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Abstract

This paper shows how to construct locally robust semiparametric GMM estimators,
meaning equivalently moment conditions have zero derivative with respect to the first
step and the first step does not affect the asymptotic variance. They are constructed by
adding to the moment functions the adjustment term for first step estimation. Locally
robust estimators have several advantages. They are vital for valid inference with machine
learning in the first step, see Belloni et. al. (2012, 2014), and are less sensitive to the
specification of the first step. They are doubly robust for affine moment functions, where
moment conditions continue to hold when one first step component is incorrect. Locally
robust moment conditions also have smaller bias that is flatter as a function of first step
smoothing leading to improved small sample properties. Series first step estimators confer
local robustness on any moment conditions and are doubly robust for affine moments, in
the direction of the series approximation. Many new locally and doubly robust estimators
are given here, including for economic structural models. We give simple asymptotic theory
for estimators that use cross-fitting in the first step, including machine learning.
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1 Introduction

There are many economic parameters that depend on nonparametric or large dimensional first
steps. Examples include games, dynamic discrete choice, average consumer surplus, and treat-
ment effects. This paper shows how to construct GMM estimators that are locally robust to the
first step, meaning equivalently that moment conditions have a zero derivative with respect to
the first step and that estimation of the first step does not affect their influence function.

Locally robust moment functions have several advantages. Belloni, Chen, Chernozhukov,
and Hansen (2012) and Belloni, Chernozhukov, and Hansen (2014) showed that local robust-
ness, also referred to as orthogonality, is important for correct inference about parameters of
interest when machine learning is used in the first step. Locally robust moment conditions
are also nearly correct when the nonparametric part is approximately correct. This robustness
property is appealing in many settings where it may be difficult to get the first step completely
correct. Furthermore, local robustness implies the small bias property analyzed in Newey, Hsieh,
and Robins (1998, 2004; NHR henceforth). As a result asymptotic confidence intervals based
on locally robust moments have actual coverage probability closer to nominal than for other
moments. Also, bias is flatter as a function of first step bias for locally robust estimators than
for other estimators. This tends to make their mean-square error (MSE) flatter as a function
of smoothing also, so their performance is less sensitive to smoothing. In addition, by virtue
of their smaller bias, locally robust estimators have asymptotic MSE that is smaller than other
estimators in important cases and undersmoothing is not required for root-n consistency. Fi-
nally, asymptotic variance estimation is straightforward with locally robust moment functions,
because the first step is already accounted for.

Locally robust moment functions are constructed by adding to the moment functions the
terms that adjust for (or account for) first step estimation. This construction gives moment
functions that are locally robust. It leads to new estimators for games, dynamic discrete choice,
average surplus, and other important economic parameters. Also locally robust moments that
are affine in a first step component are globally robust in that component, meaning the moments
continue to hold when that component varies away from the truth. This result allows construc-
tion of doubly robust moments in the sense of Scharfstein, Rotnitzky, and Robins (1999) and
Robins, Rotnitzky, and van der Laan (2000) by adding to affine moment conditions an affine
adjustment term. Here we construct many new doubly robust estimators, e.g. where the first
step solves a conditional moment restriction or is a density.

Certain first step estimators confer the small bias property on moment functions that are

not locally robust, including series estimators of mean-square projections (Newey, 1994), sieve



maximum likelihood estimators (Shen, 1996, Chen and Shen, 1997), bootstrap bias corrected
first steps (NHR), and higher-order kernels (Bickel and Ritov, 2003). Consequently the inference
advantages of locally robust estimators may be achieved by using one of these first steps. These
first steps only make moment conditions locally robust in certain directions. Locally robust
moments have the small bias property in a wider sense, that the moments are nearly zero as the
first step varies in a general way. This property is important when the first step is chosen by
machine learning or in other very flexible, data based ways; see Belloni et. al. (2014).

First step series estimators have some special robustness properties. Moments without the
adjustment term can be interpreted as locally robust because there is an estimated adjustment
term with average that is identically zero. This property corresponds to first step series esti-
mators conferring local robustness in the direction of the series approximation. Also, first step
series estimators are doubly robust in those directions when the moment functions and first step
estimating equations are affine.

The theoretical and Monte Carlo results of NHR show the bias and MSE advantages of lo-
cally robust estimators for linear functionals of a density. The favorable properties of a twicing
kernel first step versus a standard first step found there correspond to favorable properties of
locally robust moments versus original moments, because a twicing kernel estimator is numer-
ically equivalent to adding an estimated adjustment term. The theoretical results show that
using locally robust moment conditions increases the rate at which bias goes to zero but only
raises the variance constant, and so leads to improved asymptotic MSE. The Monte Carlo results
show that the MSE of the locally robust estimator is much flatter as a function of bandwidth
and has a smaller minimum than the original moment functions, even with quite small samples.
Advantages have also been found in the literature on doubly robust estimation of treatment
effects, as in Bang and Robins (2005) and Firpo and Rothe (2016). These results from ear-
lier work suggest that locally robust moments provide a promising approach to improving the
properties of semiparametric estimators.

This paper builds on other earlier work. Locally robust moment conditions are semipara-
metric versions of Neyman (1959) C(«a) test moments for parametric models, with parametric
extensions to nonlikelihood settings given by Wooldridge (1991), Lee (2005), Bera et. al. (2010),
and Chernozhukov, Hansen, and Spindler (2015). Hasminskii and Ibragimov (1978) suggested
an estimator of a functional of a nonparametric density estimator that can be interpreted as
adding the first step adjustment term. Newey (1990) derived the form of the adjustment term
in some cases. Newey (1994) showed local robustness of moment functions that are derivatives
of an objective function where the first step has been "concentrated out," derived the form
of the adjustment term for many important cases, and showed that moment functions based
on series nonparametric regression have small bias. General semiparametric model results on

doubly robust estimators were given in Robins and Rotnitzky (2001).



NHR showed that adding the adjustment term gives locally robust moments for functionals
of a density integral and showed the important bias and MSE advantages for locally robust
estimators mentioned above. Robins et. al. (2008) showed that adding the adjustment term
gives local robustness of explicit functionals of nonparametric objects, characterized some doubly
robust moment conditions, and considered higher order adjustments that could further reduce
bias. The form of the adjustment term for first step estimation has been derived for a variety
of first step estimators by Pakes and Olley (1995), Ai and Chen (2003), Bajari, Chernozhukov,
Hong, and Nekipelov (2009), Bajari, Hong, Krainer, and Nekipelov (2010), Ackerberg, Chen,
and Hahn (2012), Ackerberg, Chen, Hahn, and Liao (2014), and Ichimura and Newey (2016),
among others. Locally and doubly robust moments have been constructed for a variety of
estimation problems by Robins, Rotnitzky, and Zhao (1994, 1995), Robins and Rotnitzky (1995),
Scharfstein, Rotznitzky, and Robins (1999), Robins, Rotnitzky, and van der Laan (2000), Robins
and Rotnitzky (2001), Belloni, Chernozhukov, and Wei (2013), Belloni, Chernozhukov, and
Hansen (2014), Ackerberg, Chen, Hahn, and Liao (2014), Firpo and Rothe (2016), and Belloni,
Chernozhukov, Fernandez-Val, and Hansen (2016).

Contributions of this paper are a general construction of locally robust estimators in a
GMM setting, a general nonparametric construction of doubly robust moments, and deriving
bias and other large sample properties. The special robustness properties of first step series
estimators are also shown here. We use these results to obtain many new locally and doubly
robust estimators, such as those where the first step allows for endogeneity or is a conditional
choice probability in an economic structural model. We expect these estimators to have the
advantages mentioned above, that machine learning can be used in the first step, the estimators
have appealing robustness properties, smaller bias and MSE, are less sensitive to bandwidth,
have closer to nominal coverage for confidence intervals, and standard errors that can be easily
computed.

Section 2 describes the general construction of locally robust moment functions for semipara-
metric GMM. Section 3 shows how the first step adjustment term can be derived and shows the
local robustness of the adjusted moments. Section 4 introduces local double robustness, shows
that affine, locally robust moment functions are doubly robust, and gives new classes of doubly
robust estimators. Section 5 describes how locally robust moment functions have the small bias
property and a smaller remainder term. Section 6 considers first step series estimation. Section
7 characterizes locally robust moments based on conditional moment restrictions. Section 8
gives locally robust moment conditions for conditional choice probability estimation of discrete
game and dynamic discrete choice models. Section 9 gives asymptotic theory based on cross

fitting with easily verifiable regularity conditions for the first step, including machine learning.



