penalization approach indeed solves the matrix separation problem for
low-rank regressors and interactive fixed effects.

We first want to answer this in a simplified setting, where the objective function is

replaced by the expected objective function, that is, we consider

- — 1 2 Y
By = arglﬁmlnmrm {WE [HY —-B-X-TJ; X] + JNT ||FH1} : (12)
Here, the expectation is conditional on all the regressors (X7,..., Xf), and also implicitly

on all the parameters /3, and Iy, because those are treated as non-random.!®

For a matrix A, let P4 := A(A’A)TA’ and M, := I — P4 be the projectors onto and
orthogonal to the column span of A, where I is the identity matrix of appropriate dimensions,
and T refers to the Moore-Penrose generalized inverse. Remember also our notation o+ X :=

S Xy for a € RE. For vectors v we write ||v|| for the Euclidian norm.

Proposition 1. Suppose that N, T, Ry and K are fized. LetE(E;| X) =0, andE (EZ| X) <
oo, for alli,t. For all « € R® \ {0} assume that

||M>\0(a'X)Mf0||1 > ||P>\0(a'X)Pfo||1° (13)

Then, HBw — 50H =0(), asp — 0.

The proof is given in the appendix. The proposition considers fixed N, T', with only ¢ —
0.1 The statement of the proposition implies that lim_g Bw = [y. Thus, the proposition
provides conditions under which the nuclear norm regularization approach identifies the true
parameter (3. The proposition does not restrict the rank of the regressors, so the result
is applicable to both low-rank and high-rank regressors. The assumption E(E;| X) = 0
requires strict exogeneity of all regressors, but we will allow for pre-determined regressors in
consistency results of Section 3.2 below.

The beauty of Proposition 1 is that it provides a very easy to interpret non-collinearity
condition on the regressors Xj. It requires that for any linear combination of the regressors
the part M, (- X)My,, which cannot be explained by neither Ay nor f, is larger in terms
of nuclear norm than the part Py, (o- X)Py,, which can be explained by both Xy and fy. For

a single (K = 1) regressor with Xj ;; = v;w;, as in Example 1, the condition simply becomes

15 Bw can be viewed as a population version of @, for an appropriately defined population distribution of Y’
conditional on X. But independent of this interpretation, Bw is a convenient tool of discussing the necessary
non-collinearity condition on the regressors without requiring asymptotic analysis, yet.

16Display (S.6) in the appendix provides a bound on ||3, — Bo| for finite v, but the limit ¢ — 0 is what
matters most to us, because that limit allows to identify Sy.
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M, 0[[|[Mysw] > [|Pav]|[|Pfwl]. Here, |Myv]|*> and ||Py,v|* are the residual sum of
squares, and the explained sum of squares of a regression of v; on the )y ;, and analogously
for |[My,w||? and ||Pw||*. In Example 1 we obviously have ||[M,, v|| = 0 and ||My, w|| = 0,
that is, the parameters Ry, Ox, Ax, fx are ruled out by the condition on the regressors in
Proposition 1.

Related to the regularity condition (13) of Proposition 1, it is possible to show (see Bai
2009, Moon and Weidner 2017) that the weaker condition My, (c - X )My, # 0 for any linear
combination a0 # 0 is sufficient for local identification of g in a sufficiently small neighborhood
around (. However, that weaker condition is not sufficient for global identification of Sy,
as illustrated by the examples in the supplementary appendix S.3 of Moon and Weidner
(2017). The stronger condition (13) in Proposition 1 guarantees global identification of S,
when using the nuclear norm penalization approach as a regularization device.

Providing such global identification conditions for models with low-rank regressors and
unknown Ry is a new contribution to the interactive fixed effects literature.!” Our approach
here is similar to the “Identification via a Strict Convex Penalty” proposed in Chen and
Pouzo (2012).

3 Consistency of Bw and 3*

Proposition 1 above provides an identification result for 3, for fixed N and T, based on the
expected objective function. We now turn to the actual estimators Ed, and E* and investigates
their sampling properties as N, T — oo.

All our consistency results for fj\w are for asymptotic sequences where ¥ = Yy — 0, as
N, T — oo, but we do not usually make the dependence of ¥ on the sample size explicit. In
addition, we assume that the number of the regressors K, and the true number of factors
Ry = rank(I'y) are both fixed. However, do not restrict whether the factors are strong or

weak, nor do we restrict the magnitude of I'y in any matrix norm.

3.1 Consistency Results for Low-Rank Regressors

Here, we consider a special case where the regressors X1, ..., X are of low rank. This section

is short, because the results here are relatively straightforward extensions of Section 2.2. The

171f the model would not have any idiosyncratic errors (i.e. E =0), then Y — 8- X = (8y — ) - X + Iy,
and a natural solution to this identification problem would be to choose § as the solution to the rank
minimization problem mingcgx rank (Y — - X)), where at the true parameters we have rank (Y — 3 - X) =
rank(Tg) = Ro, that is, we are minimizing the number of factors required to describe the data. However,
once idiosyncratic errors F are present, then this rank minimization does not work, because Y — - X is of
large rank for all j.

13



more general case that allows both high-rank and low-rank regressors will be discussed in

the following subsection.
Theorem 1. Consider N, T" — oo with ¢ — 0, and assume that
(i) There exists a constant ¢ such that

MAO (a ) X)Mfo
VvVNT

min
{a€RK : ||a||=1}

>c >0, (14)
1

- H P/\o(a ) X)Pfo
. VNT

for all sample sizes N,T.
(i) |||l = Op(y/max(N,T)), and 3 p_, rank(X;) = Op(1).

Then we have

1B = || = 0p(w) + 0r (m) .

5. s = 00 (—mml(N’ T)) |

Various examples of DGP’s for E that satisfy the assumption || E||« = Op(y/max(N,T))
can be found in the supplementary appendix S.2 of Moon and Weidner (2017). Loosely
speaking, that condition is satisfied as along as the entries Ej;; have zero mean, some ap-
propriately bounded moments, and are not too strongly correlated across ¢ and over t. The
condition 3 rank(X}) = Op(1) requires all regressors to be low-rank. The interpretation
of condition (14) is the same as for condition (13) in Proposition 1, and Theorem 1 is indeed
a sample version of that proposition, except that low-rank regressors are required here.

The theorem shows that both B* and B\w, for v =Yy =0 (1/\/W), converge to
Bo at a rate of at least \/W . The proof of the theorem is provided in the appendix,
and is a relatively easy generalization of the proof of Proposition 1. This is because the
assumption that all the regressors X are low-rank allows to easily decouple the contribution
of the high-rank matrix £ and the low-rank matrix 5 - X + I' to the penalized objective
function @ (5). However, dealing with the contribution of the idiosyncratic errors £ becomes

more complicated once high-rank regressors are present, as will be explained in the following.

3.2 Consistency Results for General Regressors

The previous subsection considered the case where all regressor matrices X, are low-rank.

We now study situation where all or some of the regressor matrices X are high-rank.
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3.2.1 Consistency of B\w and f¢
Applying Lemma 1 and the model for Y we have
min(N,T)

Qu(B) = qy <E+F_\/(ff—;ﬁ°)'x> = > (sr(EJFF_\/(Ji_;ﬁ“)'X)).

r=1

The proof strategy for Theorem 1 requires that both I' and X, are low-rank, which allows to
(approximately) separate off £ in this expression for (), (3). But if one of the regressors Xy, is
a high-rank matrix that proof strategy turns out not to work anymore, because the singular
value spectrum of the sum of two high-rank matrices £ and X}, does not decompose (or
approximately decompose) into a contribution from £ and from X}, but instead all singular
values depend on both of those high-rank matrices in a complicated non-linear way.

We therefore now follow a different strategy, where instead of studying the objective
function after profiling out I', we now explicitly study the properties of the estimator for I'.
Let

1
2NT

. _ v
,I'y) = | argmin Y - 8- X —T|2+—=—|T|l1].
(ﬁw 111) %T H 6 Hi \/WH Hl

v~

=:L(B,I)

For the results in this subsection we are going to first show consistency of fw, and afterwards
use that to obtain consistency of Bw. This is a very different logic than in the preceding
section, where consistency of fw is usually not achieved, because we do not impose any
lower bound on . In order to achieve consistency of fw one requires ¥ not be too small.
The approach here is much more similar to the machine learning literature (e.g., Negahban,
Ravikumar, Wainwright, and Yu 2012), where the matrix that we call I is usually the object
of interest, and correspondingly a lower bound on the penalization parameter is required.
We also follow that literature here by imposing a so-called “restricted strong convexity”
condition below, which is critical to show consistency of f‘\¢ and consequently of @, is the
following.

It is convenient to introduce some additional notation: Let vec(A) be the vector that
vectorizes the columns of A. Denote mat(-) as the inverse operator of vec(-), so for a = vec(A)
we have mat(a) = A. We use small letters to denote vectorized variables and parameters.
Let y = vec(Y), x = vec(Xy), v = vec(I'y), and e = vec(E). Define x = (1, ..., ). Using
this, we express the model (2) as y = 25y + 70 + €, where all the summands are NT-vectors,

and the least-squares objective function reads L(3,1) = 52z (y — 28 —7)/(y — z8 — 7).

Assumption 1 (Restricted Strong Convexity).
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Let C = {© € RV*T | |M,,©OMy, || < 3||© — M,,,©0My, |1} . We assume that there exists
u > 0, independent from N and T, such that for any 6 € RYT with mat(9) € C we have
O'M,0 > 10’0, for all N, T.

The intuitive interpretation of Assumption 1 is very similar to condition (13) in Propo-
sition 1: The cone C contains matrices © that are close to I'y = Ao f{, in the sense that the
part M, ©OMy, of © that cannot be explained by A\g and fj is small compared to remaining
part of O, in terms of nuclear norm. The assumption then imposes that all those matrices
© € C in the cone are sufficiently different from the regressors, in the sense that § = vec(©)
cannot be perfectly explained by x; = vec(Xk).

Specifically, the condition assumes that the quadratic term, 5= (v — 70)' Mz (v — 7o), of
the profile likelihood function, ming L(3,T"), is bounded below by a strictly convex function,
27 (V=) (v =), if © = I' =T’y belongs in the cone C. Notice that without any restriction
on the parameter § = v — vy, we cannot find a strictly positive constant p > 0 such that
minp(y — 70) Mz (7 — v) > (v — 7)' (v — 70). Assumption 1 imposes that if we restrict
the parameter set to be the cone C, then we can find a strictly convex lower bound of the
quadratic term of the profile likelihood. Assumption 1 corresponds to the restricted strong
convexity condition in Negahban, Ravikumar, Wainwright, and Yu (2012), and it plays the
same role as the restricted eigenvalue condition in recent LASSO literature (e.g., see Candes
and Tao (2007) and Bickel, Ritov, and Tsybakov (2009)).

Notice that for Ry = 0 we have M, = Iy and My, = Iy, and therefor C = {Oyx7},
implying that Assumption 1 is trivially satisfied for any u > 0.

The requirement in Assumption 1 is to take a lower bound of /M0 with strictly convex
function. To have some intuition, suppose that the regressor is scalar and assume that
X2 = (2'2)/? = 1 without loss of generality because the projection operator M, is

invariant to the scale change. Also assume that € % 0. Then,

(¢'z)*
00

OM,0 = 00 — (0'z)* = (0'0) (1 - ) — (09) (¢'z — 2'0(0'0)"0'x)

> / : . 2
> (0'0) min |l — 6],

In this case, if the limit of the distance between the regressor and the restricted parameter
set is positive, Assumption 1 is satisfied if p := liminfy 7 mingec |z — 6%, the distance of
the normalized regressor x and convex cone C is positive. An obvious necessary condition

for this is that the normalized regressor does not belong in the cone C, that is,

HM/\OXMf0H1 > 3HX - M)\OXMfoul'
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For example, if X has an approximate factor structure

with E,; ~ i.i.d.N(0,0?), then we can use random matrix theory results to show that

Assumption 1 is satisfied.

