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Abstract

We consider off-policy evaluation and optimization with continuous action spaces.
We focus on observational data where the data collection policy is unknown and
needs to be estimated. We take a semi-parametric approach where the value
function takes a known parametric form in the treatment, but we are agnostic
on how it depends on the observed contexts. We propose a doubly robust off-
policy estimate for this setting and show that off-policy optimization based on
this estimate is robust to estimation errors of the policy function or the regression
model. Our results also apply if the model does not satisfy our semi-parametric
form, but rather we measure regret in terms of the best projection of the true value
function to this functional space. Our work extends prior approaches of policy
optimization from observational data that only considered discrete actions. We
provide an experimental evaluation of our method in a synthetic data example
motivated by optimal personalized pricing and costly resource allocation.

1 Introduction

We consider off-policy evaluation and optimization with continuous action spaces from observational
data, where the data collection (logging) policy is unknown. We take a semi-parametric approach
where we assume that the value function takes a known parametric form in the treatment, but we are
agnostic on how it depends on the observed contexts/features. In particular, we assume that:

V((L,Z) = <00(z),¢(a,z)> (1)
for some known feature functions ¢ but unknown functions 6,. We assume that we are given

a set of n observational data points (z1, ..., Z,) that consist of i.i.d copies of the random vector
z=(y,a,2) €Y x Ax Z,suchthat E[y | a,z] = V(a, 2)][]

Our goal is to estimate a policy @ : Z — A from a space of policies II that achieves good regret:
sup E[V (7 (2), z)] — E[V(7(2),2)] < R(II,n) 2

well
for some regret rate that depends on the policy space II and the sample size n.

The semi-parametric value assumption allows us to formulate a doubly robust estimate Vp g of the
value function, from the observational data, which depends on first stage regression estimates of the

'In most of the paper, we can allow for the case where z is endogenous, in the sense that E[y | a, 2] =
V(a, z) + fo(z). In other words, the noise in the random variable y can be potentially correlated with z.
However, we assume that conditional on z, there is no remaining endogeneity in the choice of the action in our
data. The latter is typically referred to as conditional ignorability/exogeneity [11].



coefficients 6y () and the conditional covariance of the features ¥o(z) = E[¢(a, 2)¢(a, 2)T | z].
The latter is the analogue of the propensity function when actions are discrete. Our estimate is doubly
robust in that it is unbiased if either 6 or X is correct. Then we optimize this estimate:

7 = sup Vpgr(m) 3)
well

Main contributions. We show that the double robustness property implies that our objective
function satisfies a Neyman orthogonality criterion, which in turn implies that our regret rates depend
only in a second order manner on the estimation errors on the first stage regression estimates of the
functions 6y, X9. Moreover, we prove a regret rate whose leading term depends on the variance of
the difference of our estimated value between any two policy values within a “small regret-slice” and
on the entropy integral of the policy space. We achieve this with a computationally efficient variant
of the empirical risk minimization (ERM) algorithm (of independent interest) that uses a validation
set to construct a preliminary policy and use it to regularize the policy computed on the training set.
Hence, we manage to achieve variance-based regret bounds without the need for variance or moment
penalization [15 |20, 9] used in prior work and which can render a computationally tractable policy
learning problem, non-convex. We also show that the asymptotic variance of our off-policy estimate
(which governs the scale of the leading regret term) is asymptotic minimax optimal, in the sense that
it achieves the semi-parametric efficiency lower bound.

Robustness to mis-specification. Notably, our approach provides meaningful guarantees even
when our semi-parametric value function assumption is violated. Suppose that the true value function
does not take the form of Equation (IJ), but rather takes some other form Vj(a, z). Then one can
consider the projection of this value function onto the forms of Equation (T, as:

0,(z) = arg iréf]E [(Vo(a, 2) — (0(2), p(a, 2)))? | z] 4

where the expectation is taken over the distribution of observed data. Then our approach takes
the interpretation of achieving good regret bounds with respect to this best linear semi-parametric
approximation. This is an alternative to the kernel smoothing approximation proposed by [20] in
contextual bandit setting, as a regret target, and related to [[12]. If there is some rough domain
knowledge on the form of how the action affects the reward, then our semi-parametric approximate
target should achieve better performance when the dimension of the action space is large, as the bias
of kernel methods will typically incur an exponential in the dimension bias.

Double robustness. In cases where the collection policy is known, our doubly robust approach can
be used for variance reduction via fitting first stage regression estimates to the policy value, whilst
maintaining unbiasedness. Thus we can apply our approach to improve regret in the counterfactual
risk minimization framework [20]], [12] and as a variance reduction method in contextual bandit
algorithms with continuous actions [20].

Related Literature. Our work builds on the recent work at the intersection of semi-parametric
inference and policy learning from observational data. The important work of [[1] analyzes the binary
treatment setting and also takes a doubly robust approach so as to obtain regret bounds whose leading
term depends on the semi-parametric efficient variance and the entropy integral and which is robust
to first stage estimation errors. Hence, our results are a direct generalization of their work to arbitrary
continuous actions spaces, subject to our semi-parametric value assumption. In fact we show formally
in the Appendix how one can recover the main result of [1]], from our main regret bound. In turn
our work builds on a long line of work on policy learning and counterfactual risk minimization
(L7, 26, 27, [14 113, 28, 2| 7, 120% [12} [14]. Notably, the work of [28] extends the work of [1]] to many
discrete actions, but only proves a second moment based regret bound, which can be much larger
than the variance. Our setting also subsumes the setting of many discrete actions and hence our
regularized ERM offers an improvement over the rates in [28]]. [9] formulates a general framework
of statistical learning with a nuisance component. Our method falls into this framework and we
build upon some of the results in [9]. However, for the case of policy learning the implications of
[9]] provide a variance based regret only when invoking second moment penalization, which can be
intractable. We side-step this need and provide a computationally efficient alternative. Finally, most
of the work on policy learning in machine learning assumes that the current policy (equiv. X¢(z))
is known. Hence, double robustness is used mostly as a variance reduction technique. Even for



this literature, as we discuss above, our method can be seen an alternative of recent work on policy
learning with continuous actions [[12,[14] that makes use of non-parametric kernel methods.

Our work also connects to the semi-parametric estimation literature in econometrics and statistics.
Our model is an extension of the partially linear model which has been extensively studied in the
econometrics [8}[19]. By considering context-specific coefficients (random coefficients) and modeling
a value function that is non-linear in treatment, we substantially extend the partially linear model.
[24, 10] studied a special case of our model where output is linearly dependent on treatment given
context, with the aim of estimating the average treatment effect. [[10] constructed the doubly robust
estimator and showed its semi-parametric efficiency under the linear-in-treatment assumption. We
extend their results to a more general functional form and use the double-robustness property and semi-
parametric efficiency for policy evaluation and optimization rather than treatment effect estimation.
Our work is also connected to the recent and rapidly growing literature on the orthogonal/locally
robust/debiased estimation literature [5} 16, 21]].

2 Orthogonal Off-Policy Evaluation and Optimization

Let 0 be a first stage estimate of 6 (z), which can be obtained by minimizing the square loss:
0 = arg inf B, |(y — (0(2), 6(a. 2)))?] 5)
6co
where O is an appropriate parameter space for the parameters 6(z). Let X (z) denote the conditional

covariance matrix:
EO(Z) = E[QS(C@ Z) (b((l, Z)T | Z]

This is the analogue of the propensity model in discrete treatment settings. An estimate f](z) can be
obtained by running a multi-task regression problem for each entry to the matrix, i.e.:

£y = arg il E[(6:(a,2) ¢(a,2) = Tiy(2))?] (©)

where S;; is some appropriate hypothesis space for these regressions. Finally, the doubly robust
estimate of the off-policy value takes the form:

Vor(m) = E, [vpr(y, a, z; 7)) @)

where:
vpr(Y,a,z;7) = (Opr(Y,a,2), d(7(2),2)) ®)
Opr(y,a,z) = 0(z) + X(2) " ¢(a, 2) (y — (0(2), ¢(a, 2))) ©)

The quantity Opr(y, a, z) can be viewed as an estimate of 0 (z), based on a single observation. In
fact, if the matrix 3 was equal to X, then one can see that 0pr(y, a, z) is an unbiased estimate
of 8y(z). Our estimate vpp also satisfies a doubly robust property, i.e. it is correct if either 6 is

unbiased or £~ is unbiased (see Appendix @ for a formal statement). Finally, we will denote with
6% = (y,a, z) the version of 6p g, where the nuisance quantities § and X are replaced by their true
values, and correspondingly define v, »(y, a, z; 7). We perform policy optimization based on this
doubly robust estimate:

it = argmax Vpr(m) (10)