2 Constructing Locally Robust Moment Functions

The subject of this paper is GMM estimators of parameters where the sample moment functions
depend on a first step nonparametric or large dimensional estimator. We refer to these estimators
as semiparametric. We could also refer to them as GMM where first step estimators are “plugged
in” the moments. This terminology seems awkward though, so we simply refer to them as
semiparametric GMM estimators. We denote such an estimator by /3, which is a function of the
data z1, ..., z, where n is the number of observations. Throughout the paper we will assume that
the data observations z; are i.i.d. We denote the object that B estimates as [y, the subscript
referring to the parameter value under the distribution that generated the data.

To describe the type of estimator we consider let m(z, 3, 7) denote an r x 1 vector of functions
of the data observation z, parameters of interest 3, and a function v that may be vector valued.
The function v can depend on § and z through those arguments of m. Here the function
represents some possible first step, such as an estimator, its limit, or a true function. A GMM

estimator can be based on a moment condition where [, is the unique parameter vector satisfying

E[m(z;, Bo,70)] = 0, (2.1)

and 1y is the true . Here it is assumed that this moment condition identifies 5. Let 4 denote
some first step estimator of 7y. Plugging in 4 to obtain m(z;, 3,9) and averaging over z; gives the

estimated sample moments m(5) = >, m(z;, 3,%)/n. For W a positive semi-definite weighting

matrix a semiparametric GMM estimator is

§ = argminsm(5) Wi (5),
where AT denotes the transpose of a matrix A and B is the parameter space for 3.

As usual a choice of W that minimizes the asymptotic variance of /n(3 — ) will be
a consistent estimator of the inverse of the asymptotic variance of \/n7(fy). Of course that
efficient W may include adjustment terms for the first step estimator 4. This optimal W also
gives an efficient estimator in the wider sense shown in Ackerberg, Chen, Hahn, and Liao (2014).
The optimal W makes B efficient in a semiparametric model where the only restrictions imposed
are equation (2.1).

To explain and analyze local robustness we consider limits when the true distribution of a
single observation z; is F', and how those limits vary with F' over a general class of distributions.
This kind of analysis can be used to derive the asymptotic variance of semiparametric estimators,
as in Newey (1994), and is also useful here. Let «(F') denote the limit of 4 when F' is the true
distribution of z;. Here v(F') is understood to be the limit of 4 under general misspecification
where F' need not satisfy the conditions used to construct 4. We also consider parametric models

F, where 7 denotes a vector of parameters, with F, equal to the true distribution Fy at 7 = 0.



We will restrict each parametric model to be regular in the sense used in the semiparametric
efficiency bounds literature, so that F, has a score S(z) (derivative of the log-likelihood in many
cases, e.g. see Van der Vaart, 1998, p. 362) at 7 = 0 and possibly other conditions are satisfied.
We also require that the set of scores over all regular parametric family has mean square closure
that includes all functions with mean zero and finite variance. Here we are assuming that the
set of scores for regular parametric models is unrestricted, the precise meaning of the domain of
~v(F') being a general class of distributions. We define local robustness in terms of such families

of regular parametric models.

DEFINITION 1: The moment functions m(z,[3,v) are locally robust if and only if for all

reqular parametric models

OE[m(z;, Bo, v(F))]
or

=0

This zero pathwise derivative condition means that moment conditions are nearly zero as the
first step limit v(F’) departs from the truth 7, along any path v(F}). Below we use a functional
derivative condition, but for now this pathwise derivative definition is convenient. Throughout
the remainder of the paper we evaluate derivatives with respect to 7 at 7 = 0 unless otherwise
specified.

In general, locally robust moment functions can be constructed by adding to moment func-
tions the term that adjusts for (or accounts for) first step estimation. Under conditions discussed

below there is a unique vector of functions ¢(z, 3,7) such that E[¢(z;, So, V)] = 0 and
. 1 < ) 1 <
V(o) = 7 ;m(% Bo,7) = 7 ;{m(zi, Bo,70) + (21, Bo,70) } + 0p(1). (2.2)

Here ¢(z, 5o, 70) adjusts for the presence of 4 in m(z, By, 7). Locally robust moment functions

can be constructed by adding ¢(z, 53,7) to m(z, 3,7) to obtain new moment functions

9(z,8,7) = m(z,B,7) + é(z,B,7). (2.3)

For g(8) =Y i, 9(zi, 8,%)/n, alocally robust semiparametric GMM estimator is obtained as
B = arg min (8) W4 (5).

In a parametric setting it is easy to see how adding the adjustment term for first step
estimation gives locally robust moment conditions. Suppose that the first step estimator ¥ is
a function of a finite dimensional vector of parameters A\ where there is a vector of functions

h(z,\) satisfying E[h(z;, Ao)] = 0 and the first step parameter estimator \ satisfies
RN :
— Y h(z,A) = 0,(1). (2.4)
Vi
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For H = OE[h(z;, \)]/0A|,_,, the usual expansion gives

V(A = o) = —H1% z;‘ h(zi, M) + 0p(1).

For notational simplicity let the moment functions depend directly on A (rather than ~y (\)) and
so take the form m(z, 8, \). Let My = OE[m(z;, o, Ao)]/OA. Another expansion gives

Vi (Bo) = \/—Zm (21, Bos M) + Ma/n(X — Xo) + 0,(1)

Z{m %, Bos o) — MyH " h(zi, M)} + 0,(1).

Here we see that the adjustment term is
(2,8, \) = —MyH *h(z,\). (2.5)

We can add this term to the original moment functions to produce new moment functions of

the form
g('zaﬁa)‘) - m(z757/\) + ¢(z767 )‘) - m(zvﬁv)‘) - M)\H_lh(z7 /\>

Local robustness of these moment functions follows by the chain rule and

E{g(zlaﬁoa)\)] — { (Zlﬂﬁov ) H 1h<Z%7A>] — M, — M H*lHZO
OA Ao O A= Y .

Neyman (1959) used scores and the information matrix to form such g(z, 5, A) in a parametric
likelihood setting, where ¢(z, By, A\g) has an orthogonal projection interpretation. There the
purpose was to construct tests, based on g(z, 5, \), where estimation of the nuisance parameters
A did not affect the distribution of the tests. The form here was given in Wooldridge (1991) for
nonlinear least squares and Lee (2005), Bera et. al (2010), and Chernozhukov et. al. (2015)
for GMM. What appears to be new here is construction of locally robust moment functions by
adding the adjustment term to original moment functions.

In general the adjustment term ¢(z,3,~v) may depend on unknown components that are
not present in the original moment functions m(z, 3,7). In the above parametric example the
matrix MyH ! is unknown so its elements should really be included in v, along with . If we
do this local robustness will continue to hold with these additional components of v because
E[h(zi, Ao)] = 0. For notational simplicity we will take v to be the first step for the locally
robust moment functions g(z, 5,v) = m(z, 8,7v) + ¢(z, B,7), with the understanding ¢(z, 3,7)
will generally depend on first step functions that are not included in m(z, 3, 7).

In general semiparametric settings the form of the adjustment term ¢(z,3,v) and local

robustness of g(z,,7) can be explained in terms of influence functions. We will do so in the
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next Section. In many interesting cases the form of the adjustment term ¢(z, 3,7) is already
known, allowing construction of locally robust estimators. We conclude this section with an
important class of examples.