Lemma 2 (Convergence Rate of f¢) Let Assumption 1 holds and assume that
02 ——[mat(M.e)| (15)

———||mat(M,.e)|| -
~ VNT

Then we have
< 3vV2R,

2 I

‘fw T, ¥.

el
NT
The lemma shows that once we impose restricted strong convexity and a lower bound on

1, then we can indeed bound the difference between fw and ['g. This lemma is obviously

key to obtain a consistency results for fw. Notice furthermore that
> . ~ ~1 ~
By = Bo = (a'2) ' (y = Fy) = (@'2) " [2'e = 2'(Fy — 0)].

that is, once we have a consistency result for fw (or equivalently 7, ), then we can also show
consistency of @,. Using that derivation strategy we obtain the following theorem, which

provides a consistency result for both ﬁ/) and Bw.
Theorem 2. Let Assumption 1 hold, and as N,T — oo assume that
(i) |Elloe = Op (max(N,T)"?),
(i1) \/% ez = 0p(1),
(iti) w5 2'x =, Sy >0,
(iv) ¥ = Ynr — 0 such that \/min(N, T) Yxr — 0.

Then we have

ﬁ“ﬁﬁ_muz < Op(®). | - 8] < 0rw).

The additional regularity conditions imposed in Theorem 2 are weak and quite general. As

mentioned before, various examples of E that satisfy (i) can be found in the supplementary
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appendix S.2 of Moon and Weidner (2017); these include weakly dependent errors, and
nonidentical but independent sequences of errors. Condition (ii) is satisfied if the regressors
are exogenous with respect to the error, E(x;e;) = 0, and z;e; are weakly correlated over ¢
and across ¢ so that ﬁ Zgjﬂ 228:1 E(zk 421 jseie;s) is bounded asymptotically. Condition
(iii) is the standard non-collinearity condition for the regressors. Condition (iv) restricts
the choice of the regularization parameter ¢, which has to converge to zero (as discussed
before for identification and consistency of ), but not to quickly (if ¢ is too small, then lA“w
picks up all the noise E and cannot be consistent). The conditions (i) and (iv) are sufficient
regularity conditions for (15). To see this in more detail, since mat(M,e) = E — S r | Ej,
with Ej, = X, (z}x1,) " (x}e), we have

K K

E-Y "E|| <|Elx+> IElx

k=1 0 k=1

:HEng = (x) A <1 (1 )

Then, choosing 9 > \/%—THE [ (1 + Or {2) makes v satisfy (15) with probability approach-

[mat(Me)ll,, =

Il
ing one, and the rate condition in condition (iv) guarantees this.

Theorem 2 requires ¢ = )yr to grow faster than 1/ \/W . By choosing ¢ appro-
priately we can therefore obtain a convergence rate of Bw that is just below /min(N,T),
which is essentially the same convergence rate that we found in Section 3.1 for the case of
only low-rank regressors.

For the special case Ry = 0 we have I'g = On w7, and if 97 then satisfies (15), one can
show that

ITy = Toly =0, (16)

wpal, see the appendix for a proof of this. In this case, the regularized estimator of

becomes the pooled OLS estimator, §¢ = (2'z)"'2'y, wpal.

3.2.2 Consistency of E*

Here, we establish consistency of the nuclear norm minimization estimator B\* for high-rank
regressors. For simplicity we only discuss the case of a single regressor (K = 1) in the main
text, and we simply write X for the N x T regressor matrix X; in this subsection. The
general case of multiple regressors (K > 1) is discussed in Appendix B.6.

Remember that 3, is the minimizer of the objective function ||[Y — - X| = ||E + (o —
B)X +Toli = >, 8 (E+ (8o — )X +T'y). Asymptotically separating the contribution of
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the low-rank matrix 'y to the singular values of the sum E + (o — )X + I'y is possible
under a strong factor assumption.'® However, characterizing the singular values of the sum
of two high-rank matrices F + (5y — )X requires results from random matrix theory that
are usually only shown under relatively strong assumptions on the distribution of the matrix
entries. We therefore first provide a theorem under high-level assumptions, and afterwards
discuss how to verify those assumptions using results from random matrix theory. We write

SVD for “singular value decomposition” in the following.
Theorem 3. Suppose that K =1, and assume that as N, T — oo, with N > T, we have

(i) | Ellw = Op(VN), and ||X ||« = Op(VNT).

(11) There exists a finite positive constant cy, such that T\I/NHEHI < Lewp, wpal.

(i) Let UpSgVy be the SVD of My, EMy,."* We assume Tr (X'UpV}) = Op(VNT).
(iv) There exists a constant ¢y > 0 such that T-'N~V2|| My, XMy, |l; > ciow, wpal.

(v) Let U,S, V] =M, XMy, be the SVD of the matriz My, XMy,. We assume that there
ezists ¢, € (0,1) such that Tr (UpU,S,U.Ug) < (1 — ¢;)Tr(S,), wpal.

We then have /T <B* - ,6’0> = Op(1).

The theorem considers the case N > T', because the two panel dimensions are not treated
symmetrically in the assumptions and proof of this theorem. Alternatively, we could consider
T < N, but then we also need to swap N and T, and replace X by X’ and E by E’ in all
the assumptions (the case T'= N is ruled out here for technical reasons). For both N > T
and 7" < N the statement of theorem can be written as \/min(N,T') (B* — ﬁo) = Op(1),

that is, we have the same convergence rate result here for B\* as in Theorem 1 above.
Condition (i) in the theorem is quite weak, we already discussed the rate restriction
on ||E||ls above, and we have || X[l < [ X]2 = /2,2, X2 = Op(V/NT) as long as
sup;; E(X2) is finite. Condition (ii) almost follows from || E|| = Op(v/N), because we have
|E||; < rank(E) [|E||s < T||E|loc = Op(TVN), and the assumption is only slightly stronger
than this in assuming a fixed upper bound with probability approaching one, which can also
be verified for many error distributions. Condition (iii) is a high level condition and will be
satisfied if
sup E|VE X' Up,| < M, (17)

18Tn Moon and Weidner (2015, 2017) we use the perturbation theory of linear operator to do exactly that.

YThat is, UgSgV), = M\, EMy, and Ug is an N x rank(M,, EMy,) matrix of singular vectors, Sg is a
rank(My, EM ) x rank(My, EMy, ) diagonal matrix, and Vg is an T x rank(M, EM s, ) matrix of singular
vectors.
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for some finite constant M, where Ug, and Vg, are the rt" columns of U g, and Vg, re-
spectively. An example of DGP’s of X and E that satisfies condition (17) is given by
Assumption LL (i) and (ii) in Moon and Weidner (2015). Condition (iv) rules out “low-rank
regressors” | for which we typically have ||My, XMy, |, = Op(v/NT), but is satisfied gener-
ically for “high-rank regressors”, for which My, XMy, has T' singular values of order VN,
so that |[My,XMj,||; is of order T+/N. Condition (v) requires that the singular vectors of
M), XMy, are sufficiently different from the singular vectors M, ,EMy,. If X and E are

independent, then we expect that assumption to hold quite generally.

4 Post Nuclear Norm Regularized Estimation

In Section 3 we have shown that §¢ and E* are consistent for fy at a \/min(N, T')-rate, which
is a slower convergence rate than the v/ NT-rate at which the LS estimator B\L& R converges to
Bo under appropriate regularity conditions. Our Monte Carlo results in Section 5 confirm this
relatively slow rate of convergence of Ew and B*, that is, those rates are not an artifact of our
proof strategy, but are a genuine property of those estimators. In this section we investigate
how to establish an estimator that is asymptotically equivalent to the LS estimator, and yet
avoids minimizing any non-convex objective function. Our suggestion is to use either Bw or
B\* as a preliminary estimator and iterate estimating I'y = A\ f{ and Sy a finite number of
times.

The conditions that are usually needed to show that the global minimizer ELS, r of the
objective function Lg(/3) is consistent for 5y (i.e. Assumption A in Bai (2009), or Assump-
tion 4 in Moon and Weidner (2017)) are not required here, because we have already shown
consistency of Bw or B* under different conditions (our discussion in Section 2.2 highlights
those differences). It is therefore convenient to introduce a local version of the LS estimator
in (3) as

ALI%C?% = argmin Lg(f), B(Bo, rnr) == {5 cRX . 18— Bl < rNT}, (18)
BEB(Bo,rNT)

where ry7 is a sequence of positive numbers such that ryr — 0 and vV NT ryr — oo. Those

rate conditions guarantee that Bﬁ%ciﬂ is an interior point of B(f5y,rn7), wpal, under the

assumptions of Theorem 4 below. If the global minimizer BLS, R is consistent, then we expect

BLS, R = Bﬂ%“% wpal, but B}%C% is consistent by definition even if BLS, r is not. Our goal in
the following is to obtain an estimator that is asymptotically equivalent to ﬁ%cj%
For simplicity, we first discuss the case where the number of factors Ry is known. For

unknown Ry we recommend to use a consistent estimate instead, and we discuss estimation
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of Ry in Section 5 below. Starting from our initial nuclear norm regularized or minimized

estimators we consider the following iteration procedure to obtain improved estimates of 3:
Step 1: For s = 0 set B\(S) = Bw (or = 3*), the preliminary consistent estimate for f3.

Step 2: Estimate the factor loadings and the factors of the s—step residuals Y — B(S) - X by

the principle component method:

(X(SH), f(sﬂ)) € argmin Y —B& . X —\f

2
AERNXRo fcRTxRg 2

Step 3: Update the s-stage estimate E(S) by

2

B = aremin min Y — X - B— A6t o 4 p ity
ﬁGRK gERTXRO,hGRNXRO 2
-1
= (I" (Mﬁs+1) ® M’):(s+1)> x) x/ (M‘}/c\(s-ﬁ—l) ® MX(S+1)> y (19)

Step 4: Iterate step 2 and 3 a finite number of times.

The following theorem shows that if the initial estimator B () is consistent, then B () gets

close to ﬁ%‘?}%o as the number of iteration s increases. This result is very similar to the

quadratic convergence result of a Newton-Raphson algorithm for minimizing a smooth ob-
jective function, and the above iteration step is indeed very similar to performing a Newton-

Raphson step to minimize Lg,(3).
Theorem 4. Assume that N and T grow to infinity at the same rate, and that

(i) plimy 1o (AgAo/N) > 0, and plimy 1, (f3fo/T) > 0.

(it) |E|loc = Op (max(N,T)"?), and || Xi|x = Op (NT)?) for all k € {1,...,K}.
(iii) plimy o 57 2 (Mg, @ My,) 2 > 0.

(iv) ﬁx’ (My, ® M) e = Op(1).
Then, if the sequence ryr > 0 in (18) satisfies e — 0 and VNT ryr — 00 we have

VNT (B, = Bo) = Op(1).

Assume furthermore that

(iv) ||B(0) — Boll = Op(ent), for a sequence ey > 0 such that cyr — 0.
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For s € {1,2,3,...} we then have

~

2 local
|3 - Biges,

1 S
=0Op {CNT (CNT + W) } |

Here, assumption (i) is a strong factor condition, and is often used in the literature on
interactive fixed effects. The conditions in assumption (ii) of the theorem have been dis-
cussed in previous sections and are quite weak (remember that || X |leo < || Xkll2 = /2h2)-
Assumption (iii) guarantees that Lg(/) is locally convex around [, — that condition can
equivalently be written as plimy . [[Mx,(a - X)My, |2 > 0 for any o € R* \ {0}, which
connects more closely to our discussion in Section 2.2. This is a non-collinearity condition
on the regressors after profiling out both Ay and fy. Only the true values \y and fy appear
in that non-collinearity condition, and it is therefore much weaker than the correspond-
ing assumptions required for consistency of BLS, R, in Bai (2009) and Moon and Weidner
(2017). Our results from the previous sections show that HB(O) — Boll = Op(enr) for both

B\(O) = B\w and ,/6\(0) = [(,, under appropriate assumptions, where cyr is typically either

eyt = 1/4/min(N, T') or slightly slower than this, if ¢» = t)y7 is chosen appropriately.
The following corollary is an immediate consequence of Theorem 4.

Corollary 1. Let the assumptions of Theorem 4 hold, and assume that cyp = o((NT)~Y/%).
For s € {2,3,4,...} we then have

VT (39 - Bl ) = on(1), VAT (39 = ;) = Or(1).