Moreover, we let 7° be the optimal policy:
0 _
m, = argmax V() (11)

Remark 1 (Multi-Action Policy Learning). A special case of our setup is the setting where the number
of actions is finitely many. This can be encoded as a € {e1,...,e,} and ¢(a,z) = a. In that case,
observe that the covariance matrix becomes a diagonal matrix: ¥o(z) = diag(pi(2),...,pn(2)),
with p;(z) = Prla = e; | z|. In this case, we simply recover the standard doubly robust estimate that
combines the direct regression part with the inverse propensity weights part, i.e.:

Ooni(y,0,2) = 0(2) + =

m Ha= e} (y —0i(2))

Thus our estimator is an extension of the doubly robust estimate from discrete to continuous actions.
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Remark 2 (Finitely Many Possible Actions: Linear Contextual Bandits). Another interesting special
case of our approach is a generalization of the linear contextual bandit setting. In particular, suppose
that there is only a finite (albeit potentially large) set of N > p possible actions A = {aq,...,an}
and a; € RP. However, unlike the multi-action setting, where these actions are the orthonormal basis
vectors, in this setting, each action a; € A, maps to a feature vector ¢;(z) := ¢(a;,z). Then the
reward y that we observe satisfies E[y | z,a] = (0(2), é(a, z)). This is a generalization of the linear
contextual bandit setting, in which the coefficient vector 6(z) is a constant parameter 6 as opposed
to varying with z. In this case observe that: ¥o(z) = Zi\; pi(2) 9i(2) i(2)T = UDUT, ie. itis
the sum of N rank one matrices where D = diag(p1(2),...,pn(2)), pi(z) = Prla = a; | 2] and
U = [¢i(2),...,0n(2)] The doubly robust estimate of the parameter takes the form:

Opr(ya,z) = 0(z) + (UDUT) ™" d(a,2) (y — (0(2), $(a, 2)))

This approach leverages the functional form assumption to get an estimate that avoids a large
variance that depends on the number of actions N but rather mostly depends on the number of
parameters p. This is achieved by sharing reward information across actions.

Remark 3 (Linear-in-Treatment Value). Consider the case where the value is linear in the action
¢(a,z) = a € RP. In this case observe that: Yo(z) = Var(a | z). For instance, suppose
that we assume that experimentation is independent across actions in the observed data. Then
Yo(z) = diag(0i(2),...,04(2)), where o} = Var(a; | z). Then the doubly robust estimate of the
parameter takes the form:

Opr.i(y,a,2) = 0;(2) + (y — (0(2),a)) (12)

3 Theoretical Analysis

Our main regret bounds are derived for a slight variation of the ERM algorithm that we presented
in the preliminary section. In particular, we crucially need to augment the ERM algorithm with a
“validation” step, where we split our data into a training and validation step, and we restrict attention
to policies that achieve small regret on the training data, while still maintaining small regret on
the validation set. This extra modification enabled us to prove variance based regret bounds and
is reminiscent of standard approaches in machine learning, like k-fold cross-validation and early
stopping, hence could be of independent interest.

Algorithm 1: Out-of-Sample Regularized ERM with Nuisance Estimates

The inputs are given by the sample of data S = (z1, ..., x,), which we randomly split in two parts
S1, Ss. Moreover, we randomly split S into validation and training samples S and S%.

Estimate the nuisance functions (z) and 3(z) using Equations (5) and (@) on Sy.

Use the output of Step 2 to construct the doubly robust moment in Equation (7) on .S5. Run ERM
given in Equation (I0) over policy space II; on S5 to learn a policy function 7.

Use the output of Step 3 to construct a function class II5 defined as

I, = {mr €el:Egv[vpr(y,a,z;m) —vpr(y,a,z;7)] < pn}

for some p1,, and Egv denotes the empirical expectation over the validation sample.
Use the output of Step 1 to construct the doubly robust moment in Equation (7) on S. Run a
constrained ERM on S} over II5.

We note that we present our theoretical results for the simpler case where the nuisance estimates are
trained on a separate split of the data. However, our results qualitatively extend to the case where we
use the cross-fitting idea of [S] (i.e. train a model on one half and predict on the other and vice versa).

Regret bound. To show the properties of this algorithm, we first show that the regret of the doubly
robust algorithm is impacted in a second order manner by the errors in the first stage estimates.
We will also make the following preliminary definitions. For any function f we denote with
Il fll2 = /E[f(x)?], the standard L? norm and with || f||2,, = \/E,[f()?] its empirical analogue.
Furthermore, we define the empirical entropy of a function class Hs (e, F,n) as the largest value,
over the choice of n samples, of the logarithm of the size of the smallest empirical e-cover of F on



the samples with respect to the || - ||2,,, norm. Finally, we consider the empirical entropy integral:

k(r,F) = inf {4a+ 10/ \/ 7-[2(6’]:’71)de}, (13)
a>0 @ n

Our statistical learning problem corresponds to learning over the function space:
JFu ={vpgr(;m):m eI} (14)
where the data is © = (y, a, z). We will also make a very benign assumption on the entropy integral:

ASSUMPTION 1. The function class Jr satisfies that for any constant r, k(r, F) — 0 as n — oo.

Theorem 1 (Variance-Based Oracle Policy Regret). Suppose that the nuisance estimates satisfy
that their mean squared error is upper bounded w.p. 1 — §/2 by hiﬁ, ie. wp. 1 —08/2 over the
randomness of the nuisance sample:

max {E[(0(=) — 60())*), EIIE(2) — Zo(=) [3,,] } < 525 (s)

n

Letr = sup,cr VE[vpr(2z;7)2] and p, = © (FL(T‘, JFu)+r log(l/é)). Moreover; let

O(e) ={me:V(r?) = V(n) <€}, (16)
denote an e-regret slice of the policy space. Let €, = O, + hfu;) and
V= sup  Var(vhp(a;m) — vhg(z; 7)) (17)
! €L, (ep)

denote the variance of the difference between any two policies in an €, -regret slice, evaluated at the
true nuisance quantities. Then the policy wo returned by the out-of-sample regularized ERM, satisfies
w.p. 1 — § over the randomness of S'

0
V(7)) =V (m) = O (n( VY, Fr) + w + hiﬁ) (18)

Expected regret is O (K(\ /VY Fra) + 4/ VT"‘O + h%) with h2 is expected MSE of nuisance functions.

We provide a proof of this Theorem in Appendix [B] The regret result contains two main contributions:
1) first the impact of the nuisance estimation error is of second order (i.e. hi, s instead of A, 5), 2) the
leading regret term depends on the variance of small-regret policy differences and the entropy integral
of the policy space. The first property stems from the Neyman orthogonality property of the doubly
robust estimate of the policy. The second property stems from the out-of-sample regularization step
that we added to the ERM algorithm. Typically, we will have h2 ; = o(1/y/n) and thereby this term

is of lower order than the leading term. Moreover, for many policy spaces (0, F11) = 0, in which
case we see that if the setting satisfies a “margin” condition (i.e. the best policy is better by a constant
A margin), then eventually the variance of small regret policies is 0, since it only contains the best
policy. In that case, our bound leads to fast rates of log(n)/n as opposed to 1/4/n, since the leading
term vanishes (similar to the log(n)/n achieved in bandit problems with such a margin condition).

Dependence on the quantity V3 is quite intuitive: if two policies have almost equivalent regret up to
a pu, rate, then it will be very easy to be mislead among them if one has much higher variance than
the other. For some classes of problems, the above also implies a regret rate that only depends on
the variance of the optimal policy (e.g. when all policies with low regret have a variance that is not
much larger than the variance of the optimal policy. In Appendix [F] we show that the latter is always
the case for the setting of binary treatment studied in [1]] and therefore applying our main result, we
recover exactly their bound.