The class of examples we consider is one where the first step 4; is based on a conditional
moment restriction E[p(z;, 710)|x;] = 0 for a residual p(z, ;1) and instrumental variables xz. The
conditional mean or median of y; given x; are included as special cases where p(z,71) = y—1(x)
and p(z,71) = 2-1(y < y1(x))—1 respectively, as are versions that allow for endogeneity where v,
depends on variables other than z. We take 4; to have the same limit as the nonparametric two-
stage least squares (NP2SLS) estimator of Newey and Powell (1989, 2003) and Newey (1991).
Thus, 4; has limit v (F) satisfying

71 (F) = arg glgrl Er[{Er[p(zi,m)|zi]}7],

and Er denotes the expectation under the distribution F'. Suppose that there is y9(z) in the
mean square closure of the set of derivatives OE[p(z;,v1(F:))|x:]/OT as F; varies over regular

parametric models such that

OEm(2;, Bo, 11(Fr))] OE[p(zi, v1(Fr))|]

=-F i : 2.
- o) 2L DI (2.6
Then from Ichimura and Newey (2016) the adjustment term is
Qb(Z,ﬁ,’}/) :72($,ﬁ)p(2,’71) (27)

A function 9 () satisfying equation (2.6) exists when the set of derivatives OE[p(z;, v1(F;))|xi]/OT
is linear as F, varies over parametric models, OF[m(z;, Bo,71(F,))]/OT is a linear functional
of OE[p(zi, v1(F;))|x;]/OT, and that functional is continuous in mean square. Existence of
~20(x) then follows from the Riesz representation theorem. Special cases of this characteri-
zation of 90(x) are in Newey (1994), Ai and Chen (2007), and Ackerberg, Chen, Hahn, and
Liao (2014). When 0E[m(z;, Bo,v1(F;))]/OT is not a mean square continuous functional of
OFE[p(zi, 1 (Fy))|z;] /O then first step estimation should make the moments converge slower
than 1/y/n, as shown by Newey and McFadden (1994) and Severini and Tripathi (2012) for
special cases. The adjustment term given here includes Santos (2011) as a special case with
m(z, 8,m) = [v(x)n(x)dr — [, though Santos (2011) is more general in allowing for noniden-
tification of .

There are a variety of ways to construct an estimator ¢(z;, 3,7) of the adjustment term to
be used in forming locally robust moment functions, see NHR, and Ichimura and Newey (2016).
A relatively simple and general one when the first step is a series or sieve estimator is to treat
the first step as if it were parametric and use the parametric formula in equation (2.5). This

approach to estimating the adjustment term is known to be asymptotically valid in a variety



of settings, see Newey (1994), Ackerberg, Chen, and Hahn (2012), and Ichimura and Newey
(2016). For completeness we give a brief description here.

We parameterize an approximation to 7, as y; = v(A) where A is a finite dimensional vector
of parameters as before. Let m(z;, 5,\) = m(z;, 5,71(\)) and \; denote an estimator of Ao
solving E[h(z;, Ao)] = 0, that is allowed to depend on observation i. Being a series or sieve
estimator the dimension of A and hence of h(z, \) will increase with sample size. Also, let Z(7)
be a set of observation indices that can also depend on i. An estimator of the adjustment term

is give by

A - P h
0(zis B,4) = =Min(B)H; " h(zi, M), Mia(8) = ) 8”‘(23;’ =y P

FET(7) JEL(3)

This estimator allows for cross fitting where ;\i, M, Az, and H; depend only on observations other
than the i**. cross fitting is known to improve performance in some settings, such as in "leave
one out" kernel estimators of averages, e.g. see NHR. This adjustment term will lead to locally

robust moments in a variety of settings, as further discussed below.

3 Influence Functions, Adjustment Terms, and Local Ro-

bustness

Influence function calculations can be used to derive the form of the adjustment term ¢(z, 3,7)
and show local robustness of the adjusted moment functions g(z, 8,7) = m(z, 5,7) + ¢(z, 5,7).
To explain influence functions note that many estimators are asymptotically equivalent to a
sample average. The object being averaged is the unique influence function. For example, in
equation (2.2) we are assuming that the influence function of 7(5y) is g(z, 5o, v0) = m(z, Bo, Y0)+
®(z, Bo,Y0)- This terminology is widely used in the semiparametric estimation literature.

In general an estimator ji of a true value po and its influence function (z) satisfy

V(i = ) Zw z) + 0p(1), E[¢(z)] = 0, E[¢(2:)1(2)'] exists.

The function 1 (z) can be characterized in terms of the functional u(F') that is the limit of [
under general misspecification where F' need not satisfy the conditions used to construct ji. As
before, we allow F' to vary over a family of regular parametric models where the set of scores for
the family has mean square closure that includes all mean zero functions with finite variance. As
shown by Newey (1994) the influence function (z) is then the unique solution to a derivative
equation of Van der Vaart (1991),

ou(Fr)
or

= E[(2)5(z)], El[ ()] =0, (3.1)



as I, (and hence S(z)) varies over the general family of regularly parametric models. Ichimura
and Newey (2016) also showed that when t(z) has certain continuity properties it can be
computed as X

¥(z) = lim L”éff ) Fl'=(1-71)Fy+ G, (3.2)
where G" is constructed so that F is in the domain of u(F) and G" approaches the point mass
at z as h — 0.

These results can be used to derive the adjustment term ¢(z,3,v) and to explain local
robustness. Let v(F") denote the limit of the first step estimator 4 under general misspecification
when a single observation has CDF F, as discussed above. From Newey (1994, pp. 1356-1357) we
know that the adjustment term ¢(z, 5o, 7o) is the influence function of u(F') = E[m(z;, Bo, 7(F))]
where E[-] denotes the expectation at the truth. Thus ¢(z, 3,7) can be calculated as in equation
(3.2) for that u(F). Also ¢(z, 3, ) satisfies equation (3.1) for u(F) = Elm(z;, Bo, v(F))], i.e. for

the score S(z) at 7 = 0 for any regular parametric model {F’},

OE[m(z, Bo, 7(Fy))]
or

= E[¢(zi, Bo,70)S(2:)], E[¢(zi, Bo, 70)] = 0. (3.3)
Also, ¢(z, By, v0) can be computed as

. OE[m(z, fo, 1(F"
¢(’Z7607’YD) = hlino [m<z 857[') ,Y( ))]7F7{l = (1 - T)FO + TGZ?

The characterization of ¢(z, o, 70) in equation (3.3) can be used to specify another local
robustness property that is equivalent to Definition 1. We have defined local robustness as the
derivative on the left of the first equality in equation (3.3) being zero for all regular parametric
models. If that derivative is zero for all parametric models then ¢(z, 5y, 70) = 0 is the unique
solution to this equation, by the set of scores being mean square dense in the set of mean zero
random variables with finite variance. Also, if ¢(z, 5o,7) = 0 then the derivative on the left is

always zero. Therefore we have
PROPOSITION 1: ¢(z, By, v0) = 0 if and only if m(z,3,~) is locally robust.

Note that ¢(z, 5,) is the term in the influence function of m () that accounts for the first
step estimator 4. Thus Proposition 1 gives an alternative characterization of local robustness,
that first step estimation does not affect the influence function of m(/). This result is a
semiparametric version of Theorem 6.2 of Newey and McFadden (1994). It also formalizes the
discussion in Newey (1994, pp. 1356-1357).

Local robustness of the adjusted moment function g(z,3,v) = m(z, 5,v) + ¢(z, 5,7) fol-
lows from Proposition 1 and ¢(z,3,7) being a nonparametric influence function. Because

¢(z,0,7) is an influence function it has mean zero at all true distributions, i.e. pu(F) =
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[ o(z, Bo,¥(F))F(dz) = 0 identically in F. Consequently the derivative in equation (3.1) is
zero, so that (like Proposition 1) the influence function of u(F') is zero. Consequently, under
appropriate regularity conditions ¢ = Y1 | ¢(2;, 5,%)/n has a zero influence function and so
Vng = 0,(1). It then follows that

%Zg(zﬁ‘,ﬁoﬂ) = Vnin(Bo) + v/ng = /nim (o) + 0p(1) Zg 2, Bos o) +0p(1), (3.4)

where the last equality follows by equation (2.2). Here we see that the adjustment term is zero
for the moment functions g(z, 3,7). From Proposition 1 with g(z, 5,7) replacing m(z, 3,7) it
then follows that g(z, 3, ) is locally robust.

PROPOSITION 2: For the influence function ¢(z, B0, %) of p(F) = E[m(z;, Bo,v(F))] the
adjusted moment function g(z,5,v) = m(z, B,7) + ¢(z, 5,7) is locally robust.