The first statement of the corollary shows that if the initial estimators Bd, and 5* satisfy

typical convergence rates results derived in the previous sections, then the iterated estimator

B) is asymptotically equivalent to B}%C%O after s = 2 iterations or more. Remember that

B\local

if BLS’RO is consistent, then we have Oigg = B\LS,RO wpal, but by showing asymptotic

equivalence with 5L1‘§C§%0 here we avoid imposing conditions that require consistency of fig r,-

From the results in Bai (2009) and Moon and Weidner (2017) we also know that BLI%C?%O is
asymptotically normally distributed, but potentially with a bias in the limiting distribution.
According to the corollary the same is therefore true for 3(5) for s > 2. Asymptotic bias
corrections could then also be applied to ,/6\(5), s > 2, to eliminate the bias in the limiting
distribution and allow for inference on f5y. See Bai (2009) and Moon and Weidner (2017) for
details.
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5 Implementation and Monte Carlo Simulations

To implement the nuclear norm regularized estimator we need to choose the regularization
parameter v, and for the post estimator 3(5) we need to determine the number of factors
Ry. In this section we suggest a data depenence choice of ¢ as well as an estimate of Rj.

We assume that an upper bound R,., > Ry is known.

Data Dependent Choice of .

We suggest the following procedure to choose 1.

Step 1: Calculate the nuclear norm minimizing estimator B*, and the corresponding resid-

uals

Step 2: Choose Ry, calculate Ry, principal components of E*,

. R R 2
{)\max, fmax} € argmin E,— M| ,
2

)\ERN X Rmax , feRTX Rmax

and use those to eliminate all the factors in E*, the new residuals are

E* — E - Xmax f!

max*

Step 3: Choose B
2Bl

VNT

This choice of 12 is motivated by the condition (15) in Lemma 2, which guarantees that v

=)

is sufficiently large to obtain estimates f¢ that are close to I'y. Notice also that the nuclear
norm minimizing estimator B* in step 1 does not require any regularization parameter to be

specified.

Estimation of R,.

The post nuclear norm regularized estimator introduced above assumes that the number
of factors Ry is known. In practice Ry needs to be estimated, for example, by applying a
consistent estimation method for the number of the factors in a pure factor model to the
residuals E, see e.g. Bai and Ng (2002), Onatski (2010) and Ahn and Horenstein (2013).
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For our Monte Carlo simulations below we use an alternative estimation that thresholds
the singular values of E, using the estimate 15 introduced above. Namely, we estimate R
by

o min(VT) ~ ~
R= 2 1{3T<E*>22\/ﬁ¢}.

The motivation behind this estimator is that those singular values of E, that are significantly
larger than vV NT 12 should correspond to factors, while singular values close to v NT 12; and
smaller should originate from idiosyncratic noise. The choice of the factor 2 in the formula
for R is somewhat arbitrary, any alternative factor larger than one would also be plausible

here.

Monte Carlo Results

We generate data from the following linear panel model regression model with two regressor

(including the intercept) and two factors:

2
Yie = Bo1 + Boo Xie + Z Noir fo.r + Eit,

r=1

2
Xie=1+E, i+ Z()\O,ir + Apir) (for + foi—1.), (20)
r=1

where fo 4 ~ 1.0.d. N(0,1); Noir, Apir ~ 1.0.d. N (1,1); Epi, By ~ i.i.d.N(0,1); and all
mutually independent. Table 1 reports the bias and standard deviation for the various

estimators for different combinations of N and T
As shown in Table 1, the nuclear norm regularized estimator @, and the nuclear norm
minimization estimator B\* have biases due to the regularization which vanish slowly as the
sample size increases. This confirms that those estimator are indeed not v/ NT consistent,
but only have a \/W convergence rate to y. The table also shows that the post
nuclear norm regularized estimators B(S) quickly reduces the bias, and essentially agrees with
the LS estimator (which is a consistent estimator in this MC design) after two iterations, as
the theory predicts. The columns ATL(1) - ALT(5) in that table contain the results for an
alternative bias corrected estimator that is presented in the appendix. It turns out that the
alternative bias correction method is less effective in reducing the bias, and we therefore do
not discuss it in the main text. Our recommendation in practice for inference on [, is the

iteration procedure for B(S) explained in the previous section.
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(NIT) POLS LS NNmin  NNpen POST(1) POST(2) POST(3) ALT(1) ALT(2) ALT(3) ALT@)  ALT()
(25/25)
BIAS 0.2379 0.0508 0.1447 0.1712 0.0695 0.0527 0.0510 0.1005 0.0677 0.0520 0.0442 0.0403
STD (0.0241)  (0.0613)  (0.0259)  (0.0237)  (0.0479)  (0.0598)  (0.0612)  (0.0287)  (0.0341)  (0.0387)  (0.0418)  (0.0438)
(100/25)
BIAS 0.2382 0.0603 0.1349 0.1706 0.0750 0.0614 0.0603 0.0998 0.0684 0.0542 0.0476 0.0446
STD (0.0150)  (0.0612)  (0.0159)  (0.0143)  (0.0479)  (0.0601)  (0.0611)  (0.0218)  (0.0301)  (0.0358)  (0.0393)  (0.0413)
(100/100)
BIAS 0.2395 0.0000 0.1024 0.1504 0.0209 0.0008 0.0000 0.0656 0.0285 0.0123 0.0053 0.0022
STD (0.0105)  (0.0061)  (0.0102)  (0.0095)  (0.0061)  (0.0061)  (0.0061)  (0.0085)  (0.0067)  (0.0058)  (0.0056)  (0.0057)
(400/25)
BIAS 0.2388 0.0546 0.1339 0.1695 0.0704 0.0558 0.0547 0.0967 0.0644 0.0499 0.0432 0.0401
STD (0.0111)  (0.0589)  (0.0139)  (0.0117)  (0.0456)  (0.0579)  (0.0588)  (0.0190)  (0.0274)  (0.0332)  (0.0365)  (0.0384)
(400/100)
BIAS 0.2397 0.0000 0.0941 0.1348 0.0175 0.0006 0.0000 0.0515 0.0195 0.0073 0.0028 0.0010
STD (0.0058)  (0.0026)  (0.0076)  (0.0065)  (0.0037)  (0.0026)  (0.0026)  (0.0050)  (0.0034)  (0.0028)  (0.0026)  (0.0026)
(400/400)
BIAS 0.2399 0.0000 0.0672 0.1091 0.0114 0.0002 0.0000 0.0326 0.0095 0.0028 0.0008 0.0002
STD (0.0050)  (0.0013)  (0.0042)  (0.0042)  (0.0017)  (0.0013)  (0.0013)  (0.0027)  (0.0016)  (0.0014)  (0.0013)  (0.0013)

Table 1: Monte Carlo results based on 1000 repetitions for the design specified in display
(20). Reported are the bias and standard deviation for the pooled OLS estimator (POLS),
the least squares estimator with Ry = 2 factors (LS), the nuclear norm minimizing estimator

~

B« (NNpen), the nuclear norm penalized estimator with 1) = 12 (NNpen), the post estimator
B for s = 1,2,3 iterations and using R = R factors (POST(s)), and the alternative bias
correction method (see the appendix) using R = R factors and s = 1,2, 3,4, 5 iterations.

6 Extension to Single Index Models

We now consider the following generalization of the penalized LS estimator,

N T
(BoTy) € remin Qu(B.T), Qu(B.T) = % ; ; mi (X}y8 + Tar) + \/% I,
where m;;(z) := m(Wy, 2) is a known convex function of the single index z € R, which also
depends on the observed variables W;;. The single index X/, 5+I';; has the same structure as
the conditional mean of the linear model (2), and for W;; = Y}, and my(z) = %(Yit —2)% we
obtain the penalized LS estimator that was studied in previous sections. The nuclear norm
penalty term is unchanged.

Let m;(z) = E(my(2)|X) be the expected objective function, conditional on X = {X, :
i=1,...,N;t=1,...,7}% and denote derivatives of my(z) and m;(z) with respect to z
by 0,mi(2), .M (2), 0.2y (2), ete. Let 2, = X/,80 + o be the index evaluated at the
true parameters. Let ¥V denote the domain of W;;. We make the following assumptions on

the objective function.

20Remember that we consider I'y as non-random, that is, all expectations are implicitly conditional on I'y
as well. Also, we condition on all the observed X here, implying that we only consider strictly exogenous
regressors in this section, but in principle the results could be extended to dynamic models.
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Assumption 2. Let Z C R be such that U, 4[2), — €, 2}, + €] C Z, for some € > 0. Assume:

(i)
(i)

(iii)

(iv)

Wit is independently distributed across i and over t, conditional on X.

The objective function m(w, z) is convex in z, and once continuously differentiable in
z almost everywhere in W x Z. For any function z; = zy(X) € Z the first derivative

0.mir(zit) exists almost surely, and satisfies max;; y7E { [8Zmit(zit)]4 | X} < 00.

mi(2) is four times continuously differentiable in Z, with derivatives bounded uniformly

over i,t, N,T, Z. There exists b > 0 such that min,; yr min,cz 0,2m;(z) > b.

0.m(2%) =0, for all i,t.

Here, the last assumption crucially connects the distribution of W;; conditional on X}

with the chosen objective function mg(z). For the LS case we have d,m(z%) = Ey, and

Assumption 2 then becomes the familiar mean independence condition E(E;;|X) = 0. This

condition excludes a predetermined regressor. Some further examples for data generating

processes and corresponding objective functions are

(a)

Maximum likelihood: Let Y;; conditional on X have probability mass or density func-
tion p(y|z},), set Wi = Vi and my(z) = —logp(Yi|z), and assume that mg(z) is
strictly convex in z and three times continuously differentiable. A concrete example is
a binary choice probit model, where p(y|z) = 1(y = 1)®(z) + 1(y = 0)[1 — ®(2)], and
®(.) is the cdf of N(0,1).

Weighted Least Squares: Let outcomes Y;; be generated from the linear model (2) with
E(Ei| X1, Sit) = 0, and let my(2) = £5:4(Yi — 2)%, and Wy = (Yi, Sit). Here, the
Syt > 0 are observed weights for each observation. A special case is S;; € {0, 1}, where

Sy is an indicator of a missing outcome Y.

Quantile Regression: Let outcomes Yj; be generated from the linear model (2), but
instead of the mean restriction for E; we impose the quantile restriction E[1(E; <
0)| Xit] = 7, and we let my(2) = p,(Yie — 2), and Wy = Yy, where p-(u) = u-[7—1(u <
0)] is the quantile regression objective function, and 7 € (0,1) is a chosen quantile of

interest.

Some additional regularity conditions are needed to guarantee that those examples satisfy

Assumption 2. For many models (e.g. quantile regressions and binary choice likelihood)

we have lim,_,1, 0,2 (z) = 0. Then, the lower bound on 0,27 (2) in Assumption 2(iii)

will require us to impose that Z is a bounded set, which can be guaranteed by assuming
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that X;; and I'g; are uniformly bounded. Apart from that it is straightforward to verify
Assumption 2 under standard regularity conditions for the respective model. Notice also that
Assumption 2(ii) is formulated with the quantile regression case in mind, where 9,m;;(z;) =
T — 1(Y; — 2z < 0) is not well-defined at z; = Y}, but that is a probability zero event for
continuously distributed Yj;.

In the following theorem we show that 3 — 8, = Op('/?) for ¢ — 0 with Y/ NT — oo
and the regressors have a generalized factor structure. We present in a special case where
there exists a single regressor (i.e., K = 1) and the regressor is strictly exogenous for technical

simplicity.

Theorem 5. Let Assumption 2 be satisfied. Let N, T — oo, ¢ — 0, and vV NTvyp — oco. Let
K =1. Assume that

(i) [ITolly = O(VNT).

(ii) The regressor can be decomposed as X = X+ X such that | XV ||, = op(VNT ~1/2),
and || X@||oo = op(v NT 11/?).

(i) W = 5= SV Zthl(Xi(f))Q satisfies W —p Wy > 0.

Then we have Bw — Bo = Op(¥/?).

Condition (i) of the theorem is a restriction on the growth rate of the nuclear norm of 'y,
which was not required for the results in Section 3, where we assumed only that Ry, =
rank(Ty) is fixed. However, this condition (i) imposes only an upper bound on the growth
of Ty, it allows that Iy contains both strong factors and weak factors.?!

Condition (ii) is satisfied if the regressor has a generalized factor structure,

~—— =

x) X2

where ||\, f.|i = Op(VNT) and ||E,||cc = Op(y/max(N,T), and we have ¢) — 0 with
min(N, T)y — oo.

The proof of Theorem 5 is presented in the appendix, where we also discuss how the
result could in principle be extended to K > 1 regressors, which requires some additional
technical restrictions. Notice also that the convergence rate of ¥'/? in Theorem 5 is different
from the convergence rate ¢ obtained in Section 3, but this likely an artifact of our proof

strategy for Theorem 5. Finally, the analog of the nuclear-norm minimizing estimator 3*

21For a discussion of weak factors we refer to Onatski (2012).
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to non-linear models is given by lim,_,o Bw (limit for fixed N,T'), but we do not provide
results for that limiting estimator here. The goal of this section was not to fully discuss the
non-linear case, but to highlight the potential of the nuclear norm penalization approach

beyond the linear model that is main focus of this paper.