Semi-parametric efficient variance. Our regret bound depends on the variance of our doubly ro-
bust estimate of the value function. One then wonders if there are other estimates of the value function
that could achieve better variance than Vpr (7). However, we show that at least asymptotically and
without further assumptions on the functions 6y(z) and Xo(z), this cannot be the case. In particular,



we show that our estimator achieves what is known as the semi-parametric efficient variance limit for
our setting. More importantly for our regret result, this is also true for the semiparametric efficient
variance of the policy differences. This is the case in our main setup; where the model is mis-specified
and only a projection of the true value; and even if we assume that our model is correct, but make the
extra assumption of homoskedasticity, i.e., the conditional variance of residuals of outcomes y do not
depend on (a, z).

Theorem 2 (Semi-parametric Efficiency). If the model is mis-specified, i.e, Vo(a,z) # V(a,z)
the asymptotic variance of Vpr(m) is equal to the semi-parametric efficiency bound for the policy
value (0,,(2),7(2)) defined in Equation ({). If the model is correctly specified, Vpg(r) is semi-
parametrically efficient under homoskedasticity, i.e. E[(y — V (a,2))? | a, 2] = E[(y — V(a, 2))?].

We provide a proof for the value function, but this result also extends to the difference of values. We
conclude the section by providing concrete examples of rates for policy classes of interest.

Example 1 (VC Policies). As a concrete example, consider the case when the class JFiy is
a VC-subgraph class of VC dimension d (e.g. the policy space has small VC-dimension or
pseudo-dimension), and let S = E[sup, vpr(x;T)?. Then Theorem 2.6.7 of [22]] shows that:
Ha (e, Fri,n) = O(d(1 + log(S/€))) (see also discussion in Appendix|F). This implies that

K(r, Fii) = (/ V(1 + log(S/e) de) ~0 (r\/ﬁ\/l —Hog(S/T)) .
Hence, we can conclude that regret is O <\/V20(1 + log(S/VQO))\/g + 1/ W + hi’é) For

the case of binary action policies (as we discuss in Appendix|[F) this result recovers the result of [II]
up to constants and extends it to arbitrary action spaces and VC-subgraph policies.

Example 2 (High-Dimensional Index Policies). As an example, we consider the class of policies,
characterized by a constant number of {1 or {y-bounded linear indices:

I = {z = [((B1,2),...,(Ba, 2)) : Bi €R?,||Bi|1 < s} (19)

where T : R? — R™ is a fixed L-Lipschitz function of the indices, with d, m constants, while p >> n
(and similarly for 11y, where use ||5;]lo < s). Assuming vpr(y, a,z;7) is a Lipschitz function of
m(z) and since T is a Lipschitz function of (3, z), we have by a standard multi-variate Lipschitz
contraction argument (and since d, m are constants), that the entropy of Fr is of the same order as
the maximum entropy of each of the linear index spaces: By := {z — (8;,2) : B € RP,||B:]l1 < s}
Moreover, by known covering arguments (see e.g. [25], Theorem 3) that if ||z]|lcc < 1, then:

Ha(e,B,n) = O (Lgd)) Thus we get r(r,Fu) = O (s log(n) log( ) 4 > which

leads to regret O (s log(n) \/logrfd) + \/VZO 105(1/6) + hi,&)‘ In this setting, we observe that

the policy space is too large for the variance to drive the asymptotic regret. There is a lead-
ing term that remains even if the worse-case variance of policies in a small-regret slice is
0. Intuitively this stems from the high-dimensionality of the linear indices, which introduces
an extra dimension of error, namely bias due to regularization. On the contrary, for exactly
sparse policies By := {z — (Bi,2z) : B € RP,||Billo < s}, we have that since for any
possible support the entropy at scale € is at most O(slog(1/€)), we can take a union over all
(?) < (2)° possible sparse supports, which implies Ha (€, Fi1,n) = O(s (log(d/s) + log(1/e)).

S

Thus k(r, Fi1) = ( Vd9og(1/r)y/ 2 log(d/b ) leading to policy regret similar to the VC classes:
0 (\/VQO Tog(I/ V) £o8leL) o [rL s /0) hi,a)'

Remark 4 (Estimating the First Stages). Bounds on first stage errors as a function of sample
complexity measures for the first stage hypotheses spaces can be obtained by standard results on
the MSE achievable by regression problems (see e.g. [18 123]]). Essentially these are bounds for
the regression estimates 9(2) and f)(z), as a function of the complexity of their assumed hypothesis
spaces. Since the latter is a standard statistical learning problem that is orthogonal to our main
contribution, we omit technical details. Since the square loss is a strongly convex objective the rates
achievable for these problems are typically fast rates on the MSE (e.g. hi’é is of the order 1 /n for the




case of parametric hypothesis spaces, and typically o(1/+/n) for reproducing kernel Hilbert spaces
with fast eigendecay (see e.g. [23]])). Thus the term hi’ s is of lower order. For instance, the required

rates for the term h? ;5 to be of second order in our regret bounds are achievable if these nuisance
regressions are {1-penalized linear regressions and several regularity assumptions are satisfied by
the data distribution, even when the dimension p of z is growing with n.

Extension: Semi-Bandit Feedback Suppose that our value function takes the form: V' (a, z) =
é(a, 2)T ©g(z) ¢(a, z), where Og(z) is a p X p matrix and we observe semi-bandit feedback, i.e. we
observe a vector Y s.t.: E[Y | a, z] = ©g(2)T ¢(a, 2). Then we can apply our DR approach to each
coordinate of Y separately.

Von(m) =By [6(m(2), 2)7 (6(2) + £(2) " 6la,2) (VT = 6(a,2)70(2))) o(n(2), 2)]

All the theorems in this section extend to this case, which will prove useful in our pricing application
where a is the price of a set of products and Y is the vector of observed demands for each product.

4 Application: Personalized Pricing

Consider the personalized pricing of a single product. The objective is the revenue:

V(p,z) = p(a(z) - b(2) p)
where b(z) > v > 0 and a(z) + b(z)p gives the unknown, context-specific demand function. We
assume that we observe an unbiased estimate d of demand:

Eld| z,p] = a(z) — b(2) p
We want to optimize over a space of personalized pricing policies II. If, for instance, the observational

policy was homoskedastic (i.e. the exploration component was independent of the context z), we
show in Appendix[G|that doubly robust estimators for a(z) and b(z) are

epr(®) = al) + (1+3:) 22 ) (@-ae) - b))
P (4~ a(z) - b))

where g(z) = E[p | 2] and the variance o2. Thus, in this example, we only need to estimate the mean
treatment policy E[p | 2] and the variance o2.

5—2

bpr(z) = b(z) +

Experimental evaluation. We empirically evaluate our framework on the personalized pricing
application with synthetic data. In particular, we use simulations to assess our estimator’s ability to
evaluate and optimize personalized pricing functions. To do this, we compare the performance of

our doubly robust estimator with (1) Direct estimator, (#(z), ¢(a, 2)), (2) Inverse propensity score
estimator%l, (3) Oracle orthogonal estimator, v$ 5 (z, 7).

Data Generating Process. Our simulation design considers a sparse model. We assume that there
are k continuous context variables distributed uniformly z; ~ U(1,2) fori = 1,...,k but only
[ of them affects demand. Let Z = 1/I(z; + --- + 2;). Price p and demand d are generated as
x~N(z,1),d =a(z) — b(2)z + € and e ~ N(0,1). We consider four functional forms for the
demand model: (i) (Quadratic) a(z) = 222 b(z) = 0.6z, (ii) (Step) a(z) = 5{z < 1.5} + 6{z >
1.5},b(2) = 0.7{z < 1.5} + 1.2{z > 1.5}, (iii) (Sigmoid) a(z) = 1/(1 + exp(z)) + 3,b(z) =
2/(1 + exp(z)) + 0.1, (iv) (Linear) a(z) = 62,b(z) = z

These functions and the data generating process ensure that the conditional expectation function
of demand given z is non-negative for all z, the observed prices are positive with high probability,
and the optimal prices are in the support of the observed prices. In each experiment, we generate
1000, 2000, 5000, and 10000 data points, and report results over 100 simulations. We estimate the
nuisance functions using 5-fold cross-validated lasso model with polynomials of degrees up to 3 and
all the two-way interactions of context variables. We present the results for two regimes: (i) Low
dimensional with k = 2,1 = 1, (ii) High dimensional with £k = 10,{ = 3.

20rps(y,a,z) = XAl(?«’)_l o(a,z)y
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Figure 1: (a) Black line shows the true value of the policy and each line shows the mean and standard
deviation of the value of the corresponding policy over 100 simulations. (b) Each line shows the
mean and standard deviation of regret over 100 simulations. The top half reports the regret for a
constant policy, the bottom half reports regret for a linear policy.