Local robustness of g(z, 3,7) also follows directly from the identity [ ¢(z, By, 7(F))F(dz) =0
as discussed in the Appendix. Also, the adjusted moments §(fy) have the same asymptotic
variance as the original moments, as in the second equality of equation (3.4). That is, adding
o(z,8,7) to m(z,3,7) does not affect the asymptotic variance. Thus the asymptotic benefits
of the locally robust moments are in their higher order properties. Other modifications of
the moments may also improve higher-order properties of estimators, such as the cross fitting
described above (like "leave on out" in NHR) and the higher order bias corrections in Robins
et. al. (2008) and Cattaneo and Jansson (2014).

4 Local and Double Robustness

The zero derivative condition in Definition 1 is an appealing robustness property in and of itself.
Mathematically a zero derivative is equivalent to the moments remaining closer to zero than 7 as
T varies away from zero. This property can be interpreted as local robustness of the moments to
the value of v being plugged in, with the moments remaining close to zero as v varies away from
its true value. Because it is difficult to get nonparametric functions exactly right, especially in
high dimensional settings, this property is an appealing one.

Such robustness considerations, well explained in Robins and Rotnitzky (2001), have moti-
vated the development of doubly robust estimators. For our purposes doubly robust moments
have expectation zero if just one first stage component is incorrect. When there are only two first
stage components this means that the moment conditions hold when only one of the first stage
components is correct. Doubly robust moment conditions allow two chances for the moment

conditions to hold.
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It turns out that locally robust moment functions are automatically doubly robust in a local
sense that the derivative with respect to each individual, distinct first stage component is zero. In
that way the moment conditions nearly hold as each distinct component varies in a neighborhood
of the truth. Furthermore, when locally robust moment functions are affine functions of a distinct
first step component they are automatically globally robust in that component. Thus, locally
robust moment functions that are affine in each distinct first step are doubly robust.

These observations suggest a way to construct doubly robust moment functions. Starting
with any two step semiparametric moment function we can add the adjustment term to get a
locally robust moment function. When we can choose a first step of that moment function so
that it enters in an affine way the new moment function will be doubly robust in that component.

To give these results we need to define distinct components of ~. A distinct component is
one where there are parametric models F, with that component varying in an unrestricted way

but the other components of v not varying. For a precise definition we will focus on the first

component y; of ¥ = (1, ..., 7).

DEFINITION 2: A component v, of 7 is distinct if and only if there is F, such that

Y(F) = ((F7), Y205 -+, 700),
and v1(F;) is unrestricted as F, varies across parametric models.

An example is the moment function g(z,5,v,%) = m(z, 8,7) + v2(x, 8)p(z,71), where
E[p(zi,710)|z;] = 0. In that example the two components 7; and 7, are often distinct because v;
depends only on the conditional distribution of z; given x; and 759 (z, ) depends on the marginal
distribution of z; in an unrestricted way.

Local robustness means that the derivative must be zero for any model, so in particular it

must be zero for any model where only the distinct component is varying. Thus we have

PROPOSITION 3: If v, is distinct then for g(z,[5,v) = m(z,5,7) + ¢(z,8,7) and regular

parametric models F, as in Definition 2,

8E[9(2i7 Bo, 71(FT), Y205 -5 %0)]
or

=0.

This result is an application of the simple fact that when a multivariable derivative is zero
the partial derivative must be zero when the variables are allowed to vary in an unrestricted
way. Although this fact is simple, it is helpful in understanding when local robustness holds
for individual components. This means that locally robust moment functions automatically
have a local double robustness property, that the expectation of the moment function remains

nearly zero as each distinct first stage component varies away from the truth. For example, for
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a first step conditional moment restriction where g(z, 8,7v) = m(z, 8,7) + Y2(x, 8)p(z,7), the

conclusion of Proposition 3 is

OE[m(2;, Bo, v1(Fr)) + y20(wi) p(zi, 71 (F7))]
or

In fact, this result is implied by equation (2.6), so by construction g(z,3,7) is already lo-

=0.

cally robust in y; alone. Local robustness in =, follows by the conditional moment restriction
Elp(zi,710)|7:] = 0.
Moments that are locally robust in a distinct component 7; will be globally robust in ~; if
v, enters the moments in an affine way, meaning that for any v; and v = (1, Y20, .-, 7J0) and
any z,
9(z, 8,1 =7)y +77) = (L =7)-g(2,8,7%) +7-9(2,8,7). (4.1)

Global robustness holds because an affine function with zero derivative is constant. For simplicity
we state a result when F. can be chosen so that v(F,) = (1 —7)7o+ 77y though it will hold more
generally. Note that here

Elg(zi, Bo,7(F7))] = (1 = 1) Elg(2i, Bo, %0)] + 7 - Elg(zi, Bo, 7)] = 7 - Elg(zi, Bo, 7)]-

Here the derivative of the moment condition with respect to 7 is just E[g(z;, 5o, y)] so Proposition

3 gives the following result:

PROPOSITION 4: If equation (4.1) is satisfied and there is F, with v(F;) = ((1 — 7)v0 +
T715 720, ”'7’%]0)/ then E[g(zu 607’)/17 Y205 -5 ’YJU)] =0.

Thus we see that locally robust moment functions that are affine in a distinct first step
component are globally robust in that component. This result includes many existing examples
of doubly robust moment functions and can be used to construct new ones.

A general class of doubly robust moment functions that appears to be new and includes
many new and previous examples has first step satisfying a conditional moment restriction
E[p(zi,710)|zi] = 0 where p(z,v1) and m(z, 5y, 71) are affine in ;. Suppose that E[m(z;, B, 71)]
is a mean-square continuous linear functional of F[p(z;,y1)|x;] for 71 in a linear set I'. Then by
the Riesz representation theorem there is v*(x) in the mean square closure II of the image of
Elp(zi,71)|x;] such that

E[m(z, Bo, )] = =B (2:) Elp(zi, y)|zi]]l = =Bl (z:)p(zi; )], € T (4.2)

Let 790(z) be any function such that ~o0(x;) — 7v*(z;) is orthogonal to II and g(z,[3,v) =
m(z, 5,71) + Y(z, B)p(z,71). Then E[g(zi, Po,71,720)] = 0 by the previous equation. It also
follows that E[g(z:, Bo, Y10,72)] = 0 by E[p(zi,v10)|zi] = 0. Therefore g(z, 5,71,72) is doubly
robust, showing the following result:
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PrOPOSITION 5: If m(z;, fo, 1) and p(z;,71) are affine in v € T’ with T' linear and
E[m(z;, Bo,11)] is a linear, mean square continuous functional of E|p(z;,71)|z;| then there is

")/20(1’) such that 9(2767717’)/2) = m(275>71) + 72($76)p(’2771) is dOUbly robust.

Section 3 of Robins et. al. (2008) gives necessary and sufficient conditions for a moment
function to be doubly robust when ~; and 7, enter the moment functions as functions evaluated
at observed x. Proposition 5 is complementary to that work in deriving the form of doubly robust
moment functions when the first step satisfies a conditional moment restriction and m(z, 8, v1)
can depend on the entire function ;.

It is interesting to note that v such that E[g(z, 5o, 71,720)] = 0 for all 3 € I' is not unique
when II does not include all functions of z, the overidentified case of Chen and Santos (2015).
This nonuniqueness can occur when there are multiple ways to estimate the first step 19 using
the conditional moment restrictions E[p(z;, v10)|%:] = 0. As discussed in Ichimura and Newey
(2016), the different ~99(z;) correspond to different first step estimators, with yeo(z;) = 7*(2;)
corresponding to the NP2SLS estimator.

An important case is a linear conditional moment restrictions setup up like Newey and Powell
(1989, 2003) and Newey (1991) where

p(z,m) =y —n(w), Ely; — yio(w;)|zi] = Elp(2i,710)|@:] = 0. (4.3)

Consider a moment function equal to m(z, 8,71) = v(w)y(w) — B for some known function
v(w), where the parameter of interest is By = E[v(w;)y10(w;)]. If there is 4(x) such that v(w;) =
E[y(z;)|w;] then we have

Elm(zi, Bo, 11)] = Elv(wi){yn(wi) — yio(wi) }] = E[E[y(z:)|wil{yi(wi) — y10(wi)}]
= Ey(z){n(wi) — yo(wi)}] = =E[¥(x:)p(zi, 1))

It follows that g(z, 8,v) = m(z, 5,7) +72(z)p(z,71) is doubly robust for va0(z) = ¥(x;). Inter-
estingly, the existence of 4 with v(w;) = E[¥(x;)|w;] is a necessary condition for root-n consistent
estimability of 3y as in Severini and Tripathi’s (2012, Lemma 4.1). We see here that a doubly
robust moment condition can always be constructed when this necessary condition is satisfied.