7 Conclusions

In this paper we analyze two new estimation methods for interactive fixed effect panel regres-
sions that are based on convex objective functions: (i) nuclear norm penalized estimation,
and (ii) nuclear norm minimizing estimation. The resulting estimators can also be applied
in situations where the LS estimator may not be consistent, in particular when low-rank
regressors are present and the true number of factors is unknown. We provide consistency
and convergence rate results for the new estimators of the regression coefficients, and we
show how to use them as a preliminary estimator to achieve asymptotic equivalence to the
local version of the LS estimator. We have focused on the linear model with homogenous
coefficients, which is a natural starting point to understand the usefulness of nuclear norm
penalization approach for panel regression models, but there are several ongoing extensions,
including developing a unified method to deal with non-linear models, heterogeneous coef-
ficients, treatment effect estimation, nonparametric sieve estimation, and high-dimensional
regressors, see Section 6 above, and also Athey, Bayati, Doudchenko, Imbens, and Khosravi

(2017) and Chernozhukov, Hansen, Liao, and Zhu (2018).
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A Appendix

A.1 An Example of a Non-convex LS Profile Objective Function

As an example for a non-convex LS profile objective function we consider the following linear

model with one regressor and two factors:

2
Yie = Bo Xt + Z Aoir for + Eit,

r=1

Xit = 0.04E, i+ + N1 fore + Aaifat,

where

0 1 05 0 1 0.5
\ i . —_= it ¥
>\07i = ()\8:1;) ~ 11dN (( 0 ) 5 < 0.5 1 )) ) fO,t - (ﬁg,t;) ~ 11dN <( 0 ) ; < 0.5 1 )) )

and \,; ~ id 2x%(1), foi ~ iid 2x*(1), By, By ~ .i.d. N(0,1), and {Xo;}, {fos}, {Peils
{foi}s {Evit}, {En} are all independent of each other. For (N, T") = (200, 200), we generate
the panel data for (Y}, X;), and plot the LS objective function (3) in Figure 1, which is

discussed in the main text.

A.2 Alternative Bias Correction

In this section, we discuss an alternative bias reduction method used in the Monte Carlo
simulations in Section 5. The alternative method reduces the bias of the score function of the
regularized least squares objective function @, (3). We introduce the procedure in a heuristic
way without presenting a rigorous proof. We have implemented this alternative method in
our Monte Carlo simulations, and while it indeed improves the of the nuclear-norm penalized
estimates (see Table 1), it does not perform better than the iteration method described in

Section 4.

Recall that Lp(B,T) = 53 |V — 8- X — T3, where I' = \f". Define

Fr(B) ;== argmin Lg(5,T).
Iirank(I)<R

We can write
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Let fw(ﬁ) = argming Qu (3,1, and

min(N,T)
R(B,v) = Z I{s,(Y — 8- X) > VNTy} = rank <f¢,(ﬁ)> :

Suppose that we choose 1 such that

R(8,¢) = Ro (A1)

Then, in view of (8) and (10), we write the profile objective function of the regularized least

squares as
o Y — pX
Qiﬁ(ﬁ) =y m )
min(N,T) 2 R(B.4)
B (Y—ﬁX) (Y—ﬁX) 1,
o Sr — + @D S — - —¢ R(B? ¢)

— Lio(8) + v | Pr(8)]| - 502 Fo. (A-2)

This shows that the term Hf R (B )‘ is the main source of the regularization bias. We suggest

to approximate HfRO (6)“ as follows,
1

ITo — (B —Bo) - X + Elly = [|Tolls — (B — Bo) Bnr, (A.3)

where BNT = (BNT,h ceuy BNT,K)ly with

1 ! — ! ! —
Byt = \/WTr [(AoXo) 2N Xk fol fo fo) 2] .

From (A.2) and (A.3) we expect that Qu(8) +¢(8 — fo) Byt should be a good approxima-
tion to Lg,(/). This heuristics suggests that we may reduce the bias of the nuclear norm
regularized estimation by modifying the objective function.

For this, suppose that {b\ is a data dependent choice of ¥ that satisfies the condition (A.1).

Let R be a consistent estimator of Ry. Let B\é?t) be an preliminary estimator. For example,
O = 512 or 5O = 3,.
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For s =0,1,2, ..., define

Y =Bl - X = A

(A® f®) e argmin

2
)
AGRNXé,fERTX§ 2

and

~ 1 A R
B](\?%“k = \/WTT [()\(s)/)\(s))71/2)\(5)'ka\(3)(ﬂS)/‘]?(s))fl/z} .

We modify the nuclear norm regularized objective function as

L (8) 1= Qp(B) + (B — B BYY

and update the estimator as

B 1= argmin QY (8).
B
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B Supplementary Appendix

B.1 Proofs for Section 2.1

For matrix A, let the singular value decomposition of A be given by A = US4V}, where
Sa = diag(sy,...,s,), with ¢ = rank(A).

Lemma S.1. For any v > 0 we have
. (1 2
min | o |4 =Tll; + ¥l ) = gy (A4),
(1 )
arginin (5 JA— T3 +¢||r||1) — Usdiag(s1 = W) (54— 1))V

where the minimization is over all matrices I of the same size as A and (s) = max(0, s).

Proof of Lemma S.1. The dependence of the various quantities on v is not made explicit
in this proof. Let Q(A) = minr (3 ||A —T|5+¢[T|:). A possible value for T' is I'* =
UaS*V}, where S* = diag(sj, ..., s;) and s; = max(0, s, —¢), and therefore we have

1
Q(A) = 5|4~ F*\I2+wHF*H1——!\SA—S*I\2+:DHS¢|!1
[1
:Z{i(s —l—ws} qusr = qy(A).
r=1

The nuclear norm satisfies ||I'||; = maxp| <1 Tr(I"B). A possible value for B is B* =
UaD*V}, where D* = diag(dy, . . ., d) and d; = min(1,v¢ s, ), which indeed satisfies || B*||

| D*|| 0 = max, |df| < 1, and therefore we have

Q) 2 min |3 14 - Tl + 9 TH(I'B") | = 314 - (A= wB")3 4 T{(A — v5) 57

2 2
= ¢ T(A'BY) = - [|B"[l; = ¢ Tx(SWD") — - |1 D°[;

_Z{zps,.d*——d*} qusr—qw A),

where in the second step we found and plugged in the minimizing I' = A—1 B*. By combing
the above upper and lower bound on Q(A) we obtain Q(A) = ¢,(A), which is the first
statement of the lemma. Since argming (3 |4 — T3+ Y||T[]1) is unique, we deduce that

' = UaS*V} is the minimizing value, which is the second statement in the lemma. ]

Proof of Lemma 1. The lemma follows from the first statement of Lemma S.1 by replacing
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A and I' in Lemma S.1 with Y\;%( and \/JI\TTF’ respectively. O]

B.2 Proofs for Section 2.2

The function gy (s) that appears in Lemma S.1 was defined in (8). We now define a similar
function gy : [0,00) = [0,00) by gy(s) = ¥ qy(s) for ¢ > 0, and g, (s) = s for ¢ = 0, that

is, we have

(S.1)

L 52 for s <1,
gu(s) == { 2

3—%, for s > 1,

and for matrices A we define gy(A) := S5 g (5,(A)). Using Lemma S.1 and the defini-

r=1

tion of the nuclear norm we can write

ming (55 |A =T34+ Tl ), for ¢ >0,
g¢(A)={ e (& ? ) (S.2)

1Al for ¢ = 0.

As already discussed in the main text, it is natural to rescale the profiled nuclear norm
penalized objective function by 1~!, because it then has a non-trivial limit as ©» — 0.
Using g, instead g, therefore helps to clarify the scaling with v in various expressions. The
following lemma summarizes some properties of the function g,(A), which are useful for the

subsequent proofs.

Lemma S.2. Let A and B be N x T matrices, X be an N x Ry matrixz, and f be a T X Ry

matriz. We then have

(i) 95(A) = ||Alli — grank(A).

(i) gs(A+ B) < gp(A) +[|Bllr, and  gy(A+ B) = gy(A) — || 1.
(iii) gp(A) = gp(My AMy) + g4 (Pr APy).

Proof of Lemma S.2. # Part (i): From the definition of g,(s) in (S.1) one finds gy (s) >
s — % for all s > 0. We thus obtain
rank(A) rank(A) w w
W)= Y o)z Y [s(4) = 5| = 4l - rank(a)

r=1 r=1

# Part (ii): For ¢ = 0 this is just the triangle inequality for the nuclear norm. For ¢) > 0
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we use (S.2) to write

. 1 . 1
o+ B) =njn (514 + B =TI+ 10 ) =min (5 14 =TI + I+ B11)
. 1
< (5 14 =TI+ 01 ) + 1811 = 0u(4) + [ Bl

where in the second step we reparameterized I' — I' + B in the minimization problem, in
the third step we used the triangle inequality for the nuclear norm, and in the final step
we employed again (S.2). We have thus shown the first statement of this part. The second
statement is obtained from the first statement by replacing B +— —B and A — A + B.

# Part (iii): We first show the result for ¢ = 0. Let My AM; = U;5,V/ and Py AP} =
UsS5Vy be the singular value decompositions of those N x T matrices. We then have
IMyAM;¢||; = Tr[Vi(MyxAMg)Uj] and |PyAPy||1 = Tr[Va(PyAPf)U)]. Furthermore,
we have go(A) = ||All; = maxcj<1 Tr(C'A). By choosing C* = U, V] 4 UV, we obtain

[All = Tr(CYA) = Te[Vi(My AM)U ] + Tr[Va(Py AP ) Us] = [[My AMy |1 + [Py APy,
(S.3)

which is the statement of part (iii) of the lemma for ¢ = 0. For ¢ > 0 we find
) 1 2 . 1 2
g0ct) = min (114 =TI+ 0 ) = i (51 4 T8 + IMATM, ], + [Pare, )
= gin | 1 (IMA(A = DMy I3 + [Po(4 = DR/ + [P(A ~ DMy [ + IMy(4 ~ TP )
+ MM, + [P,

. 1
~ min {—w(HMM DM, [ 1 [PA(A - r)an>+HMAerH1+HPArPfH1]

[\]

v

: 1 . 1
min (517 IMA(A = MU + MM, ) 4 i (5 [P = DP/IE + [PArPyl, )

: 2 (1 2
> min (5 IMAAM = DI + 01, )+ min (5 IPAAP, = T3 -+ 1],
= 9u(MyAMy) + gy, (PAAPy),
where in the first step we used (S.2); in the second step we used (S.3) with A replaced by T';
in the third step we decomposed ||A — T||3 into four parts; in the fourth step we used that

the minimization over I' implies that ||P\(A — F)Mf||§ = 0 and ||[M,(A — F)Pf||§ =0 at
the optimum, because the components P\I'M; and M,I'P; of I" appear nowhere else in the
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objective function, so that choosing P\I'M; = PyAM; and M,I'P; = M, AP/ is optimal;
the fifth step is obvious (it is actually an equality, which is less obvious, but not required for
our argument); in the sixth step we replaced MI'M; and P,I'P; by an unrestricted I' in
the minimization problems, which can only make the minimizing values smaller (again, this

is actually an equality, but < is sufficient to show here); and the final step again employs
(S.2). We have thus shown the desired result. O

Before presenting the next lemma it is useful to introduce some further notation. For
B € RE let AB:= 3 — . Let Ax be an N x R, matrix such that the column span of \x
equals the columns span of the N x TK matrix [Xi,..., Xk]. Analogously, let fy be an
T x R, matrix such that the column span of fx equals the columns span of the T' x NK
matrix [ X7, ..., Xk].

Lemma S.3. Let model (1) hold. Then, the penalized profiled objective function Qu(3)
defined in (5) satisfied, for all § € RE, and all 1 > 0,

Qy(B) — Qu(o) M), (A5 - X )My, P, (AB - X)Py, (0
G g (P )‘H UNT ||, 2

B H Ppooax EPross| H E — Mpyax EMig, 4]
VNT VNT

For v¢» = 0 the same bound holds if one replaces ¥~ [Qu(8) — Qu(Bo)] by its » — 0 limit
1Y =5 X)/VNT|, = | = o - X)/VNT||.