Policy Evaluation. For policy evaluation we consider four pricing functions: (i) Constant, 7(z) =
1, (ii) Linear, 7(z) = z, (iii) Threshold, 7(z) = 1 + 1{z > 1.5}, (iv) Sin, w(2) = sin(z). The
results for the low dimensional regime are summarized in Figure[I(a), where each row and column
corresponds to a different demand function and a policy function, respectivelyﬂ The results show that,
as expected, our the performance of our method is very similar to the oracle estimator and achieves a
significantly better performance than the direct and inverse propensity score methods, which suffer
from large biases. These results also support our claim that the asymptotic variance of the doubly
robust estimate is the same as the variance of the oracle method. It is also important to point out that
we obtain similar performances across two different regimes.

Regret. To investigate the regret performance of our method, we consider a constant pricing
function, 7(z) = -y and a linear policy 7(z) = (y121 + - - - + Yk 2k). We compute the optimal pricing
functions in these two function spaces and report the distribution of regret in Figure f{b) under the low
dimensional regime and in Appendix [H|under the high dimensional regime. Across the four demand
functions and two pricing functions we consider, our method achieves small regrets, comparable to
the oracle method. The direct and inverse propensity methods, depending on the demand function,
yield large regrets.

4.1 Quadratic Model

Finally, we consider the same simulation exercise under the assumption that an unbiased estimate of
revenue rather than demand is observed. Since revenue depends on the p? the model is now quadratic

r=a(2)p —b(2)p® + e

For the data generating process we use the same functions a(z) and b(z) as in the personalized
pricing example [} Figures [2 and [5|in Appendix [H| summarize results for policy evaluation and
optimization. The overall performance of our doubly robust estimator is similar to the demand model,

3The results are very similar for the high dimensional model which are reported in Figurea) in the appendix.
*We provide the calculation of the doubly robust estimators for this example in Appendix
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Figure 2: Quadratic, Low Dimensional Regime: (a) Black line shows the true value of the policy,
each line shows the mean and standard deviation of the value of the corresponding policy over 100
simulations. (b) Each line shows the mean and standard deviation of regret over 100 simulations. We
omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.

and it performs better the direct model. One important difference to note is that when the sample size
is small, we observe some finite sample biases for some function classes.

5 Application: Costly Resource Allocation

Motivated by a resource allocation scenario, we also analyze experimentally the special case where
@(a, z) = a. Consider the case where we have p possible tasks to invest in, and we have investment
costs. Each task yields a return on investment that is a linear function of the investment, but an
unknown function 6(z) of the context z. Moreover, to maintain an investment portfolio of 7(z) we
need to pay a known cost C'(m(2)). Given a policy space IT : Z — RP?, our goal is to optimize:

sup E [{6(2),7(2)) ~ C(m(2))] (20)

This falls into our framework, if we treat the offset part as of the form (6y(z ) C(m(2))) but with a
known 6y(z) = 1. So in that case we simply consider pr o(z) = 6p(z) = 1. Then applying our
framework we optimize:

sup E,, [(0pr(z),7(2)) — C(w(2))] 21

mell

In the case of quadratic costs C(m(z)) = 3|7 (2)|3, then this boils down to exactly optimizing a
square loss objective, since:

infEn [10pr(2)/A = 7(2)[*] SUpE [{0pr(2), m(2))] = 5 2k En [|ln(2)]3] (22)

Thus policy optimization reduces to a multi-task regression problem Where we are trying to predict
Opr(z)/A from Z.E]

>The above reasoning extends to heterogeneous costs across tasks e.g. C(m(z)) = 3, cimi(2)*. In this case
the label of the i-th task of the multi-task regression problem is Opr,i(2)/c; and we need to perform a weighted
multi-task regression where the weight on the square loss for task ¢ is equal c;.
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Figure 3: Costly Resource Allocation: Each line shows the mean and standard deviation of regret
over 100 simulations.

We can consider sparse linear policies:

T ={z— Az : [|Al11 =) [laill1 < s} (23)

where «a; corresponds to the i-th row of matrix A. In this case our problem reduces to the MultiTask
Lasso problem where the label is 6(z) /.

Experimental Evaluation. For experimental evaluation we consider a model with two tasks, a;
and as:

y=a(z)a; + b(z)as + €

We use the same distributions and functions, a(z) and b(z), given above for the pricing application.
To estimate the optimal allocation and its regret, we run a 5-fold cross validated MultiTask Lasso
algorithm and set A = 1. We report the distribution of return on investment obtained from different
models in Figure (3). The results suggest that doubly robust method achieves a significantly lower
regret than the direct method in both regimes and its performance is similar to the oracle method ﬂ
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A Proof of Universal Orthogonality Lemma

We first start by defining a sufficient condition for the notion of universal orthogonality of a loss
function, as defined by [9]. A loss function L(r; h) = E[l(x, w(2); h(2))] is universally orthogonal
with respect to h if for any 7 € II:

E[Vh(z)m(o) bz, 7(2); ho(2)) | 2] = 0 (24)
where hy is the true value of the nuisance parameter h.

Lemma 3. The loss function L(m; h) = —E[(0pr(y, a, 2), ¢(7(2), 2))] is universally orthogonal
with respect to h = (0,%).

Proof. We show that the population loss function that corresponds to the doubly robust estimate,
satisfies the universal orthogonality condition. For simplicity of notation let K (z) = £(2)~!. Then
the population loss is:

VBa(mi0,571) =E [(0(=) + £71(2) 6la, 2) (y — (0(2), éla, 2))). 6(r(2), 2) )|
Let:
ﬂ(aa Zaga K) = E + K¢(a7 Z) (y - <§7 ¢(a7 Z)))
Observe that:
VBa(ms0,57") =E[(B(a,0(), 271 (2)), 6(m(2), 2))]
To show universal orthogonality it suffices to show that:
E [Ve,xB(a,z 00(z), 251 (2) | z] =0
This follows easily by simple algebraic manipulations:

E[VeB(a,2,00(2), 55" (2)) | 2] = E[1 - X5 (2) ¢(a, 2)p(a, 2)" | 2]
=1- Eal(z)E [¢(a,z)¢(a, z)T | z] =I- Zgl(z) Yo(z) =

and
E [Vk,;58(a,00(2), % (2) | 2] = El¢;(a,2) (y — (o(2), ¢(a, 2))) | 2]

Now observe that since 0y (z) is the minimizer of the conditional squared loss, taking the first order
condition implies:

E[(‘/O(aa Z) - <90(Z)a ¢(aa Z)>) ¢(aa Z) | Z] =0
E[Vo(a,2) ¢(a, 2) | 2] = E[(00(2), d(a, 2))) ¢(a, 2) | 2]

Moreover:

]E[y (b(av Z) | Z] = E[E[y ‘ a, Z] (;5(0,, Z)] = E[VO(av Z) ¢(av Z)]
Combining the two yields:

Ep(a,2) (y — (0o(2), ¢(a, 2))) | z] = 0

which implies orthogonality with respect to K. O

B Proof of Main Regret Theorem ]|

We first consider an arbitrary empirical loss minimization problem of the form:
1 n
n = 1 En = — 7 25
fn = argmin B, [f(2)] := — ;Zl f(xi) (25)

where x; € X are i.i.d. drawn from an unknown distribution and X" is an arbitrary data space.
Throughout the section we will assume that: sup s = [ f(x)| < 1. All the results can be generalized
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to the case of sup s » |f(z)| < R, for some arbitrary R, by simply first re-scaling the losses, and
then invoking the theorems of this section.

We will also make the following preliminary definitions. For any function f we denote with

|l fll2 = /E[f(x)?], the standard L? norm and with || f||2,n, = \/E,[f()?] its empirical analogue.
The localized Rademacher complexity is the defined as:

n

R(r,F) =Ec ., [ sup 1 Z € f(xz)] (26)

fEF:| fll2<r T i=1
where €; are independent Rademacher variables that take values {—1, 1} with equal probability.

Furthermore, we define the empirical entropy of a function class Ha (e, F,n) as the largest value,
over the choice of n samples, of the logarithm of the size of the smallest empirical e-cover of F on
the samples with respect to the || - ||2,, norm. Finally, we consider the empirical entropy integral

defined as:
R(r, F) = inf {4a+10/ 1/H2<6’f’"))d6}7 27)
a> o n

Throughout this section we will make the following benign assumption that essentially makes the
problem learnable:

ASSUMPTION 1. The function class satisfies that for any constant v, k(r, F) — 0 as n — 0o
We will use the following theorems from the prior work of [9]] as a starting point as they are formalized
in manner convenient for our problem.