Also, similarly to the above, the v50(x) may not be unique.

COROLLARY 6: If m(z,5,71) = v(w)y1(w) — B, equation (4.3) is satisfied, and there is 7(x)

such that v(w) = E[y(z)|w] then g(z,8,71,72) = v(w)n(w) = 4+ 72(2)ly — n(w)] is doubly
robust for yso(z) — 7(z) orthogonal to T1.

A new example of a doubly robust moment condition corresponds to the weighted average
derivative of y19(w) of Ai and Chen (2007). Here m(z,,71) = v(w)0y:(w)/0w — [ for some
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function v(w). Let fo(w) be the pdf of w;. Assuming that v(w)vy;(w)fo(w) is zero on the

boundary of the support of w;, integration by parts gives

E[m(zi, fo, )] = Elv(wi){y1(wi) — yo(wi)}], v(w) = fo(w) 0o (w) fo(w)]/Ow.

Assume that there exists 7(z) such that v(w;) = E[y(z;)|w;]. Then as in Proposition 5 a doubly

robust moment function is

o On(w
oz 8,7) = o) 0 g oy — ()]
A special case of this example is the doubly robust moment condition for the weighted average
derivative in the exogenous case where w; = x; given in Firpo and Rothe (2016).
Doubly robust moment conditions can be used to identify parameters of interest. In general,

if g(z, 8,71,72) is doubly robust and 7y is identified then [y may be identified from

E[Q('zw 607 ’717 720)] = 07
for any fixed 4; when the solution 3, to this equation is unique.

PrOPOSITION 7: If g(z,0,71,72) is doubly robust, voo is identified, and for some 7, the
equation E[g(z;, B,71,720)] = 0 has a unique solution then By is identified as that solution.

Applying this result to the NPIV setting gives an explicit formula for certain functionals of
710(w) without requiring that the completeness identification condition of Newey and Powell
(2003) be satisfied, similarly to Santos (2011). Suppose that v(w) is identified, e.g. as for the
weighted average derivative. Since both w and x are observed it follows that a solution vs0(x)

to v(w) = Elvyyo(z)|w] will be identified if such a solution exists. Plugging in 41 = 0 in the
equation Elg(z;, Bo, 71,720)] = 0 gives

COROLLARY 8: If v(w;) is identified and there exists vao(x;) such that v(w;) = Elya(z;)|w;]
then By = Ev(w;)y10(w;)] is identified as By = Flyao(xi)y:].

Note that this result holds without the completeness condition. Identification of £, =
Elv(w;)y10(w;)] for known v(w;) with v(w;) = Elvya0(x;)|w;] follows from Severini and Tripathi
(2006). Santos (2011) gives a related formula for a parameter 8y = [ 0(w)ya0(w)dw. The for-
mula here differs from Santos (2011) in being an expectation rather than a Lebesgue integral.
Santos (2011) constructed an estimator. That is beyond the scope of this paper.

Another new example of a doubly robust estimator is a weighted average over income values
of an average (across heterogenous individuals) of exact consumer surplus bounds, as in Hausman
and Newey (2016). Here y is quantity consumed, w = x = (1, x2)’, o1 is price, xs is income,

mo(z;) = Elyi|z;], price is changing between #; and Z;, and B is a bound on the income
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effect. Let vy(z2) be some weight function and vy (z;) = 1(#; < 21 < Z;)e”B@=%), For the
moment function m(z, 5, v1) = va(x2) [ v1(u)y1(u, z2)du — [ the true parameter [ is a bound
on the average of equivalent variation over unobserved individual heterogeneity and income. Let

fio(x1|x2) denote the conditional pdf of z; given xs. Note that

Em(zi, Bo, 11)] = Elva(za:) /Ul(u)[%(u»fﬁm’) — 7o0(u, T2;)]du]

= E[fio(w1i]|2:) " o1 (z1:)v2(@2:) {71 (2:) — Y10(2:) }]
= —Eyao(xi) Elyi — v (i) |z:]], v20(2) = fro(@a|2) " vr (1) va(22).

Then it follows by Proposition 5 that a doubly robust moment function is

9(2,5,7) = va(r2) / o1 (w1 (s 22)du — B+ () y — ()]

When the moment conditions are formulated so that they are affine in the first step Propo-
sition 4 applies to many previously developed doubly robust moment conditions. Data missing
at random is a leading example. Let 3 be the mean of a variable of interest w where w is not
always observed, y € {0,1} denote an indicator for w being observed, and x a vector of covari-
ates. Assume w is mean independent of y conditional on covariates x. We consider estimating
Po using the propensity score Py(z;) = Pr(y; = 1|z;). We specify an affine conditional moment
restriction by letting v1(z) = 1/P(x) and p(z,71) = 11 (x)y — 1. We have 8y = E[yio(z;)yiw;], as
is well known. An affine moment function is then m(z, 8,v1) = 1 (z)yw — 5. Note that

Elm(zi, Bo, )] = ElE[ywilzi{y(2:) — v10(x:) Y = —E[va0(:)p(zi,71)],
720(%‘) = —710(%)E[yiwi’$i]-

Then Proposition 5 implies that a doubly robust moment function is given by

9(2,8,7) = n@)yw — B — y(x)[n(x)y — 1].

This is the well known doubly robust moment function of Robins, Rotnitzky, and Zhao (1994).

This example illustrates how applying Propositions 4 and 5 require specifying the first step
so that the moment functions are affine. These moment conditions were originally shown to be
doubly robust when the first step is taken to be the propensity score P (x). Propositions 4 and
5 only apply when the first step is taken to be 1/P(x). More generally we expect that particular
formulations of the first step may be needed to make the moment functions affine in the first
step and so use Propositions 4 and 5 to derive doubly robust moment functions.

Another general class of doubly robust moment functions depend on the pdf v; of a sub-
set of variables z; and are affine in ;. An important example of such a moment function

is the average where 8y = [ fo(z)?dx and m(z,5,7) = m(x) — 8. Another is the density
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weighted average derivative (WAD) of Powell, Stock, and Stoker (1989) where m(z,5,71) =
—2y - 0v1(z)/0x — (. Assume that E[m(z;, B, 71)] is a function of ~; — 730 that is continuous in
the norm [ [[v1(u) — y10(w)]*du] 2 Then by the Riesz representation theorem there is 79 (2)
with

Elm(z;, o, m1)] = /720@)[%(“) — Yo(u)]du. (4.4)

The adjustment term for m(z, 3,7), as in Proposition 3 of Newey (1994), is ¢(z, 5,7) = Ya(z) —
[ ~v2(w)y1(u)du. The corresponding locally robust moment function is

9 5,1.7) = mlz B.w) +20(o) = [ () (1.5

This function is affine in v; and ~» separately so when they are distinct Proposition 4 implies

double robustness. Double robustness also follows directly from
Blg(s,50,7)) = [ (o) = mafadu + [ a(wmoud— [ ra(wm()da
= [ ba(w) = san(w] () = o)l

Thus we have the following result:

PROPOSITION 9: If m(z;,B,7m) is affine in v, and Elm(z;, Bo,71)] is a linear function of
Y — 10 that is continuous in the norm [ J{n( ) - 710( ) }2da) 2 , then for ~a0(x) from equation
(4.4), g(z,8,7) = m(z, B,71) + 72(x) — [ y2(u)y1(u)du is doubly robust

We can use this result to derive doubly robust moment functions for the WAD. Let 6(x;) =
Elyi|zi]y10(z;). Assuming that §(u)vy;(u) is zero on the boundary, integration by parts gives

E[m(z, fo,11)] = —2E[y;071(2;)/0x] — Bo = 2 /[85@)/8“]{71(“) — Y10(u) }du,

so that yeo(x) = 20d(x)/0z. A doubly robust moment condition is then

9(z,8,7) = 8781( ?) - B+ 28(;(;) —/Zag(gt)vl(u)du.