Proof of Lemma S.3. We have

Yy — ﬁ X Ty—AB-X+E
9 — 9 JNT
(PAOAX1(F0 AB- X+E)P[fofx]) o (M[xo,AﬂEM[fo,fx})

VNT VNT
(FO —AB-X PP\O AX]EP[fo fx]) Ty (MP\OJ\X] EM[fme])
VNT VNT v VNT
(Fo —AB- X) B H P o1 EP o, fx] (M[Ao,m EM[fo,fx})
"\ VNT VNT VNT |

Here, we first plugged in the model for Y, then used part (iii) of Lemma S.2 with A = [Ag, Ax]

1

> Gy

Q

P

=g

1

and f = [fo, fx], and in the final step used part (ii) of Lemma S.2. In the same way we
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obtain
. ( Ly PAO(AB.X)PJ%) N <MA0(A/3'X)M,¢0)
(W VNT VNT
r

Iy P, (AB - X)Py, M, ( Aﬁ X )My,
B s A )
P)\O A - X)Pfo
=

where in the last step we also used part (i) of Lemma S.2. Furthermore, we find

M,\O AB - X )My,
+g¢ m )

— % rank(I'y) —
2

1

0" (Y —Bo- X) . (E + Fo) g <M[A0,AX1EM[fo,fX1 + (B — Mpya EMs, 4)) + F0>

vVNT VNT vVNT
<y (M[)‘07>\X]EM[f07fX]> + H E— MP\O /\X]EM[fo fx] H
= VNT VNT

where we used part (ii) of Lemma S.2 and the triangle inequality for the nuclear norm.

Combining the inequalities in the last three displays gives

i (—Y . X) — 9 (—Y i X) > gy (MAO(AB ' X)Mf°> — HPXO(AB XPn| frank(Fo)
VNT VNT - VNT VNT ;2
B H Ppoaad EPro | H E — Mpa EMg 4]
VNT VNT -

The derivation so far was valid for all ©» > 0. For ¢) = 0 the left hand side of the last display
simply is ||(Y — 8- X)/VNT||, = ||(Y = Bo - X)/V/NT||,. For ¢ > 0 we have, by (S.2),

Qu(B) ;Qw(ﬁo) g (%) — g (%) :

so that we have shown the statement of the lemma. ]

Lemma S.4. Let model (2) hold, and let E(Ey| X) =0, and E(E2%| X) < oo, for all i,t.
Then we have, for all 1) >0,

M)\O (A@/) ) X)Mfo P>\0<AB¢ ) X)Pfo Y

Proof of Lemma S.4. Using the model and the assumptions on E;; in the proposition we
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find

T
> "D | (o = T = Xy AB + By

1

WE

E[ly -8-x-T|3

X]

-
Il
_
o~
I

N T
(Toqe — Dot — X A8 + ) ) E (2| X)

1 i=1 t=1

)=
M=

o+
I

i=1

= [T =T — A8 X[+ E (| Ell}] X) ,

where the expectation is also implicitly conditional on I'y, because I'y is treated as non-
random throughout the whole paper. Because E (|| E ||§’ X) is just a constant that does not

depend on the parameters g and I', we can thus rewrite the definition of Bw in (12) as

szarg;nin@(ﬁ), Qy(B) = min ITo =T — AB- X2+

iy

VNT & )
We can obtain @, (/) from the profiled objective function Qy(3) that was defined in (5) by
simply setting £ = 0 in the model (2). The bound on ¢! [Q4(8) — Qy(fo)] in Lemma S.3

is therefore applicable to @w(ﬁ) if we just set £ = 0 in that lemma. We thus have, for all
B € RY,

{QNT

1

QuB) - QulA) . (My(AB-X)M\  [[Pa(A8- X)Py,
v —g“’( VNT )‘H UNT |, 2l

We have Qu(By) — Qu(Bo) < 0, because B, minimizes Q,(3), and combining this with the

result in the last display gives the statement of the lemma. O]

Proof of Proposition 1. Let

M - XYM —||P - X)P
- = min C(Oz), C(Oé) _ “ AO(O‘ ) fo”l || Ao(a ) fo
{aeRE : ||la||=1} vVNT

Using the absolute homogeneity of the nuclear norm this definition implies that for any

a € RX we have

[

M - X)M P - X)P
c ||a|| < ‘ )\o(a ) foll H /\o(a ) fo ‘ (34)
VNT 1 VNT 1
Since the ball {a € R : ||a|| = 1} is a compact set, and C(«) is a continuous function there
exists a value o* € {& € R : [|a|| = 1} where the minimum is attained, that is, c = C(a*).

By the assumption on the regressors in Proposition 1 we thus have ¢ = C'(a*) > 0.
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Next, applying part (i) of Lemma S.2 we obtain

_ %rank [M}\O<AB¢ . X)Mfg] ) (85)

(M)\O (AB¢ 'X)Mfo) > ' M/\o (ABMJ ) X)Mfo
H VNT = VNT

and also using Lemma S.4 we thus find that

1

' M/\o (ABw ) X)Mfﬂ < % {rank(Fo) + rank [MAO (AB¢ : X>Mfo} }

VNT

o H P)\O(AB¢ ) X)Pfo
1 vVINT

1

< % {rank(f‘g) + max rank [M,, (« - X)Mfo]} .

a€RE

From this and (S.4) with o = ABy we obtain for any 1 > 0 that??

HB¢ — 50” < % {rank(Fo) + max rank [My, (« - X>Mfo]} ; (5.6)

a€RE

and therefore HB¢ — BOH =0(y), as ¢ — 0. ]

B.3 Proofs for Section 3.1

Lemma S.5. Let R. := rank([Xy,..., Xk]) and R, :=rank([X7,..., X%]). Assume that

M)\o (Oé : X)Mfo
vVNT

satisfies C' > 0. Then we have, for all ¢ > 0,

C = min
{0€RE : al|=1}

B HPAO(& - X)Py,
] VNT

1

= 10y  El, . 1B
Hﬁ¢ —ﬁoH <> {(2 A ) o min(Re R)) 4+ 22 (2 Ro + R+ )|
and
’3* —BOH < 11l [3 Ro + R. + R, + min(R,, R,)] .
C V/NT

Proof of Lemma S.5. By definition we have Q¢(§¢) — Qy(Bo) < 0. Combining this with

22The bound (S.6) is sufficient for our purposes since we ultimately consider the limit 1) — 0 here, but
for a fixed value of 1 (and N, T') this bound is potentially very crude if high-rank regressors Xj are present.
From Lemma S.4 one could then obtain a sharper bound on 3y — By by not using part (i) of Lemma S.2 to

simplify gy | (M, (A3, - X)My,) /VNT).
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Lemma S.3 and equation (S.5), and writing rank(I'y) = Ry, we obtain

M, (AB, - XM P, (AB, - X)P
0> %0 (ABy - X)My, 20(88s - X)Py, —y{Ro—i—maxrank[M)\o(a X)Mfo]}
VNT VNT 2 aCRE
E — Mg EMg 14

_ H Pioax] £ Pl
VNT VNT

The definition of ¢ in the theorem together with the absolute homogeneity of the nuclear

1 1

norm implies

M/\o (Agw : X)Mfo
vNT

P>\0<A§¢ ) X)Pfo
vVNT

||

We have

max rank M, (o - X)My,] < max rank(a - X) < min(R,, R,),

aeRK aeRK
because we have a - X = [X,..., Xk|(a ® Ir), and therefore rank(a - X)) < R, and also
(- X) =[X1,..., Xk](a ®1y), and therefore rank(c - X) < R,.

We also have

H P[/\o,)\x] EP[fmf)d
vVNT

< H P[Ao)\x] EP[fme]
1 vVNT

< min {rank (P[)\o,)\x]) ,rank (P[fo,fx]) }

1]l .
= Ry + min( R, R,)|,
\/NT[ ‘ ( )

rank (P[Ao,/\x} E P[fo,fx])

[e.e]

< 1Bl
< NT

‘\’/me{RojLRc,Ro—i—R}

and similarly

H E - M[)\O:AX]EM[anfX}

_ H Pora B Mpoas) E Py gy

vVNT vVNT vVNT 1

< H P[>\07/\X] E + ' M[/\OJ\X] EP[fo,fx]

- vVNT 1
| £l | £

< X rank (P + X rank (P
\/ﬁ ( [Aoa/\x}) \/W ( [fo,fx])
1|

=—2(2Ry+ R. + R,
VT 2 )
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Combining the above inequalities gives the finite sample bound in the theorem,

E
e o1y sy,

50” < < %) [Ro + min(R,, R,)] +

and the same bound holds for :8; if we set v = 0, because all bounds above, including
Lemma S.3 are applicable for v» = 0 as well. Finally, the asymptotic statements in the

theorem are immediate corollaries of the finite sample bounds. O

Proof of Theorem 1. The theorem follows immediately from Lemma S.5, because our
assumptions guarantee that C' > ¢ > 0 (and therefore 1/C = O(1)), Ry = Op(1), R. =

Op(l), Rr = Op(l), and
E
e —o (L)
min(N,T)

B.4 Proofs for Section 3.2.1

32

Lemma S.6. Suppose that A and B are two matrices with ranks of A and B are rank(A)
and rank(B), respectively.

(i) | Alle < 4]l < [|A]ly < v/rank(A)||Afl2 < rank(A)[| Al

(ii) |ABllo < [|Allocl| Blloo-
(i) |AB|2 < [[Alloc|| Bll2 < [|A]l2]| B2

(iv) If AB'=0 and A’B =0, then ||A + B||leo = max(||A|co, || Blso)-

(v) If B =0 (or equivalently B'A = 0), then ||A + B2, < ||A|% + || B||%-

Recall that the rank of I'y = Aof is Ry, which is fixed. Throughout the rest of the

appendix, we use the following singular value decomposition of I',
Lo=USV’, (S5.7)

where U € RV*Fo with U'U = Ip,, V € RT*%0 with V'V = Ip,, S is the Ry x Ry diagonal
matrix of singular values of I'.

Suppose that fy is normalized as % fifo =1Ig,. Then, we have

Us
VTV N\g= —=.
0 \/T
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Some further notation:

L(B,T) =

vl =8-X =Tl QuBT)=mllY =8 - X =T[5+

2.
2NT vVNT

2NT

Let
Qu(T) = inf Qu(3.D), L(T) = inf L(5.T).

These are the profile objective functions of Q,(8,I") and L(8,I"), respectively, which con-

centrate out parameter the 5. We also use the notation © :=I' — 'y and 6 := vec(O).

Proof of Lemma 2.
# Step 1: Use (15) to show C:)w eC

By definition, we have

0> Qu(To +6y) — Qu(To)

~ P ~
= L(Ty40y) — L(Ty) + —— (|ITo + Oull1 — ||Toll1 ),
(o +84) = (L) + —— (o + Bl — Toll)

where @w = fw—ro. Let é\¢ = Vec(@w), éw’l = MUO@TZ)MVO and @w’g = @ﬂﬂ_MUO@TZJMVO'
Then

~ 1 ~
L(FO + @w) - L(FQ) deM Qw WQIMIQQJ,

2NT
1
2 NTeM ew
1 /
=~NT Tr(@ mat(M_e))
18l [Imat(Mee)]s
VvVNT VNT
_ Y19yl
2 NT
VOl ¥ 1Oyl
2 VNT 2 VNT

Here the first inequality holds since %Mx% > 0, the second inequality holds by the Holder
inequality, the third inequality holds by (15), and the last inequality holds by the triangle

44



inequality. We furthermore have

b R
a7 (ITo 60— ol )
(U ~ N
= (IIT + 811 + Byl ||r0||1>
> (Hro+@m1 ~Tolh) = — Bl
NT \/—
= @l — = l@ual

Therefore,

~ (0 ~
0> LT+ ©y) — L(Ty) + ——= ([[To + Oy|ls — [IT
2 L(Ty +84) = (o) +—— (Ilo + Oyl = 1ol )

K ||é¢,1||1 W ||@¢,2||1 wuéwnl - w||@w,2||1
- 2 4/N 2 VN vVINT vVNT
Y1
s (||@¢1||1 ~ 30z

%\

Thus, we have

6, € C:={B e RV | |MyBMy|; < 3|B - MyBMy|}.