Theorem 4 (Foster, Syrgkanis [9]], Theorem 4). Consider any function class F : X — [—1,1] and
let f,, be the outcome of the constrained ERM. Pick any f. € F and letr = sup;cz ||f — fel|2-
Then for some constants C1, Cs and for any § > 0, wp. 1 — §:

log(1/9) , 10g(1/5)>

n n

Elfn(z) = fu(@)] < C1 (R(T,}'— ) +r

IN

C, Cy <,€(T’ F)+r log(;/d) N HQ(T;Lf, n) N 10g(;/5)> '

Lemma 5 (Foster, Syrgkanis [9], Lemma 4). Consider a function class F : X — [—1, 1] and pick
any f. : X — [—1,1] (not necessarily in F). Moreover, let:

Zn(r) = sup [Enlf(2) = fu(2)] = E[f(z) = fu(2)]] (28)

feFf=f*ll2<r
Then for some constant Cs and for any § > 0, w.p. 1 — §:

Yy log(1/0) , log(1/5)>

n n

Zn(r) < Cs (R(r,]—"— I

Our goal is to replace r in the latter Theorem with the worst-case variance of the functions f € F in
a small “regret”-ball around the optimal. We will achieve this by considering a slight modification
of the ERM algorithm. In particular, we will split the data in half, and we will use one half as a
regularization sample and the other half as the training sample. In particular, we will find the optimal
function on the training sample, within the class of functions that also have relatively small regret on
the regularization sample.

Out-of-Sample Regularized ERM Consider the following algorithm:
e We split the samples S in two parts S1, So and let E,,, [-] and E,,, [] denote the corresponding
empirical expectations.
e We run ERM over F on the first half and let f; be the outcome.

e Then we define the class of functions that have the constraint that they don’t achieve much
worse value than f; on the first half, i.e. we regularize policies based on their regret on the
first half. More formally, for some constant ., to be defined later:

Fo={f € F :Enlf(z)— fi(z)] < pn} (29)
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e Then we run constrained ERM on the second sample over the function space Fs:
= inE, 30
Jo = arg min E,, [f(2)] (30)
Theorem 6 (Variance-Based Regret). Let f. = argminye 7 E[f(z)], r = sup;c # || f|l2 and choose
i = C (Ii(r‘, F)4r /log(§/6) + Ha(r,F,n) + log(rf:/é)>’ with C' = 8 max{C,Cs, C5C5}. Then,

n

w.p. 1 — d over the sample S, the outcome f5 of the Out-of-Sample Regularized ERM satisfies:

v 1og<3/6>> a1

n

E[f2(z) — fu(2)] = O (n(\/@ Foulpin)) +

with: Fu(pn) = {f € F : Elf(z) = ful@)] < pa} and Vo = supser (., Var(f(z) —
f«(x)). Moreover, the expected regret, in expectation over the samples S1,Ss is also of order

0 (n(\/vg,]:) + Yl)

Proof. First we argue that w.p. 1 — 0/6, f. € Fo. By the choice of p,, and Theoremlé-_lL we know that
w.p. 1 — §/4 over the randomness of sample Sy :

Elfi(z) = fu(@)] < pn /2 (32)
Moreover, by Lemma w.p. 1 — /6 over the randomness of sample S;:

sup [Ey,, [f(z) = fu(2)] = E[f(2) = fu(2)]] < pin/2
fer

Combining the latter two properties we have, w.p. 1 — §/3:

B, [fo(z) = fr(@)]] < [E[fu(2) = fr(@)]] + 10 /2 < pin
Thus in this event, f, € F».
Applying Theorem [ for the last stage of the algorithm with function space F» and conditioning on

the event that the first stage sample is such that f, € F», we have that with probability 1 — 6 /3 over
the randomness of the second sample:

Elfy(2) — f.(2)] = C1 C <( o) 4 gy 128CL0) | Halra, Fam) 1og<3/6>>

n n

where 72 = sup s¢ r, || f||2- Thus by a union bound we get that with probability 1 — 25/3 over the
randomness of both samples, the latter bound holds.

Observe that for f € Fa, by Lemma w.p. 1 — /6 over the first sample:

sup [En, [f(2) = f1(z)] = E[f(z) — f1(2)]] <2 sup [Ep, [f(2)] — E[f(2)]| < pn/2
fer fer

Thus w.p. 1 — §/6, F5 is a subset of the class:
Fs ={f € F:E[f(z) = i)l < pn/2} (33)
Moreover, since f; has small regret, we know by the triangle inequality, for all f € F3, w.p. 1 —6/3:
[Elf(2) = fu@)]| < [E[f(z) = fr(@)]] + [E[f1(2) = fu(2)]] < pn
Thus w.p. 1 — §/3, F3 is in turn a subset of the function space:

Fulpn) ={f € F: [E[f (z) = fu(@)]| < pn}
which is a space of policies with regret at most u, .

Thus we have that w.p. 1 — §/3 over the first sample:

ry = sup E[(f(z) - fu(@))’] < sup E[(f(x) - fu(2))’]

feF2 feFu(un)

= sup (Var(f(z) — fu(2)) + E[f(2) — fu(2))]?)
FEF«(pn)

< sup  Var(f(x) - fu(@)) + i
FEF«(n)
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‘We thus have that:

feF. (.U‘n)

rgz\/ sup Var(f(z) — fu(z)) + 20, = \/72+2un (34)

Combining the latter with the regret bound for f, (excluding lower order terms in n) we have that
wp. 1 —6:

V3 log(3/d
Elfo(a) — f.(2)] = ( (Vi + 2100, Ful1n)) + n”’)
Moreover, using the concavity of the entropy integral with respect to its first argument, we have that:
Hy(v/Va, F,n
K/ Va + 20 F) < 1V Vo, o) + 2| V20 (35)

Since k(r, F) — 0, we have that ,, = o(1) and Hy(+/Va, F,n) is a constant. Thus, the second term
decays faster than 1/+/n and hence is asymptotically negligible. Thus we get:

Elfa(z) — fu(2)] = ( (V/Vo, Fu11a)) Vzbg(”‘”)

n

The expected regret bound follows by standard arguments by simply integrating the above high
probability bound. O

Going back to our policy learning problem, let z = (y, a, z) and:

vpr(#; ™) = (0pr(Y, 0, 2), ¢(7(2), 2)) (36)
be the doubly robust proxy value at every sample = and policy 7. Then we can apply this general
theorem to the policy learning problem where, 2 = (y, a, z) and function space:

Jun ={—vpgr(;7m): 7w ell} 37
Then Theorem [§]yields the following corollary:

Corollary 7 (Variance-Based Policy Regret). Let . argmaxyern Elvpgr(z; 7)), r =

supen VE[Dr(z;7)2], pr, = O (H(’I‘, Fu)+r log 1/6)>

Vo = sup Var(vpr(x;m) — vpr(2; ms)). (38)
w€Il: Elvpr(z;me)—vpr(2;7)]<pin
Then the policy o returned by the out-of-sample regularized ERM, satisfies w.p. 1 — & over the
randomness of S:

Elvpr(m) — vpr(ms)] < (v/Va, Fur) + V210g(1/6)> (39

n

and expected regret O </€(\/72, JFm) + ‘:f)

To arrive at our final theorem, we also need to account for the difference between E[vp g (x; 7)] and
V(). This difference essentially stems from the error in the nuisance estimates, which introduce an
errorinOpr(y, a, z), such that E[0pr(y, a, z) | z] # 0(z). However, we can invoke the orthogonality
of the doubly robust estimator and the general theorem of [9]] on generalization bounds of orthogonal
losses to get:

Lemma 8. For any policy my € 11, let 7 be the outcome of any possibly randomized algorithm that
satisfies w.p. 1—0/2 a regret bound on the doubly robust objective, i.e. Elvpg(x;m0) —vpr(x; T)] <
R, 5. Moreover, suppose that the nuisance estimates satisfy a mean-squared error bound

max {E[(0(2) — 00(2))*} E[IS(2) — So(2)l30] } = 12 (40)
Then w.p. 1 — & over the randomness of the policy sample:
V(mo) = V(7)) < O (Rns + X7) (4D
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Proof. By Lemma [3| we have that the loss function —E[vpg(z;7)] is universally orthogonal as
defined in [9]]. Moreover, the loss is smooth with respect to the outputs of the nuisance functions and
hence the second order derivatives of the loss with respect to the outputs of the nuisance functions are
bounded. Thus the lemma follows by Theorem 2 of [9]]. O

If we assume that the nuisance estimation algorithm guarantees that w.p. 1 — 4, x;, < h;, 5 then
observe that combining Corollary [7jand Lemma 8] we get that for any policy 7o, the policy 75 of the
out-of-sample regularized ERM satisfies, w.p. 1 — 4:

Vo log(1/d
Vim) ~V(m) <O (l‘é(\/vz,]:n) gy B0 hi,5>
Similarly, if we assume that the nuisance esitmation algorithm satisfies E[x2] < h2, then:

B[V (r0) — V(2)] < O ((W F) 20800 h)

We continue by proving the probabilistic regret bound of the theorem and the in-expectation bound
follows analogously.