The double robustness of this moment condition appears to be a new result. As shown in Newey,
Hsieh, and Robins (1998), a "delete-one" symmetric kernel estimator based on this moment
function gives the twicing kernel estimator of NHR. Consequently the MSE comparisons of
NHR for twicing kernel estimators with the original kernel estimator correspond to comparison
of a doubly (and locally) robust estimator with one based on unadjusted moment conditions, as
discussed in the introduction.

It is interesting to note that Proposition 9 does not require that +v; and v, are distinct first

step components. For the average density ;1 (z) and 72(z) both represent the marginal density
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of x and so are not distinct. Nevertheless the moment function ¢(z, 5o,7) = 7 (x) — Bo +
Yo(x) — [ 71 (u)y2(u)du is doubly robust, having zero expectation if either v, or 7, is correct.
This example shows a moment function may be doubly robust even though +; and 7, are not
distinct. Thus, there are doubly robust moment functions that cannot be constructed using
Proposition 4.

All of the results of this Section continue to hold with cross fitting. That is true because the
results of this Section concern the moment and their expectation at various values of the first

step, and not the particular way in which the first step is formed.

5 Small Bias of Locally Robust Moment Conditions

Adding the adjustment term improves the higher order properties of the estimated moments
though it does not change their asymptotic variance. An advantage of locally robust moment
functions is that the effect of first step smoothing bias is relatively small. To describe this
advantage it is helpful to modify the definition of local robustness. In doing so we allow F' to
represent a more general object, an unsigned measure (charge). Let ||-|| denote a seminorm on
F' (a seminorm has all the properties of a norm but may be zero when F' is not zero). Also, let

F be a set of charges where m(z, By, 7(F)) is well defined.

DEFINITION 3: m(z, 3,7) is locally robust if and only if E[m(z;, Bo,v(F))] = o(||F — Fo|)
for F' € F.

Definition 1 requires that p(F') have a zero pathwise derivative. Definition 3 requires a zero
Frechet derivative for the semi-norm ||-||, generally a stronger condition than a zero pathwise
derivative. The zero Frechet derivative condition is helpful in explaining the bias properties of
locally robust moment functions.

Generally a first estimator will depend on some vector of smoothing parameters b. This
b could be the bandwidth in a kernel estimator or the inverse of number of terms in a series
estimator. Suppose that the limit of 4 for fixed b is v(F}) where F}, is a "smoothed" version of
the true distribution that approaches the truth £y as b — 0. Then under regularity conditions
m(5y) will have limit E[m(z;, Bo, v(F3))]. We can think of ||F, — Fp|| as a measure of the smooth-
ing bias of F,. Similarly E[m(z;, 8o, 7(Fp))] is a measure of the bias in the moment conditions
caused by smoothing. The small bias property (SBP) analyzed in NHR is that the expectation

of the moment functions vanishes faster than the nonparametric bias as b — 0.

DEFINITION 4: m(z, 3,7) and Fy, have the small bias property if and only if E[m(z;, Bo,y(Fy))]
o(||[Fy — Fol|) as b — 0.
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As long as Fy, € F, the set F in Definition 3, locally robust moments will have bias that
vanishes faster than the nonparametric bias || F, — Fy|| as b — 0. Thus locally robust moment

functions have the small bias property.

ProroSITION 10: If m(z,3,7) is locally robust then m(z, 3,7) has the small bias property
for any F, € F.

Note that the bias of locally robust moment conditions will be flat as a function of the first
step smoothing bias ||F}, — Fyl| as that goes to zero. This flatter moment bias can also make the
MSE flatter, meaning the MSE of the estimator does not depend as strongly on || F, — Fy|| for
locally robust moments as for other estimators.

By comparing Definitions 3 and 4 we see that the small bias property is a form of directional
local robustness, with the moment being locally robust in the direction Fjy. If the moments are
not locally robust then there will be directions where the bias of the moments is not smaller
than the smoothing bias Fj. Being locally robust in all directions can be important when the
first step is allowed to be very flexible, such as when machine learning is used to construct the
first step. There the first step can vary randomly across a large class of functions making the
use of locally robust moments important for correct inference, e.g. see Belloni, Chernozhukov,
and Hansen (2014).

This discussion of smoothing bias is based on sequential asymptotics where we consider
limits for fixed b. This discussion provides useful intuition but it is also important to consider
asymptotics where b could be changing with the sample size. We can analyze the precise effect
of using locally robust moments by considering an expansion of the average moments. Let m =
S m(2i Bos0) /1, G = Sory 9(2i, Bo,Y0) /s 0(2) = ¢(2, o, Y0), and F denote the empirical
distribution. We suppose that 4 = ’y(F ) for some estimator F of the true distribution Fy. Let
w(F) = Elm(z;, Bo,v(F))]. By adding and subtracting terms we have

i(Bo) = g+ B+ By + R, By — / o(2)[F - Fi(d), (5.1)
Ry = p(F) - / 6(2)(d2), Ry = (Bo) — 1 — p(F).

The object [ ¢(2)EF(dz) = [ ¢(2)[F — Fy)(dz) is a linearization of pu(F) = pu(F) — u(Fp) so Ry is
a nonlinearity remamder that is second order. Also Rj is a stochastic equicontinuity remainder
of a type familiar from Andrews (1994) that is also second order.

The locally robust counterpart §(3y) to m(fy) has a corresponding remainder term that
is asymptotically smaller than R;. To see this let ¢(z) = ¢(z, Bo, (A)) and note that the

mean zero property of an 1nﬂuence function will generally give [ ¢ (dz) = 0. Then by

G(Bo) =m(Bo) + [ o(z ) we have
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PROPOSITION 11: If [¢(2)F(dz) =0 then §(Bo) = g+ Ry + Ry + R,

~

By = — / 6(2) — S(IE — F(d2).

Comparing this conclusion with equation (5.1) we see that locally robust moments have the
same expansion as the original moments except that the remainder R; has been replaced by
the remainder ]%1. The remainder 1:21 will be asymptotically smaller than ]?1 under sufficient
regularity conditions. Consequently, depending on cross correlations with other terms, the
locally robust moments §(5y) can be more accurate than 7m(5y). For instance, as shown by
NHR the locally robust moments for linear kernel averages have a higher order bias term that
converges to zero at a faster rate than the original moments, while only the constant term in
the higher order variance is larger. Consequently, the locally robust estimator will have smaller
MSE asymptotically for appropriate choice of bandwidth. In nonlinear cases the use of locally
robust moments may not lead to an improvement in MSE because nonlinear remainder terms
may be important, see Robins et. al. (2008) and Cattaneo and Jansson (2014). Nevertheless,
using locally robust moments does make smoothing bias small, which can be an important
improvement.

In some settings it is possible to obtain a corresponding improvement by changing the first
step estimator. For example, as mentioned earlier, for linear kernel averages the locally robust
estimator is identical to the original estimator based on a twicing version of the original kernel
(see NHR). The improvement from changing the first step can be explained in relation to the
remainder R;, that is the difference of the integral of ¢(z) over the estimated distribution F and
its sample average. Note that F' — F will be shrinking to zero so that R; — E[R;] should be a
second order (stochastic equicontinuity) term. E[R;] is the most interesting term. If E[F] = F}

and integrals can be interchanged then

E[R)] = / 6(2) Fy(dz) = / 6(2) [y — Fol(dz).

When a twicing kernel or any other higher order kernel is used this remainder becomes second
order, depending on the smoothness of both the true distribution F and the influence function
®(z), see NHR and Bickel and Ritov (2003). Thus, by using a twicing or higher order kernel
we obtain a second order bias, so all of the remainder terms are second order. Furthermore,
series estimator automatically have a second order bias term, as pointed out in Newey (1994).
Consequently, for all of these first steps the remainders are all second order even though the
moment function is not locally robust.

The advantage of locally robust moments are that the improvement applies to any first step
estimator. One does not have to depend on the particular structure of the estimator, such

as having a kernel of sufficiently high order. This feature is important when the first step is
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complicated so that it is hard to analyze the properties of terms that correspond to E[Rl]
Important examples are first steps that use machine learning. In that setting locally robust
moments are very important for obtaining root-n consistency; see Belloni et. al. (2014). Locally

robust moments have the advantages we have discussed even for very complicated first steps.