# Step 2: Also use Assumption 1 to show the final result: Using Assumption 1 and
the same derivation as above, we find

A o n 1 ¢
Qu(To+84) ~ Qully) = oA, MLA, = ¢ ™Mabo (Il + Byl = IToll )
~ (0
> k10l + 5z (180l = 316011)
- 3¢ 1

B0l - 2 Bl
Because 0 > Q, (Lo + @)¢) — Qy(Iy) we thus have

39 1
710l — 5 @l <0

Since the rank of (:)w,Q is at most 2Ry (e.g., see Recht, Fazel, and Parrilo (2010)), we have

1©p2llt < V2Ro||Oy2ll2
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and we also have
1©y2ll2 < [1Oy]|2-

Therefore,

B3 - 2
N p  VNT

1942 <0,

and

182 _ 3v2Rov
VNT =  p

Proof of Theorem 2.
Part (i). Part (i) follows by Lemma 2 and the condition on ¢ in Theorem 2.
Part (ii). Let E(F) = (2/z)"'2'(y — 7). Then, by definition we have

-1
B\w — B = E(fw) —Bo= (%HUC’B) (%-T/@ - %f@\w - ’Yo)) .

Under the assumption of the theorem we have (ﬁx%)*l = Op(1) and €'z = OP(V#—T).
Also, by Part (a) we have

1, . 1 | S
— — < X ry—T
) I B e R o
= Op(1)y.
Combining these, we can deduce the required result for Part (b). ]

Proof of (16).
Since M, is positive semi-definite, |’ M,7,| < ||f¢||1||1rnaut(MIe)||C>o by Holder inequality,
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and I'y = 0, we have

0> Q(Ty) — Q(Ty)

1 , N 1
1 ~
> — ¢ Ma(Gy = 70) + \/—||F¢ — Lol
P ~

> — - mat(M,e)||ooc + —||['y — T

e P = Tulh e lmat (M) + =B = Tl
_ (¢ _ ||mat(Mx€)Hoo) IT, - Lol

VNT VNT
The required result follows since ¢ — [[mat(M,e)||o > 0. O

B.5 Saufficient Conditions for Restricted Strong Convexity

In this section we discuss Assumption 1 in more detail. Define the distance H(A, C) between

RNXT

a matrix A € and the cone C by

1/2

H(A,C) := réleig Tr(A— B) (A — B)

The following lemma provides an alternative formulation for our restricted strong convexity

assumption.

Lemma S.7. Let there exists a positive constant p > 0 such that for any o € RE with

o (%—;) o =1, the regressors Xy, ..., Xg satisfy

D% 2
H(a- ,C|) >pu>0, wpal.
VNT )

Then Assumption 1 holds.

Proof of Lemma S.7.  Recall the definition © = [xy,...,2k|,(NT x K), where z, =
vec(Xy). Firstly, if 6 = 0, then the required result holds for any constant p > 0. Secondly, if

0’z = 0, then the required result holds for p = 1 because (0’0 — 0’z (a’z)'2'0) = §'6. Thus,
in the following we only need to consider the case 6 # 0 and 6’z £ 0. Also let x # 0.
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Define 7y = 229 and )N(Q := mat(Zg). Then, for any © € C and © # 0, we have

P01
! 00 —0'x L0
L (o tateay )
1
2NT (0’0 — 0'Ty1,0) (by the definition of Zy)
0'Tox),0
= 2NT 0|3 (1 IGIG ) (since 0 # 0)
00’ _
= 2NT ||2 (1 x@e, ) 2NT||®||2 (xﬁxg xlﬁele 9)
- 2NTH@||§ (17 — Pais )
> 1018 (a7 - veell?)

= el (H(Fo ep). 5.8)
where the inequality holds because mat(Pyzy) € C since © € C and C' is a cone. Notice that

. P60 T
I‘e = = O{*7

P20l +/NT

L/~
2‘*&
Nis

N—

|

4

N

>

7 and o, (]"”’{;;) a, = 1. This implies

with o/ a, = 1. Therefore, we have

. X 2
(S.8) > 2NT||@||2 (a/(%a:lﬂ (a._NT,c) )

Then, the required result of the lemma follows by the assumptions in the lemma. O

Lemma S.8. Consider K = 1. Let 51 > 53 > 83 > ... 2> Syinv,1) = 0 be the singular values
of the N x T matriz My, X1My,. Assume that there exists a sequence qnp > 2 such that

(i) Xl = Op(1).
(it) w7 ZTII;]\]I\;T >c¢ >0 wpal.

(iii) \/*ZqNT 2( Sr — Sqnz) —HP OO
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Then Assumption 1 is satisfied with p = c.

This lemma could be generalized to K > 1. We would then need to impose the conditions
for X7 in the lemma for all linear combination « - X, in an appropriate uniform sense over
all o with ||af| = 1.

Proof of Lemma S.8. For given N x T matrix X, and N x Ry matrix \g, and T" x Ry

matrix fy, we want to find a lower bound on

o T ((5.€) =T iy |1 VT o

= min || X;— @Hg s.t. M, ©My, ||, <3|© — M, ,OMy,||, -

eeRNXT

By definition, we have
HXI - @Hg = ||M>\0X1Mf0 - M/\o@Mfng + H(Xl - MkoXle()) - (@ - MAo@Mfo)”;-

Also, rank(© — M, ,©My,) < 2R, (e.g., see Lemma 3.4 of Recht, Fazel, and Parrilo (2010)),
and therefore ||© — M,,0My, ||, < V2R, ||© — M, ,OMy,||,. Using this we find

VYNt 2 in {HMAoXleO M)\o@Mfng + H(Xl - MAoXleo> - (@ - M)\o@Mfo)Hg}

OERNXT

S.t. ||M)\O@Mf0||1 S 3 \/ 2R0 ||@ — M/\O@Mf0||2 .

Here, we have weakened the constraint (allowing more values for ©), and the minimizing

value therefore weakly decreases. It is easy to see that for w > 0 we have

(1% = My, Xy Mg ||, —w)” = min [[(X; = My, XiMy,) = (© — My, 0Mp,)|3

Iy~ ) = _min, 2

s.t. ||@—M)\O@Mf0”2 =W

because the optimal ©® — M, ,©My, here equals X; — M, , XMy, rescaled by a non-negative

number. We therefore have

vyr > min min (M, X1 M, — My, ©My[l,)* + (| X1 — My XMy, ||, — w)’

w>0 RN XT

s.t. ||M)\0@Mf0||1 S 3 2R0 Ww.
Let
min(N,T)—Ro
M), Xi My, = Z Sy Uyl
r=1
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be the singular value decomposition of My, X1 My, with singular values s, > 0 and normalized
singular vectors v, € RY and w, € RT. The optimal M, ©M/, in the last optimization

problem has the form
min(N,T)—Rg

Z max (0, s, — &) vw.,

r=1
for some & > 0 (see Lemma S.1). Here, £ = 0 occurs if the constraint is not binding, that is,
if [[My, X1 My, ||, < 3+v2Row. We therefore have

min(N,T)—Ro
. 2 2
UNT = wznol}?zo 2 (37" - maX(Ov Sr — 6)) + (HXl M)\oXleOHQ )
min(N,T)—Rg
s.t. Z max(0,s, — &) <3v/2Ryw.
r=1

Here, the optimal w equals maX{HXl — M, X1 My,) ], 3@ me(NT R0 max(0, 5, — @}7

and we thus have

min(N,T)— Ry
UNT 2 Ignzlgl TZ1 [min(sf, &)
1 min(N,T)—Ro 2
+ [ max {0, WIS ; max(0, s, — &) | — | X1 — My, X1My, ||, ] .

Let 0o = 89 > 81 2 ... 2 Smin(N,T)—Ro = Smin(N,T)—Ro+1 = 0. For any § > 0 there exists ¢ be
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such that £ € [sq41, 4] We can therefore write

min(N,T)—Ro
UNT > min min 24 sf
NT = q€{0,1,2,... min(N,T)—Ro} £€[sq41,54] 7§ r;ﬂ
q 2
1
+ | max 4 0, o= sr—&) | {g > 1} — | X; — M, XiM
( { WA (;( 5)) {0> 1) - 1% - My, X, f0>||2}) ]
min(N,T)—Rg
> min min 2) + 57%
~ ¢€{0,1,2,... min(N,T)—Ro} [ <£€[sq+1,sq} q§ ) rzZq%
q 2
+ [ max< 0 1 min Z(s — &) | 1{g > 1} — || X1 — My, X, My, )|
’3\/230 €€[sq+1,54] T — " - 0 fo/ll2
min(N,T)—Ro
— 4 2 2
N qE{O,l,Q,...,IrInlil&N,T)_RO} [q Sqe1 T Tzq;rl s;,

+ <max {o, 3#2]%0 (;(sr — sq)) 1{qg>2} — || X, — Monle(J)HQ}) ]

=1

Shifting ¢ — ¢ — 1 we can rewrite this as

?\]fv_; = qe{1,2,..., gilril?N,T)—Ro} (a(Q) + [max {0, b(q)}]2 >,
where
1 min(N,T)
a(q) =+ (q-1)s2+ > s,
r=q
b(q) = \/1_ 1 (qZ_Q(sr — sq)> 1{qg >3} — | X1 — MAOXle(JHQ] ,
NT |3v2Ry \ =

Notice that a(q) is nonnegative and weakly decreasing and b(q) is weakly increasing. Then,
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for any integer valued sequence gy between 1 and min(N,T') — Ry such that b(gyr) > 0,

min (a(q) + [max {0, b(Q)}]2>

qe{1,2,...,min(N,T)—Ro}

“min] _win (alg) + s 0,501

q€{1,2,...qnT}

min () + e 0,000} )}

" qe{anr+1,...min(N,T)—Ro}

2min] _win ol min o 0.6}

) .
q€{1,2,....qnT} q€{gnT+1,....min(N,T)—Ro}

> min {G(QNT)a b(qNT + 1)2} :

The assumptions of the lemma thus guarantee that vyr/(NT) > c¢. The definition of vyr

together with Lemma S.7 thus guarantees that Assumption 1 is satisfied with u = c. n

Remarks

(a) When X is a“high-rank” regressor and s,’s are of an order Op(y/max(N,T")), we can
choose, for example, gyr = |min(N,T)/2], for N, T converging to infinity at the
same rate, where |a| is the integer part of a. Then, it is easy to verify those sufficient
condition (i), (ii) and (iii) for e.g. X;; ~ i.i.d.N(0, 0?) from well-known random matrix
theory results. More generally, we can explicitly verify (i), (ii) and (iii) if X has an
approximate factor structure

X =N\fi + B,

where A, f! is an arbitrary low-rank factor structure, and E, ~ i...d. N'(0,c?).

(b) For a low-rank regressor with rank(X) = 1, we have singular values s; = || M, XMy, ||2
and s, = 0 for all r > 2. In that case we find that a(1) = 7sf and a(g) = 0 for ¢ > 1,
and we have b(1) = b(2) = 0 and b(q) = b(3) = \/#—T 3\/+?051 — || X - M,\OXMfOHQ]

for all ¢ > 3. Also, a(1) > b(2). Therefore

min
qe{1,2,...,min(N,T)}

[a<q> + (max {0, b<q>}>2] — min {a(1), (max{0,5(3)})*}

Thus, the assumptions of Lemma S.8 are satisfied if wpal we have

1
T IV XM [ = 33/2R0 [1X = Mo XM | 2 4 > 0
for some constant ¢;. This last condition simply demands that the part of X that
cannot be explained by \g and fy needs to be sufficiently larger than the part of X that

can be explained by either A\g or fy. This is a sufficient condition for Assumption 1.
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An analysis that is specialized towards low-rank regressors will likely give a weaker

condition for Assumption 1 in this case.

B.6 Proofs for Section 3.2.2

Proof of Theorem 3 . Remember the following singular value decompositions: I'g = USV’|
M)\OEMJCO = MUEMV = UESEVL%; and M)\OXMfO = MUXMV = Uxvag; The pI‘OOf con-
sists of two steps. In the first step, we show that the local minimizer that minimizes the

objective function Q,(f) in a convex neighborhood of 5y defined by

B:_{ﬁ:cﬂ‘*’cﬂmmgl}

up

is v/T- consistent. In the second step, we show that the local minimizer is the global mini-
mizer, for which we use convexity of the objective function Q.(5).