Finally, we need to account for the error introduced by the nuisance errors on the quantity V5, so as
to connect it with the semi-parametric efficiency variance of each policy, i.e.:

Var(v g (2; 7)) (42)

where v, (25 7) = (0% 5 (y, a, 2), (7 (2), 2)), and 6% 1 (y, a, z) is the analogue of the doubly robust
function, Opr(y, a, 2), evaluated at the true nuisance functions. Moreover, we want our the “regret
slice” to be with respect to the true regret, i.e. we want to depend on the variance of policies that
satisfy:

V(n) = V(n) = Elpp(a;nd) — vpp(eim)] < g, 43)
where 70 = arg max, e V(). We prove such a property in the following lemma:

Lemma 9. Consider the setting of Corollary[7] Suppose that the mean squared error of the nuisance
estimates is upper bounded w.p. 1 — § by hi’ s and let €, = p, + hf% s- Then:

V= sup Var(vbp(a;m) — v)g(z; 7)) (44)
' €L, (en)

Then Va < VY + O(hy, 5).

Proof. First observe that by Lemmawith 7o = 7 and & =  (for any 7 € FZ), we have that:
Elvpa(r.) — vpr(m)] € e = V(m.) = V(r) < o+ O(h2 5)

Similarly if we let 70 = arg max,en E[v), p(@; )] := V(r), then observe that by definition of 7,
Elvpgr(z;7?) — vpr(x; )] < 0. Thus applying again Lemma[§|with 7o = ¥ and # = 7,

Elvpr(n)) —vpr(r.)] < 0 = V(x)) = V(m.) < O(h 5)

Let TIY(e) = {m € I1: V(n)) — V(r) < ¢} and let ¢, = O(pup, + I, 5). Thus we have that:

Vo < sup Var(vpr(z;7) — vpr(z; 7))
wEllL (€n)

Moreover, observe that 7, € I19(e,, ). Hence:

Vo< sup Var(vpgr(z;m) —vpr(z;7'))
w7 €L (€n)

Moreover, by Lipschitzness of 0pr(y, a, z) on the output of the nuisance functions, we also have
that for any 7, 7" € Il(ey,):

Var(vpg(x;7) —vpr(z; 7)) < Var(vODR(x; ) — ’U%R(I; 7)) + O(hn.s) (45)
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Hence, if we denote with:
V2= sup  Var(vhg(z;7m) —vhp(z; 7))
71',71"6]_[*(671)

Then we conclude that:
Vo = V3 + O(hn,s)

Invoking Lemma [9)and the concavity of the entropy integral function we get:

VY log(1/6 1
%(/) 4 hi,& 4 hn,6 (46)

ﬁ)
Since h,, s = o(1), the last term is of lower order. This concludes the proof of the main regret
Theorem 1]

V(r?) - V(7)< O (m( VY, Fu) +

C Review of Semi-parametric Efficiency Bounds
In this section, we review the theory of semi-parametric efficiency bounds studied in [16] and [3]].

C.1 Definitions

Definition 1 (Mean Square Differentiability). Let f(x;n) denote the probability density function

of a random variable x where 1 € H is a finite dimensional parameter. f (m;n)l/ %is pu-mean

square continuously differentiable with respect to 1) on H with derivative f,(x;n) if for eachn € H
J W fo(sn)|12dp is finite, and for every n; — n with [ || fo(2;m:) — fo(asn)|?dp — 0

/ (f(x; i) = fasn)? = folasn) (n — 77))2du/\|m -7l =0

Definition 2 (Smoothness). f(z;n) is smooth if (i) n € H, H is open; (ii) there is a measure i
dominating f(x;n) forn € H such that f(z;7n) is continuous on H a.s.  ; (iii) f(x;n)"/? is mean
square differentiable.

Definition 3 (Score and Information Matrix). For smooth f(x;n) the score for 1 is defined as

R A1 C )
Snlin) =2 fasm)

in the support of x and the information matrix is
I(n) = / SySy f (a5 m)dp.

Definition 4 (Regularity). A likelihood function f(x;n), n € H, is regular if it is smooth and
information matrix is non-singular in H. The efficiency bound of a regular model is given by
Cramer-Rao bound and equals T(n)~'.

Definition 5 (Linearity). Define a set T to be linear if as; + bsy € T for all real scalars a and b
and elements s, and s of T.

C.2 Derivation of the Efficiency Bound

Let data (x1,...,x,) consist of i.i.d copies of the random vector (y, a, z). A semi-parametric model
consists of a parameter vector v and a set of restrictions on the joint behavior of observables. In our
model, the restrictions are given by the first order conditions of the linear projection

E[(y — (00(2), ¢(a, 2)))¢(a, 2) | 2] =0

and the parameter is

o= / (0(2), $(m(2), 2)) f(2)dz

where f(z) denotes the probability distribution function of z. First, we provide the definition of a
parametric submodel.
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Definition 6 (Parametric Submodel). For estimators with i.i.d data, a parametric submodel corre-
sponds to a parameter vector 1) and a likelihood function £(x|n) for a single observation that satisfies
the semi-parametric restrictions.

A parametric submodel is a subset of the model distributions satisfying the semi-parametric assump-
tions. The reason parametric submodels are useful in analyzing semi-parametric efficiency is that
for parametric models, the Cramer-Rao bound gives the lower bound on the variance of estimators
of a parameter under some regulatory conditions. Since semi-parametric models impose weaker
restrictions than any parametric model, it is natural to expect that the asymptotic variance of a
semi-parametric model is no smaller than the bound for the parametric model.

In a parametric submodel, our parameter of interest can be written as
a = [0, on(2),2) (i) (7)

Next, we define the semi-parametric efficient bounds.

Definition 7 (Semi-parametric Efficiency Bound). The semi-parametric efficiency bound of a semi-
parametric estimator is defined as the supremum of the Cramer-Rao bounds for all regular parametric
submodels.

This definition is intuitive because any semi-parametric estimator that is consistent and asymptotically
normal cannot have a lower variance than the supremum of Cramer-Rao bounds. The regulatory
conditions defined in Section [C.I| guarantee that the Cramer-Rao bound is well-defined and gives an
asymptotic efficiency bound.

To be able to obtain the Cramer-Rao bound for the parameter of interest under a parametric submodel,
the parameter must be pathwise differentiable.

Definition 8 (Pathwise Differentiability). A parameter « is pathwise-differentiable if o(n) is differ-
entiable for all smooth parametric submodels and there exists g X 1 random vector d such that E[d'd)
is finite and for all regular parametric submodels

da(mo)
n

where 19 denotes the true value of the parameter in the sense that {(x|ng) corresponds to the
likelihood function that generates the data.

= E[dS!]

Pathwise differentiability of a parameter is a weak condition because, by Riesz representation
theorem, a parameter is pathwise-differentiable if it can be written as a functional that is mean-square
continuous. From the definition of o in Equation it is easy to see that o is pathwise-differentiable
by Riesz representation theorem.

For a pathwise-differentiable parameter, the Cramer-Rao bound can be written as a function of the
pathwise derivative using the Delta method.