6 First Step Series Estimators

First step series estimators have certain automatic robustness properties. Moment conditions
based on series estimators are automatically locally robust in the direction of the series approx-
imation. We also find that affine moment functions are automatically doubly robust in these
directions. In this Section we present these results.

It turns out that for certain first step series estimators there is a version of the adjustment
term that has sample mean zero, so that §(8) = m(f). That is, locally robust moments are
numerically identical to the original moments. This version of the adjustment term is con-
structed by treating the first step as if it were parametric with parameters given by those of the
series approximation, and calculating a sample version of the adjustment described in Section
2. Suppose that the coefficients A of the first step estimator satisfy oy h(z, A)/n = 0. Let
My(B) =n~ ' S0 0m(zi, 8, A) /0N, H=n""5"" dh(z, \)/ON, and

&(z, 8,7) = —My(B)H 'h(z, \) (6.1)

be the parametric adjustment term described in Section 2, where 4 includes the elements of
M,(f) and H and there is no cross fitting. Note that

1 < NN I
5 2088 = ~MMEHTTY b d) =0

It follows that g(3) = m(S), i.e. the locally robust moments obtained by adding the adjustment
term are identical to the original moments. Thus, if 32 h(z,A)/n = 0, we treat the first
step series estimator as parametric, and use the parametric adjustment term the locally robust
moments are numerically identical to the original moments. This numerical equivalence results is
an exact version of local robustness of the moments in the direction of the series approximation.

In some settings it is known that ¢(z, 3, %) in equation (6.1) is an estimated approximation to
&(zi, B,70), justifying its use. Newey (1994, p. 1369) showed that this approximation property
holds when the first step is a series regression. Ackerberg, Chen, and Hahn (2012) showed
that this property holds when the first step satisfies certain conditional moment restrictions
or is part of a sieve maximum likelihood estimator. It is also straightforward to show that
this approximation holds when the first step is a series approximates to the solution to the
conditional moment restriction E[p(z;,710)|x;] = 0. We expect that in general ¢(z, 3,7) is an

estimator of ¢(z, 3,7).
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We note that the result that §(3) = 7(3) is dependent on A not varying with the observations
and on being constructed from the whole sample. If we use cross fitting in any form then the
numerical equivalence of the original moments with their locally robust counterpart will generally
not hold. Also g(8) # m(B) will generally occur when different models are used for different
elements of . Such different models will often be present when machine learning is used for
constructing the estimators of the different elements of . See for example Chernozhukov et. al.
(2016).

There are interesting cases where the original moment functions m(z, 3,v) with a series
estimator for v are doubly robust in certain directions, with E[m(z;, Bo,71)] = 0 when ~; is
a series approximation to 7;9. Here we show this directional double robustness property for
series estimators of solutions to conditional moment restrictions and orthogonal series density
estimators. Consider first a conditional moment restriction where the residual p(z,7) is affine
in v1, m(z,3,71) is also affine in ~;, and the first step is a linear series estimator. Suppose
that the series estimator approximates ;o by a linear combination p™’\ of a vector of functions
PE(w) = (pi(w), ..., prx(w)). Let ¢%(x;) be a K x 1 vector of instrumental variables and \
be the instrumental variables estimator solving a moment condition $%, ¢% (z;)p(z:, pX'A) = 0.
Under standard regularity conditions the limit A, of A will solve the corresponding population
moment condition E[q® (z;)p(z;, pX' )] = 0. Let yo0(x) satisfy equation (4.2). Then if yg0(x;) =

0'q" (z;) for some 0 it follows that
E[m@z’aﬁo,PK,)\*)] = _E[’Yzo(xi)P@z’,PK,)\*)] = _e’E[qK(xi)P(Zi,pKl)\*)] =0.
Thus we have the result

PROPOSITION 12: If m(z;, 8,71) and p(zi,71) are affine in v, € T with T linear, E[m(z;, Bo, 71)]
is a mean square continuous functional of E[p(z;,v1)|x:], and yeo(x;) satisfying E[m(z;, Bo, )] =
—E[ya0(z:)p(2i,71)] also satisfies yoo(w;) = 0'¢™ (z;) for some 0 then E[m(z;, Bo, p™' \.)] = 0.

The property shown in the conclusion of Proposition 12 is a directional double robustness
condition that depends on v; being equal to a series approximation to ;9 and on ys(x) being
restricted. These restrictions are not required for double robustness of g(z, 8,7v) = m(z, 5,71) +
Y2 (x)p(z,71). We will have E[g(z;, Bo,V20,71)] = 0 for all 71, and not just for the 7, that are a
series approximation to 7o, and for any ~90(x) and not just one that is a linear combination of
q® (). For series first steps the the original moment functions will be doubly robust in certain
directions just as they are locally robust in certain directions.

Previous examples of Proposition 12 are given in Newey (1990, p. 116), Newey (1999), and
Robins et. al. (2007). Proposition 12 allows for endogeneity and m(z, 3,71) to depend on the
entire function ;. The condition that the instruments ¢’ (x;) have the same dimension as the

approximating functions p® (w) allows for more than K instrumental variables. As is well known,
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any IV estimator of A can be viewed as having only K instruments ¢ (z), each one of which
is equal to a linear combination of all the instrumental variables. Here the existence of 6 such
that voo(z;) = "¢ (;) is restrictive. It is not sufficient that y9(7;) be any linear combination
of all the instrumental variables. We must have 7s(z;) equal to a linear combination of the
instruments ¢ (z;) used in estimating \,. This result also extends to the case where an infinite
number of instrumental variables are used in the limit. In that case ¢* (x;) can also be interpreted
as an infinite dimensional linear combination of instrumental variables.

To illustrate, consider again the weighted average derivative example discussed above where

m(z, 5,v1) = v(w)oy(w) /0w — B, p(z,71) =y — 71 (w), and there is y99(z) such that
Elyao(@)[w] = = fo(w) " 0L fo(w)v(w)] /0w. (6.2)

Suppose that the first step is a linear instrumental variables (IV) estimator with right-hand side
variables p® (w;) and instruments ¢” (x;) and let A, be the limit of the IV coefficients. From
Proposition 12 it follows that if there is a 6 such that 6'¢" (z) = y90() then

Elv(w;) {0p" (w;)' A} JOw] — By = E[m(zi, o, p™'As)] = 0.

Thus, the weighted average derivative of the linear IV estimator will be consistent when ~o0()
is a linear combination of ¢ (z).

The case where v(w) is 1, w; is Gaussian, and E[x;|w;] is linear in w; is interesting. Partial
out constants and means so that (w}, %)’ has mean zero. Let p™ (w;) = w; and let ¢; = ¢* (z;) be
any linear combination z; such that ( = E[¢;w}] is nonsingular. Normalize w; and ¢; so that each
have an identity variance matrix. Then fo(w) ™0 fo(w)/Ow = —w. Note that E|[q;|w;] = (w;, so
that equation (6.2) is satisfied with y90(2) = —(1¢® (x).Thus the conditions of Proposition 12

are satisfied, giving the following result

COROLLARY 13: If y; = yio(w;) + &5, Elzie;] = 0, E[y?] < oo, w; is Gaussian, and Elx;|w;]
is linear in w; then for instruments equal to any linear combination q; of x; with cov(q;,w;)

nonsingular,

E[0mo(w;) /0w] = cov(gs, wi) " cov(gi, yi)-

We can give a simple, direct proof that only uses ¢; and ¢; uncorrelated, as is assumed in
Corollary 11, rather than the conditional moment restriction we have been focusing on. With

means partialed out we have E[w;] = E[¢;] = 0 so that

cov(qi, w;) " cov(g;, i) = (Elgw])) " Elgiys] = (Elgiw!]) ™ Elgivio(w;)]
= (E[Elg|wilw;]) ' E[Elgi|wi]mo(w;)] = (E[Cw;wi]) ™ E[Cwiyio(w;)]
= (E[ww}]) " Elwiyio(ws)] = E[0yio(w;)/0w],
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where the fourth equality follows by E[¢;|w;] = Cw; and the last equality holds by Stoker (1986)
and w; Gaussian. This result generalizes that of Stoker (1986) to NPIV models where the right
hand variables are Gaussian. Further generalizations to non Gaussian cases can be obtained by
letting ¢ (x) and p® (w) be nonlinear in x and w.