Step 1. By definition of the nuclear norm, we have

QB)=|To+E—-AB-X|,= sup Tr[To+E—AB-X)A].
{A:]|Alw<1}

To obtain a lower bound on Q. (5) we choose the following matrix A in the above minimiza-

tion,

Ap =UV' + /1= a3 UgVy — ag (sgn AB) My, UV,
where My, = Ix — UgU} and ag € [0, 1] is given by

Cy Clow
ag = —— |AB].
5= o |AB|

We have ||Ag|loc < 1, because

[A4a1E = max { IOV | 1= UV — 0 (s 05) M, .12

< max { UV, (1 = a3) [UVEIL, + 3 Mo, V2 )

J

=1.
Here, for the first line, we used that UV” is orthogonal to 4 /1 — a% UgVg—ag (sgn AB) My, U, V)
in both matrix dimensions (that is, U'Ug, U'Uy, V'VE, V'V, = 0) and applied Lemma S.6(iv).

For the second line, we used that the columns of UgV), are orthogonal to the columns of
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My, U, V] since U;My, = 0, and applied Lemma S.6(v). In the final line we used that
1OV ||, = UVl =1 and that | My, U, V)| < 1.

With this choice of A = Ag we obtain the following lower bound for the objective function;
for all 5 € B,

Qu(8) > Tr [(To+ E — AB - X)' Ag]
= [|Colls + Tr (E'UV') + Tx [(-AB - X)' UV']
/1= a3 My EMy |y + /1 - a2 Tr [(-A8 - X) UsVi]
+ag |AB| Tr [X'My, U, V]

where we used the following:

Tr (TLUV') = Tx (VSU'UV') = Te(S) = [Tol|s,
Tt (E'URVE) = Tt ((E — MyEMy + My EMy, Y UgV2)
Tr((My EMy YUsV)) = Tr(Ss) = [My EMy |1,
Tr (T, UsV24) = Tr (VSU'UgVE) = 0,
Tr oMy, U, V] = Tr [VSUMy, U, V] = 0,
Te [E'My, U, V] = Tr [My E'MyMy, U, V] + Tr [(E' — My E'My)My, U, V!] = 0.

We furthermore have Q(8y) = ||[I'o + E||;. Thus, applying the assumptions of the theorem

and also using /1 —a% > 1 — Ja3 — $a}, we obtain for § € B,

Qu(8) = Qu(Bo) = Tr [(To+ E — AB - X) Ag] — o + B,
> ag |AB| Tr [X'My, U, V]
1
— 55 IMuEMy |1 = ([T + Ell; = [Tolh — My EMy 1)
1
+Tr (E'UV') - 5a‘gnl\/[UJﬂwVH1

+4/1—ad Tr [(—AB- X) UgVi] + Tr [(—AB - X)' UV
= Bl —BQ—B3+B4—B5+B6. (89)
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Here we bound B; from below by

By = ag |AB| Tr (X' My, U, V)
= ag |AB] [Tr (My X' MyMy, U, V)) — Tr (X' — My XMy )My, U, V)]
= ag |AB] Tr (VoS UMy, Us V)
= ag|AB| |AB] [Tr (S;) — Tr (UpU,S,U,Ug)]
> agey |AB| Tr (Sy) = age, |AL] | My XMy ||
> ag Co Clow TV N |AB].

Here the first inequality holds by assumption (vi), and the second inequality holds by as-
sumption (v).
We bound B, from above by

1
B2 = 5&% HMUEMVHI

1
< 5@ (1Bl + [PuElly + | EPy [y + [Py EPy 1)

1
< 3% (12|l + 3R] E]L)

1, Cu 1
< §CLBT\/N <7p + fOP(1>> Wpal

1
< 5@%T\/Ncup wpal,

where the first inequality holds by the triangle inequality, the second inequality holds by
Lemma S.6(i) and the third and the fourth inequalities follow by assumption (i) and (ii).
We bound term Bs from above by

By = |[To+ Ell; = [Tollx — My EMy |y
< ||E - MyEMy||, = |PyE + EPy — PyEPy|,
<[[PvEl + [[EPv|i + [[PrEPv |
< 3Ro| E|so
< Op(VN)

where the second inequality holds by the triangle inequality and the third inequality holds
by Lemma S.6(i).
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For B4, by Holder’s inequality we have
= [T (EUV) | < Bl UVl = Op(VN).

For Bjs, denoting Op,(-) as a stochastically strictly positive and bounded term and using

similar arguments for the bound of term By, we obtain
1
By = §a‘é||MUEMV||1 = Op+(1)al TVN = Op (1) (AB)* T VN.
For Bg, we have

Bs= /1 — a2 Tr [(—AB- X) UgVh] + Tr [(~AB- X) UV'] = Op (\/ﬁmm),

where the last equality holds since Tr(X,UgV}) = Op(VNT) by assumption (vi), and
Tr(X,UV') < || X ||UV'|li = Op(vV NT) under assumption (iii).
Notice that our choice for ag above is such that agc, ciow|AB| — aﬂ Cyp 18 maximized,

which guarantees that By — B is positive, namely

B, — By 02010W
TVN — QCup

Combining the above, for any 5 € B, we have

[ABJ*.

1 it 1
—10.(8) — Q. > 2w iANg12 4 O (—A )+O T+ Op . (1)|AB|,
T\/N{Q (8) = Q«(Po)} = 2 |ABI"+ Op \/T| Bl P(T7) + Op+(1)|AS]
which holds uniformly over $ € B (i.e. none of the constants hidden in the Op(.) notation
depends on f3).

Let

B, = argmin Q.(53)

peB

be the local minimizer in a convex neighborhood B of £y. Notice that since 3y € B, Q*(B*) <
Q+«(Po) by definition. Therefore, we have

2

S 5.~ ol + O (5 = ) +0p () + O (1~ ).
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This implies

2 2
Op4+ (%) > (CQZIOW + Opy(1 |5* Bo|2> Bol” + Op <T) |5* — ol

2 2
C2Clow

> S .+ 0 (1) 5. -

From this we deduce

1B — fol = (ﬁ) (5.10)

Step 2. Let 5 € 0B, that is, ag = 1. Write A = B — Bo. From (S.9) with ag =1, we can
bound Q. (B3) — Q.(By) from below by

‘ B

TVN

1 1 - 1 _
> €y Clow |AB| — §Cup + Op (ﬁmm) +Op <f) + OP+(1)’A5‘4
1 1 1\ cup cwp \'
B 2 Cop N OP <T) * OP (\/T) Czx Clow * OP+(1) (Cw Clow)
>0 wpal,

where the equality holds since [A8] = 22—

Since Q.(f) is convex and has unique minimum, the local minimum at E* is also the

global minimum asymptotically. Therefore, asymptotically

E* = B\* wpal.

Combining this with the v/7T— consistency result of the local minimizer in (S.10) gives the

statement of the theorem. O

B.6.1 Extension of Theorem 3

Theorem 3 is the special case of one regressors (K = 1). We can extend this to a more
general case with K regressors. The proof of the following general theorem is similar to that

of Theorem 3, and we skip it.

Theorem S.1 (Generalization of Theorem 3 to multiple regressors). Let there exist
symmetric idempotent T'x T matrices Qr = Qi n1 such that QrV =0, forallk € {1,..., K},
and QrQe = 0, for all k, ¢ € {1,...,K}. Suppose that N > T. As N,T — oo, we assume
the following conditions hold.
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(i) ||Elle = Op(V'N).
(i1) There exists a finite positive constant ¢y, such that #NHE |1 < tewp, wpal.
(111) || Xklloo = Op(VNT), for ke {1,...,K}.

(vi) Let UgSgVY be the singular value decomposition of My, EMy,. We assume Tr (X, UgVy) =
Op(VNT) for all k € {1,...,K}.

(v) We assume that there exists a constant cioy > 0 such that wpal
T71N71/2HMUX]€MVQICH1 2 Clow

forallke{l,...,K}.

(vi) For k =1,...,K let UySV} = My XMy Qr(= MyXQy) be the singular value de-
composition of the matric My X My Q. We assume that there exists ¢, € (0,1) such
that wpal ||ULUE||% < (1 —c¢,) forallk=1,... K.
We then have /T (B* - Bo) = Op(1).
Remark For ¢t € {1,2,...,T}, let ¢, be the t'th unit vector of dimension 7. For k €
{1, ey K}, let Ak = (et(k,l)T/KjJrl, QL(k,l)T/KJJrQ, N eLkT/KJ) be a T x LT/KJ matrix, and
let P4, be the projector onto the column space of Aj. Also define fy = Py, fo and By, =
My, , Ak. Then, for K > 1 one possible choice for @ in assumption (vi) of Theorem S.1 is
given by
Qk = PBk = Mfo,kPAk'
The discussion of assumption (vi) of Theorem S.1 is then analogous to the K = 1 case,
except that for the k’th regressor only the time periods |(k — 1)T/K| + 1 to |kT/K| are
used in the assumption, that is, we need enough variation in the k’th regressor within those

time periods. Other choices of () are also conceivable.

B.7 Proofs for Section 4

For 3 € R we define

{38).78)} = argmin |y -5 X3,

)\GRNXRO ,fERTX Ry

and the corresponding projection matrices

M;(8) =Ty — 3(8) (MBAB) ABY.  M8) =L — J8) (F6YF©)) 78,
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Lemma S.9. Under the assumptions (i) and (ii) of Theorem J we have

K
M5 (8) = My, + M BT M(2 Z Br — Box) M 1) LT M rem) + M(rem) (3),

k=1

Mw

1 2 1 rem rem
M(8) = My, + M + M =3 (B — fop) MY, +MET + MU (3)

k=1

where the spectral norms of the remainders satisfy for any series ryr — 0,

o) Dl
sup — = =0p(1), sup
seB(ornr) 1B = Boll* + (NT) 2| El[[| 8 — Bol| seBGornt) (NT) 32 EIZ
oo e
sup 5 ! YT =0p(1), sup YANEIE
seB(sornr) 18— Boll* + (NT) 72| El|os |8 — Bol seB(go.rnr) (NT) 72| E|[2,

and the expansion coefficients are given by

M(XI)E = =M, E fo (fo£0)7H (NA0) A — Ao (AAho) ™ (fofo) ™ fo B/ My
M{) = = Moy, X fo (fafo) ™ (NA0) X = Ao (Agho) ™ (fofo) ™" fo X1 M,
M) =My, E fo (f3fo)™ Qoho) N E fo (foSo) ™ (Nodo) ™ X

+ X0 (AoAo) T (fofo) T fo BN Mo (o) T (fofo) ™ fo B My,

— M, EMy, E' A (AoAa) ™" (fof0) " (A6ho) 1 G

= X0 (Ah0) Tt (fofo)TH(AGho) T A E My, E' M,

=M, E fo (fofo) ™ (NAho) ™ (fofo) ™! fo E' My,

+ 0 (Aoho) T (fofo) ™ fo B My, E fo (fofo)™H (NA0) NG
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analogously

ME = =My, B Ao (Noho) ™ (fofo) ' f5 — fo (fofo) ™ (Node) ™ N EMy,
MG = =My, X5 o (Aho) ™ (fofo) i = fo (fofo) ™ (Noho) ™ Xy X My,

M) = My, B X (\ho) ™ (Fof0) ™o B Do (Nodo) ™ (fofo) T f
+ fo (fofo) ™ (A0A0) T A0 E fo (fofo) ™ (AoAe) ™ NG E My,
— My, E'My, E fo (fofo) ™ (Aoho) ™ (fofo) ™" fo
— fo (fofo) ™ (A6A0) ™ (fofo) ™" fo B/ My, E My,
— My, B Ao (Ah0) ™" (fofo) ™ (Aoho) ™ A E M,

+ fo (fofo) H(AA0) TN E My, EM Xo (MoAo) ™t (fo o)™ o

Proof. This lemma is a restatement of Theorem S.9.1 in the supplementary appendix of
Moon and Weidner (2017), and the proof is given there. However, in the presentation

here we split the remainder terms of the expansions into two components, e.g. Mf\reEm +

M(Xrem) (6), where M(X 5 ™) summarizes all higher order expansion terms depending on E only,
and 1\/I(Xr em)(ﬁ) summarizes all higher order terms also involving 3 — By. The reason for this
change in presentation is that we will consider differences of the form M;5(81) — M5(52)

(rem)

below, and the remainder terms MX 5 cancel in those differences. ]

Proof of Theorem 4. # The first statement of the theorem is an almost immediate con-
sequence of Theorem 4.1 in Moon and Weidner (2017). That theorem shows that, under the
assumptions we impose here, we have the following approximate quadratic expansion of the

profile LS objective function,

Lry(B) = Lr,(fo) — ——== (B — o) Cnr + = (5 Bo) War (B — o) + —RNT(ﬂ) ;

1
VNT NT

where the remainder Ryr(f) is such that for any sequence ry7 — 0 we have

sup Enr(B)] =0, (1),

2
BEB(Bo,rnt) (1 +VNT || — 50”)

and Wyp = <= 2/ (M, @ My,) 2, and Cyy = C\p+Clay, with O = <= 2/ (M, © My,) «
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and the K-vector C](\?)T has entries, k =1,..., K

Y

1
CC) = — —=—= |Tr (EMj, E' My, X fo (f5fo) ™" (o) ™E N,
NT.k m ( fo Ao ka (fof()) ( 0 0) 0)
+ T (E'My, B My, Xi o (Xodo) ™ (f510) ™" )
+Tr (E/M)\o Xk Mfo El /\0 ()\6)\())*1 (f(ng)il fé)
We have assumed that plimy ;. Wnr > 0 and C](\})T = Op(1), and using our assumptions
(i) and (ii) we also find that

3R p _
O] < T 1B 1 ol ol [0420) 7 18007, = O,

and therefore C'yy = 0. From this approximate quadratic expansion we conclude that Lg, ()

has indeed at least one local minimizer within B(5y, ryr), and that any such local minimizer
within B(f, rnr) satisfied

VNT (Bl = o) = Wik Cvr = Op(1).