Var(a(no)) = 8048(:770) (E[SnS%])_laaa(go)

= E[dS, (B[S, S,]) " E[S,d]

We can write Var(«(n)) as a second moment of a random variable as follows
Var(a(no)) = E[dS;](E[S,Sy]) " E[S,d]
= E[E[dS))(E[S,S,]) ", 5, (ELS, S;) E[S,d]
= Eld,d,]
Note that d,, is mean-zero since
]E[dn] = E[E[dS;](]E[SnS;])_lsn]]
= E[dS;](E[S,S,]) " E[S)]
=0
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This is useful because the Cramer-Rao bound of « under a parametric submodel equals the variance
of d,,. Note further from the definition of d,, that it is the linear projection of pathwise-derivative d on
score Sy,. Therefore, the largest value of this projection can be obtained by considering the projection
space as the scores corresponding to all parametric submodels. To formalize this, we next define the
tangent set:

Definition 9 (Tangent Set). Define the tangent set T to be the mean square closure of all q-
dimensional linear combinations of scores S, for smooth parametric submodels:

T={seR:E[s|’] <oco, 3A4;S,; with lim E[||s— A4;S,,]% =0}
J—00

The projection of d on the tangent set should have a larger variance than any particular submodel,
suggesting that the projection should give the semi-parametric efficiency bound. The mathematical
meaning of this projection on the tangent set is a least-squares projection in a Hilbert space of random
vectors. This projection is defined as:

0eT, E[(d—0d)s]=0 forall seT

If T is linear, then ¢ exists and unique. It is called the efficient score because it equals the efficient
influence function in asymptotically linear estimators.

Theorem 10 ([16], Theorem 3.1). Suppose that the parameter is differentiable, T is linear, and
E[6¢'] is nonsingular, for the projection 6 of d on T. Then semi-parametric efficiency bound equals

E[55].

D Proof of Theorem

Proof. We follow the steps outlined in Section (C.2) to calculate the semi-parametric efficiency
bound of the parameter of interest:

a:=E[(0o(2), d(7(2), 2))] (48)

Let f(y,a | z) and f(z) denote the conditional distribution of (y,a) given z and the marginal
distribution of z, respectively. The density of data (y, a, z) is then equal to:

fy.a,2) = fy,a|2)f(2)
We consider a regular parametric submodel, parameterized by 7, to calculate the pathwise derivative
of a(n):

fly,a,2m) = f(y,a | zm)f(z5m)
The corresponding scores for the parametric submodel is given by:

sp(y,a,z;m) = sy(y,a | z;m) + sy(2;m)

where s, (y,a, z;n) = QM, and other scores are defined similarly.
f(y,a,zm)
Under the parametric submodel o can be written as:
al) = [ 100, on(2), N (i 9)

The first step in semi-parametric efficiency bound derivation is to show that «(n) is pathwise
differentiable, i.e. there exists d(y, a, z; 19) such that

azg;?) _ E[d(y, a, z; 77)577 (y, a, z; 77)]

Let 1)y denote the true parameter value in the sense that f(y, a, ;7)) corresponds to the density of
the data. To show pathwise differentiability, we differentiate Equation (49) under the integral sign
and evaluate at n = ng:

2ol — [ (M) o) 2)) Sz + [ Guteim).otn(z). ) 2L a5

s
— 5 |( 225D n(a), 9 )| + B0 ), 021 D)o 61)

19



To calculate 96(z;n0)/0n inside the expectations we use the first order conditions of the linear
projection:

E[(y = (0o(2), ¢(a, 2)))¢(a,2) | 2] =0
[~ 6sm).6la. 9))és(a ) fw.a | 5m)dyda =0
Taking the derivative under the integral sign and evaluating at 7, for all ¢:

B (P ofa )00, )7 12| + Blly — (O(e:m). o, )ofa om0 20m) | 4 =0

Solving for 90(z;n0)/0n
00(z;10)/0n = E [(2) ™ ¢(a, 2)(y — (0(23m0), 6(a, 2)))sy(y, a | zm0) | 2]
Substituting this into Equation (5T):

da(no)
on

=E [(Zo(2) " é(a, 2)(y — (o(2), $(a, 2))), $(m(2), 2))) sy (y, @ | z370)] + (52)

E[(00(2), ¢(7(2), 2)) 85 (2;10)]

[((Bo(2) + Zo(2) " o(a, 2)(y — (Bo(2), 8(a, 2))), ¢(m(2), 2)) — (o)) (sy(y,a | z,m0) + s4(25m0))]
[d(y, a, z;m0) (s9(y, a | 25m0) + sy(2510))]

[d(y, a,z3m0) (sy(y,a | z3m0))] (53)

The second line follows because:

E[(6o(2), ¢(m(2), 2))sn(y, a | z,m0)] = E[(6o(2), ¢(7(2), 2))E[sy(y, a | 2,m0) | 2]] = 0

Elv(1o)sy(2;5m0)] = a(no)E[sy (23m0)] = 0
and
E[(Zo(2) ' ¢(a, 2)(y — (0o(2), d(a, 2))), (7 (2), 2)) sy (2;m0)] = O

Subtracting «(7)) in the second line makes the pathwise derivative mean zero, which will prove
useful later when projecting d(y, a, z;79) on the tangent set.

Since Equation (52) satisfies the condition given in the defition of pathwise differentiability, the
pathwise derivative of «(n) is:

d(ya a, z; 770) = (<90(Z) + 20(2)71¢<aa Z)(y - <90(Z)7 d)(aa Z)>)> QS(W(Z)’ Z)> - a)

The semi-parametric efficiency bound for « is the variance of the projection of d(y, a, z;79) onto the
tangent space defined as the closed linear span of the scores:

T =A{s(y,a|z)+s(2)}

Note that the joint distribution is unrestricted so the only restrictions on the score functions are
Els(y,x | z) | z) = 0and E[s(z)] = 0 and they are smooth.

Next, we show that the pathwise derivative is already in the tangent set d(y, a, z;10) € T. To see
this we can write d(y, a, z; o) as the sum of two functions:

d(y, a, z;m0) = (Zo(2) "' 9(a, 2)(y — (0o(2), d(a, 2))), d(7(2), 2))) + ((o(2), $(m(2), 2)) — )

The first component is mean independent of z:

E[(S0(2) "' é(a, 2)(y — (fo(2), #(a, 2))), d(7(2), 2)) | 2] =0

The second component is function of only z and has zero mean:
E[(00(2), ¢(7(2),2)) —a] =0

Therefore, the pathwise derivative equals the sum of two functions that satisfy the restrictions on
score functions in the tangent set, namely, F[s(y,z | z) | 2] = 0 and E[s(z)] = 0. From this, we

20



conclude that d(y, a, ;7o) is in the tangent set; so the projection of d(y, a, z;70) onto T is equal to
itself.

Therefore, the efficiency bound for « is:
Vers(a) = Var(d(y, a, z;m))
= Var(vpr(y,a,z;m))

Therefore, the doubly robust estimator, vpr(y, a, z; ), achieves the semi-parametric efficiency
bound. This result extends to the difference of value functions by linearity of pathwise derivative.

To investigate the semi-parametric efficiency bound under the correct specification we use a result
from [4] who shows that under the correct specification the efficiency bound is:

Vips(a) = Var((0o(2), ¢(m(2), 2)))
+E[¢(7(2), 2)E[¢(a, 2)E[€ | a, 2] ¢(a, 2)" | 2] b(n(2),2)"]
where € = (y — (0p(2), ¢(a, 2))) is defined as residuals.

Under the homoskedastivity assumption, E[e? | a, 2] = o2, this efficiency bound becomes:

5(0) = Var((00(2), ¢ (), 2))) +
o?E [¢(r(2), 2)Elg(a, 2)9(a, 2) | 2]~ b(m(2), 2)7]
= Var((6o(2), (7 (2), 2))) + 0°E[o(7(2), 2)So(2) " p(m(2), Z)T]
which is equal to the variance of the doubly robust estimator:
Vep(a) = Var((0o(2), ¢((2), 2))) +
E[(n(2), 2)E[So(2) " ¢(a, 2)e’d(a, 2) T(2) 7" | 2]g(m(2), 2)7]

—V‘““(< 0(2), ¢(m(2),2)))+
*E[¢(7(2), 2)S0(2) "' E[b(a, 2)d(a, 2)' | 2]5(2) " b(n(2), 2)" ]
= Var((t%(z)

z)
), )"
,6(m(2), 2))) +
*E[p(n(2), 2)Z0(2) "' So(2) "' So(2) " o(m(2). 2)" ]
—VC”“(( 0(2): d(7(2), 2))) + T E[(7(2), 2)S0(2) " d((2), 2)" ]
a,z;7))

=Var(vpr(y,

E Double Robustness Property of Policy Estimator

Theorem 11 (Double Robustness). Vpg(w) is an unbiased estimate of V(7 (2), z) if for all z, either
Eg, pn/2[0(2)] = 0(2) or Eg,  pn/2[X(2) 71 = So(2) ™', where expectation is taken over the
randomness of the nuisance estimation sample Sy.