# Next, we want to show the second statement of the theorem. Let N =

A (Bl ) and
fﬁz f( ﬂ%cla%0> By definition we have Ae+D =) (B\(S)> and f(SH) < >

and

<.Z‘/ (M}'\(s+1) ® M/)\\(S-"l)) gj) //8\(5“1’1) = x/ (M +1) ® M}\(9+1)>
(o« (Mp@ M) o) Big, =o' (Mp e My) y
By taking the difference of those last equations we obtain
(x' (Mf® MX) x) (B(SH 5&%6%10) = (Mf(5+1) ® M5y —M7p® MX) (y — xB(SH))
_ (Mﬂsm © Moy — M; @ MX> [e . (@ (s+1) ,80> + (fo® Ao)vec(IR)] ,

where in the last step we plugged in the model for y. Applying Lemma S.9, the result from
the first part of the theorem, and our assumptions we find that

1
WI/ (Mf® Mx> = NT (Mfo ®M>\0>ZL’+0P(].)
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and since the probability limit of 1= 2’ (My, ® M,,) z is assumed to be invertible we obtain

-1
) ] ﬁ x/ (Mf(s+1) ® MX(s+1) - Mf® MX)

X [e e (5 (s+1) 5()) F(fo® /\O)vec(IR)] 1+ op(1)].

BETD — Bigh, = o' (My, ® My,)

1
NT

Again applying Lemma S.9 and our assumptions one can show that

HMﬁsH) ®MX(5+1) - M ® Mx H =0Op (Hﬁ ﬁ%c;x%lo

)

and therefore

1 FE oo MaXy Xk 00 oca
W I', <M]?(S+1) X MX(erl) - Mf@ M’X) e = OP (H || N || | HB IIJS Rl() )
|3 - Bleea
= OP )
min(N, T
and
1

W l', (Mf(5+1) X MX(erl) - Mf@ MX) € (/6 (s+1) 60) OP <H6 B BIIJ%C?{IO
B = A,
\/NT ’

)

//B\(s) local
LS ,Ro

1 Dlocal
[ — B | +

where in the last step we used that part of the theorem implies that B(S“) — By = 3(5“) -
Bﬁ%cla%lo +Op(1/v/NT). Finally, using one more time Lemma S.9 and our assumptions we can

also show that

1
NT x’ <Mf(s+1> ® M5 — Mp® MX) (fo ® No)vec(IRg)
H 6 local + Hﬂ ] 61%(:%10
Pis i min(N,T)
Combining the above gives
Bt — Blaen
-0 H local H A(s+1) Tlocal + H local + 1+ o0p(1)].
P { 5 LS JRo ﬁ BLS ,Ro 5 LS JRo —min(N, T) [ P( )]
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Starting from the assumptions ||B(O) — Bol| = Op(ent), for enr — 0, we thus conclude that

1
=Op {CNT (CNT - W) } 7

= Op { CNT (CNT +

a0 A local
|3 - Bige,

and then also

22 A local
|3 - Bz,

Y

Y
min(N,T)

and by induction over s we conclude in this way that

1 S
=Op {CNT (CNT T W) } |

~

2 local
HB(S) - BL%??%O

B.8 Proof of Section 6

Proof of Theorem 5. Like in the previous section, let Q,(f) := minp Qu(5,I'). Let
By(M) := {8 € B : || — Boll = My'?} be the restricted parameter set consisting of
f’s whose distance to S, is less than or equal to M1'/2. In the special case where 3 is a
scalar (i.e., K = 1) which is assumed in the theorem, B, (M) is a finite discrete set consisting

of two points,
By (M) = {fy — M2, By + My} (S.11)

Since Qy () is convex, if we show that there exists a finite constant M such that

then we can deduce
18y — Boll < M2 wpl,

which is required for the theorem.
For (5.12), we find a function Q;,(3,I") such that Q,(8,T') > Qy,(3,T') for all 5,I". With
Q:‘p(ﬁ) := minp pr(ﬁ ,I'), we show that there exists a finite constant M such that

Beféli?M) Qu(B) — Qy(Bo, To) >0 wpl. (S.13)
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# A lower bound objective function, pr(ﬂ ,['): For every pair i,t we define the function

my, : R — R as the function that satisfies

O.2miy(z)  O2mp(2)

mft(,z?t) = mit(zg)y 0 mzt(zzt) 0 mlt(zo) VzeR: b - 622m1t(2’> ’

Here, the last condition on the second derivative should be interpreted in terms of “general-
ized functions” in cases where m;;(z) is not twice differentiable. For example, in the quantile
regression example we have m;(z) = p.(Yi; — 2), and therefore 0,2m;(z) = 6(Y;; — 2), where

d(.) denotes the Dirac delta function. In general, solving for m}(z) we find that

myy(z) == ma(z) + (2 — 25y) O-ma(z, +b/ / Ommin(& dfd{,

822 mzt

where for z < 2, the integral should be interpreted as [ ¢(Q)d¢( = — f;?t q(¢)d¢, and
analogously for the integral over £.22 Let m}(z) = E(m}(2)|X). Our definition of m}(2)
together with E[D,m(2)|X] = 0 imply that

. _ b 2
M) = al=8) + 5 (= — 247,

that is, m},(2) is a quadratic function with second derivative equal to b. Our assumption
0.2my(z) > bforall z € Z (Assumption 2(iii)) together with convexity of m;(z) (Assumption
2(ii)) imply furthermore that 0 < 0,2mj,(2) < 0.2m;(z). Therefore, m},(z) is a convex

function and satisfies
mi(z) — mi(z5) > my,(2) — mi(zip), (S.15)

because m},(2%) = my(z%) and the convex function m;(2) has a steeper curvature than the
convex function mZ,(z) everywhere.

Next, we define

/ (0 ,
Qy(B8,T): mi, (X, 8+ Ty) + — max Tr(I"A), (S.16)
=1 ; VNT {AeRNXT]HAHoog}

J/

~
=[x

23Tn the quantile regression case we have

/C 8z2mit(€)
Z?t azzmit(g)

L(z < Yir <¢) — L(¢ < Yir < 27})

= 5T (Var) (8.14)
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and Q7,(8) = minpepnxr Q7 (3,T). From (S.15) we obtain that

Qw(ﬁap) - Qiﬂ(ﬁOaFO) > pr(ﬁar) - QZ(ﬁOaFO)

# Additional definitions: We already defined the expected objective function 7 (2) in the
main text. We now also define the deviation from the expectation m;:(z) := my(z) — M (2).
We drop the argument z whenever those function and their derivatives are evaluated at the
true values 2%, for example, m;; = my(25), O,my = 0,my(2Y), D2y = 0,2y (2)). We use
the same notation for mf(z), for example, 0.2}, = 0,2m}(2%). In addition, we define the

N x T matrix I'* := Ty + X® . 3y, and we let z;(B) := (2)/ﬁ + 1%

# Deriving a lower bound on @},() within the shriking neighborhood: Our goal here is to
find a lower bound on @7, (3) that is valid within the shrinking neighborhood of 5y, B,,(M).

To obtain such a lower bound we choose the matrix A in equation (S.16) to be the N x T

matrix A(J) with elements

fmww:—cﬁ%iammzwm
1 . .
= — \/WID [azmz‘t (Zzt(ﬁ)) + azmit (Zzt(ﬁ))] )

= - ! mr (z; @p_
T NTY [az i (zie(B)) + 0 X, (6 50)]7

where in the ﬁnal step we used that 9,m}, (z) = 9.m}, + b(z — 2%), and 9,m;, = 0, and

zu(B) — 25, = (ﬁ Bo). For the mean zero N x T' matrix 0,m* (2(5)) := [0.m}, (zi(5))]
we have
sup 0.7 (8. < 0. (250 — )|+ 7 (s(5u-+ A0
BeBy, (M)

=0Op ( max( [V, T)) :
We thus find that

sup [1A(B) ]l < 0p(1) + M>WG£1M)QMM)

BB, (M) BEB, (M) Y172

A sufficient condition for ||A(8)||cc < 1 wpl uniformly in g € By (M) is therefore satisfied.
From now on, we use <,,, to denote that the inequality holds wpl uniformly in 5 € B, (M).
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Under that condition we thus have

1 N T
Qu(B) = min, {ﬁ >0 i (XL B+ ) + V%mmwn}

=1 t=1

1 Al * / * ¢ !
= NF 22 ™ (354 T0) + 2=Trl(To = X0 (8~ ) A(5)]
1 N T ) .
> 2o 2w (X ) - = To = X (3= |, 14(9)
LS (@) Dl X0 (5= o)

[

where the second line (the equality part) holds because we used that our choice of A(f5)
implies that the FOC for the minimization over I' are satisfied for I' = I — X . 3 =
o — XM . (B~ By). The third line holds by the Holder inequality | Tr A'B| < ||Al|s||B||1,
and the last line holds by the triangle inequality and ||A(5)[1 <up. 1.

Next, by expanding Xl-(tz)/ B+ T3, around 29 = XZ-(tg)/ Bo + '}, and by definition of m;

L, we
obtain
| N
* (2)r *
Nl Z Z My (th ﬁ + th)
NT =1 t=1
| NI | NI
—% 2 * ~ % 2 *
= 52D (Xft "B+ th) N 2L D (Xft "B+ Fn)
i=1 t=1 i=1 t=1
| NI
= ﬁzszt+b(/@—ﬁo)lw(5—/60)+0P(1/V NT), (S.18)

where the Op(1/v/NT) holds uniformly over § in B,,(M).

# Consistency of @,:
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Using the low bounds of (S.17) and (S5.18), and the definition of @}, (5, o), we have

min Q¢(6) — Q3(Bo, o)

BEBy(
x @ x * (2) *
= seBitn | NT 2; ( ( X' B+ Fit) —m, (Xif By + rit))]
2[Toll, _ HX(I)'(B—/QO)Hl
~VUNT \/_T ¢ﬁ€%3€§\/1) \/W
1 - * 2y * —x
- ,BeBw(M NT ; ; <mit (Xif B+ Fit> - mit> —0+(1)Y —opr (1) My

> bﬁeféliﬂ (B = Bo) W (B — Bo) — O\Z{[—(j{)

O (1)
TUNT O+ (1) — opy (1) M)

> 400 (Drnin )1 — -2 el ) ors(1))

Since Apin(W) =5 Amin(Ws) > 0 and vV NT — 0, we can choose a large constant M such

that
Op+(1)  04(1)

— O+ (1)Y — ops (1) My

bAmin (WM — —ops(1) >0 wpl.
Then, we have the required result for the theorem. O

To establish the consistency result in the theorem in a more general case where K > 1,
the proof requires some additional technical restrictions. The first technical requirement
is the uniform bound, supgeg, ar) [|A(3)||o- For this, we may use a recent random matrix
theory result in Moon (2019) which requires further regularity conditions such as the tail
condition of the distribution of A;(f) and a restriction of the entrophy of the parameter set

B, (M). Secondly, we need additional technical restrictions for a uniform stochastic bound

of SUPgeB,, (M) NT Zz IZt 1 zt( 2)/5+F ) = Op(1/VNT).
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