Proof. Let (z) = Eg, . pn/2[0(z)] and 71 (z) = Eg, pn/2[2(2) 1], be the expected value of the
estimates at any input z, where the expectation is with respect to the randomness on the half-split of
n/2 samples that were used for training the estimates. Due to sample-splitting and cross-fitting, the
expected value of the doubly robust policy estimate can be written as:

E[Vpor(m)] = E[(0(2) + £(2) 7" ¢(a, 2) (y — (0(2), 6(a, 2))), ¢(7(2), 2))] (54)

where the random variables (y, a, z) are a fresh independent draw of the data generating process that
generated the observational data.

Observe that y is an unbiased estimate of V'(a, z) conditional on z. Moreover, since 6y(z) is the
minimizer of the conditional squared loss, taking the first order condition implies:

E[(Vo(a, 2) — (Bo(2), 6(a, 2)))p(a, 2) | 2] = 0 <
Ely ¢(a, 2) | 2] = E[(6o(2), ¢(a, 2))) ¢(a, 2) | 2]
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Thus we can re-write the expected value of the doubly robust policy estimate as:

E[Vpr(m)] = E [(6(2) + 2(z) 7" ¢(a, 2) (Y = (0(2), $(a, 2))), d(r(2), 2))]

E [(6(2) + 2(2) 7" ¢(a, 2) (o(2) — 0(2), ¢(a, 2)), 6((2), 2))]
= E [(6(2) + 2(2) 7" ¢(a, 2)d(a, 2)" (0(2) = 0(2)), ¢(m(2), 2))]
= E [(6(2) + (=) E[$(a, 2)(a, 2) | 2)(6o(2) — 0(2)), d(n(2), 2))]
= E[(0(2) + 2(2) 7" Do (2)(00(2) — 0(2)), ¢(m(2), 2))]
= E[(0(2) + 2(2) 7" Do(2)(00(2) — 0(2)), ¢(m(2), 2))]

Hence we have:
E[Vpr(m)] = Vo(m) = E[{(2(x) 7" Bo(2) = 1) (6o(2) = 0(2)) , d(7(2), 2))]
The right hand side is zero if either §(z) = 0y(z) or if £(2)~! = Z¢(2). O

F Lipschitz Variogram Settings and Binary Treatment

For simplicity of notation, we let v(z; 7) = v} p(z; 7) and 7. = 72 throughout this section, as the
results are not specific to the doubly robust value function. Suppose that the value function of the
policy learning problem has the following self-bounded Lipschitz property:

Var(v(z; 7)) — C Var(v(z; mi)) < L |E[v(z; 7)) — Ejv(z; m.)]| = L(V (7i) — V(7))

for some constants C, L, i.e. if a policy has value close to the optimal policy, the it does not have
much larger variance. Then we have that:
sup  Var(v(z;m) —o(z;7)) < sup 4 Var(v(z;m))
7, €1l (€n) eIl (€n)

< AC Var(v(x;my)) +4L  sup (V(r) —V(m.))
w€llL (€n)
< 4C Var(v(z;my))+4 Le,
—_——
Vi

Thus we get regret rates of the form:

V(m) = V(m) = O (m(zm,fn) i %(1/5) Lot )

 Jn
0 (wm A+ Vlg(l/é))

n

since €, = o(1).
Example 3 (Binary Treatment). In the case of binary treatment considered in [ll|], the loss took the
form:
v(z;m) =T(2) - (2m(z) — 1) (55)
with : Z — {0, 1}. In this case observe that the self-bounded property is satisfied since:
Var(v(z;m)) = Elo(z;7)°] — Elv(z; 7))

= E[[(2)*(27(2) - 1)%] - V(n)°

= E[[(2)*] - V(m)?
Where the latter property holds since (2m(z) — 1)? = 1 irrespective of w(2). Thus the first part in the

variance is independent of the policy, which is the crucial special property of the binary treatment
case. This leads to the fact that:

Var(v(x; 7)) — Var(v(z; 7)) = V(m)? = V(m)? <2 |[V(r) — V(7)) (56)

Hence, the self-boundedness property holds with C = 1 and L = 2. Thus for the binary treatment
setting we can achieve a regret rate whose leading term only depends on the semi-parametric efficient
variance of the optimal policy.
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As a concrete example, consider the case when the class JF1 is a VC-subgraph class of VC dimen-
sion d, and let S,, = E,[sup, v(x;7)?] = E,[['(2)?]. Then Theorem 2.6.7 of [22l] shows that:
Ho (e, Fr1,n) = O(d(1 + log(Sy/€))). This implies that

k(r, Fur) = (/ JWC@ZO(“/&\/W)

Moreover, by Markov’s inequality w.p. 1—0, S < E[S,]/§ = E[sup, v(x;7)?]/d = E[['(2)?]/6 :=
S/6. Hence, we can conclude that w.p. 1 —

Vi) ( m\f [log( 1/5 1+10g (S/r)) log(1/5)>

Combining all the above we get a bound of the form (excluding lower order terms):

V(m.) = V(m) =0 <\/V*(1 + log(S/V*))\/er W) .

which recovers the result of [1|] up to constants.

G Doubly Robust Estimators in Pricing Experiment

G.1 Linear Model

We want to estimate some regression models of a(z) and b(z) in the demand model. For instance,
if these fall in some high-dimensional linear function class, we can estimate a regression between
demand and the linear function class. Moreover, we need to estimate the covariance matrix, which in
this case takes the simple form:

_| 1 Elp | 2]
%)= [epp) ) £ 3] o
whose inverse takes the form:
11 Elp® | 2] —E[p|2]
O B E 9

If for instance the observational policy was homoskedastic (i.e. the exploration component was
independent of the context z), then Var(p | ) is a constant o2 independent of z. Moreover, we can
write:

Elp® | z] =0 +Elp| 2] (59)

Thus we only need to estimate the mean treatment policy g(z) = E[p | 2] and the variance o®. Then
the doubly robust estimate of a(z) takes the form:

epr(®) = al) + (1+3:) 22 ) (@- a) - b))
bpr(z) = b(z) + p_Tg(z)(d —a(z) — b(2) p)
G.2 Quadratic Model

In the case where we observe the revenue our model becomes quadratic in prices
r=a(2)r —b(2)z? + e
The covariance matrix takes the form:
2 3
- [{514 1]
whose inverse is:
_ 1 [EW | 2] —E[p?| 2]
E[p* | 2JE[p? | 2] —E[p? | 2? [-Elp* | 2] E[p?|~]

20(2’)_1
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Let y,(2) denote E[p* | z]. If the observational policy was homoskedastic and none of the central
moments of price depends on z, using the recursive structure, the nuisance functions in the covariance
matrix can be written as

pa(2) = ps + i (2)?

p3(2) = ps + 3pz(2)p (2) — 2 (2)°

pa(2) = p§ + 4ps(2)pa (2) = 6p1(2)pa(2) + 3 (2)*
where pj, denotes the k-th central moment of p. Therefore, we only need to estimate the mean

treatment policy 11 (z) and the central moments 11§, p§ and p§. Then, the doubly robust estimate of
a(z) and b(z) take the form:

— als pa(2)p — pa(2)p? A — b 2
apr(®) = ale) + (LI (o agayp - i) 2

bor(z) = b(z)+ (Mff() )p( >"3(Z()f)2) (d—a(=)p— b(=)p?)

H Additional Experiment Results
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(b) Regret

Figure 4: Linear, High Dimensional Regime: (a) Black line shows the true value of the policy, and
each line shows the mean and standard deviation of the policy over 100 simulations. (b) each line
shows the mean and standard deviation of the value of the corresponding policy over 100 simulations.
We omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.
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(a) Policy Evaluation

Figure 5: Quadratic, High Dimensional Regime: (a) Black line shows the true value of the policy,
and each line shows the mean and standard deviation of the policy over 100 simulations. (b) each line
shows the mean and standard deviation of the value of the corresponding policy over 100 simulations.
We omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.
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