Orthogonal series density estimators have a property analogous to Proposition 12. Sup-
pose now that pX(z) is orthonormal with respect to Lebesgue measure on (—o0,00) so that
" w)du = I. An orthogonal series pdf estimator is 41(z) = p(z)'A, where A =
Zi:l D (xz) /n has limit A\, = [ p(w)y10(u)du. Suppose that E[m(z;, fo,71)] is a continuous
linear functional of v, — 710 SO that by the Riesz representation theorem there is ~yq0(x) with
E[m(z;, Bo, 1)) = [ 720(w) — vio(u)]du. If there is 6 with 6'p% (z) = ~a0(x) then by p&(u)
orthonormal and equation (44) we have

Elm(z, Bo, p"'\)] = / v20() [p™ (1) A = y10(w)]du = / 0'p" (uw)[p" (u)' A = 710(w)]du
= 9’[/pK(u)pK(u)’du])\* -0 /pK(u)'ylo(u)du =0\ -0\ =0.
Thus we have the following result:

ProproOSITION 14: If i) m(z, Bo,71) is affine in 1, i) Elm(z;, Bo,v1)] — Bo is a functional

of m1(x) —y10(x) that is continuous in the norm (f[vl(u) — vlo(u)]zdu) 1/2 , and iii) yoo(x;) =
0'pX (z;) for some 0 then E[m(z;, Bo, pX' )] =

The orthogonal series estimators of linear functionals of a pdf discussed in Bickel and Ri-
tov (2003) are examples Those estimators are special cases of the estimator above where
m(z, 8,7) = [ v20(u)yi(u)du — 3 for prespecified v20(u). Proposition 14 implies that the or-
thogonal series estlmator of By will be consistent if ~o(u) is a linear combination of the ap-
proximating functions. For example, if p®(z) is vector of polynomials of order K — 1 then the

orthogonal series estimator of moments of up to order K — 1 is consistent for fixed K.

7 Conditional Moment Restrictions

Conditional moment restrictions are widely used in econometrics to identify parameters of inter-
est. In this Section we expand upon the cases already considered to construct a wide variety of
locally robust moment conditions. In particular we extend above results to residuals that may
depend on parameters of interest with instrumental variables that can differ across residuals.
Here we depart from deriving locally robust moments from the adjustment term for first step
estimation. Instead we extend the form of previously derived locally robust moments to the

more general setting of this Section.
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To describe these results let j = 2,..., J index conditional moment restrictions, p;(z, 3, 71)
denote a corresponding residual, and x; be corresponding conditioning variables. We will con-
sider construction of locally robust moment conditions when the true parameters of interest (3,

and a first step 1o satisfy conditional moment restrictions

E[pj(ziaﬁoafyl()”xji] - 07 (.] - 27 SRT) J) (71)

Here 7, is specified to include all functions that affect any of the residuals p;(z;, 5,71). We
continue to assume that the unconditional moment restriction in equation (2.1) holds, though
m(z, 5,71) could be zero, with identification of 3y coming from the conditional moment restric-
tions of equation (7.1). We will discuss this case below.

In this setting we consider locally robust moment conditions having the form

J

9(2,8,7) = m(z B,m) + > _ (x5, 8)pi(z, 8,m), (7.2)
j=2
where v;(x, 8), (j = 2, ..., J) are unknown functions satisfying properties discussed below. These
moment functions depend on J first step components v = (v, ...,7s). By virtue of the condi-
tional moment restrictions these moment functions will be doubly robust in (s, ..., v), meaning
that E[g(zi, Bo, Y10, 72, ---»7s) = 0. They will be locally robust in ~; if for the limit v, (F') of 4,
and all regular parametric models F;, as discussed in Section 2,

0

5, Elm(zi, fo, n(F))] + B} ’on(%z‘)a%E[/)j(% Bo, 11 (F7))]zj:]] = 0. (7.3)

=2

If 0E[m(z;, Bo,11(F+))]/OT]._, is a linear mean-square continuous function of

(OF[pa(2i; Bo, 11 (Fr))|z il /O, .., OE[p (2, Bos v (Fr))|25] /OT)| g

and the mean-square closure of the set of such vectors over all parametric submodels is linear
then existence of vjo(z;), j > 2 satisfying equation (7.3) will follow by the Riesz representation
theorem. In addition, if m(z, Sy, v1) and p;(z, Bo,71), (j > 2), are affine in y; then we will have
double robustness in 7, similarly to Proposition 12. Summarizing we have

PROPOSITION 15: If equation (7.3) is satisfied then g(z,5,7) from equation (7.2) is locally
robust. Furthermore, if 1) m(z, Bo,11) and pi(z, o, 1), (j > 2) are affine in v, € I' with T
linear; ii) E[m(z;, Bo,1)] is a mean square continuous functional of E[p;(zi, Bo,1)|xi;], (7 > 2)
then there is vjo(x), (j > 2), such that g(z,[3,7) is doubly robust.

For local identification of 3 we also require that
rank(OE[g(zi, 8,%)]/ 0B 5—5,) = dim(3). (7.4)
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A model where 3, is identified from semiparametric conditional moment restrictions with
common instrumental variables « is a special case where m(z, 3,7) is zero and z; = z, (j > 2).
In this case let p(z,8,71) = (p2(2,8,7), ..., ps(2, B,71))". The conditional moment restrictions

of equation (7.1) can be summarized as

Elp(zi, Bo, 710)|7s] = 0.

This model is considered by Chamberlain (1992) and Ai and Chen (2003, 2007, 2012). We allow
the residual vector p(z, 3,71) to depend on the entire function -, and not just its value at some
function of the observed data z;. Also let p(z) = [y2(x), ..., 7s(z)] denote an r x (J — 1) matrix of
functions of z. A locally robust moment function g(z, 3,v) = ¢(z)p(z, 8,7 ) will be one which
satisfies Definition 1 with g(z, 3,7) replacing m(z, 3,7), i.e. where

OE[g(z, Bo, 7(Fy))] OE[p(2i, Bo, 11 (Fy))|wi]
or or

for all regular parametric models. We also require that equation (7.4) is satisfied.
To characterize local robustness here it is helpful to assume that the set of pathwise deriva-
tives of E[p(z;, Bo,7)|x;] varies over a linear set as the regular parametric model F, varies. To

be precise we will assume that v; € I' for I" linear and for A € I" we let

OE[p(z:, Bo, Y10 + TA)|2;]

my(z, A) = 5

=0

denote the (J — 1) x 1 random vector that is Gateaux derivative of the conditional expectation
Elp(z, Bo,11)|x;] with respect to the first step v in the direction A. We assume that m, (z, A)
is linear in A and that the mean square closure M, of the set {m.,(x,A) : A € I'} equals
the mean-square closure of the set {0F|[p(zi, Bo, 71 (F;))|z:]/OT} as F. varies over all regular
parametric models. The local robustness condition can then be interpreted as orthogonality of
each row ¢(x;)'e; of ¢(r) with M., in the Hilbert space of functions of = with inner product

(a,b) = Ela(z;)'b(z;)], where e, is the k™ unit vector. Thus the condition for locally robust
9(z,8,7) = o(x)p(z, B, ) is that

Elp(z;)my(z;,A)] =0 for all A € T

We refer to such ¢(x;) as being orthogonal. They can be interpreted as instrumental variables
where the effect of estimation of v, has been partialed out.

There are many ways to construct orthogonal instruments. For instance, given a r x (J — 1)
matrix of instrumental variables A(x) one could construct corresponding orthogonal ones ¢(z;)
as the matrix where each row is the residual of the least squares projection of the corresponding

row of A(x) on M,. We focus on another way of constructing orthogonal instruments that leads
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to an efficient estimator of fy. Let ¥(x) denote some positive definite matrix with smallest eigen-
value bounded away from zero, so that X(x;)~* is bounded. Let (a,b)y, = Ela(x;)'E(x;) 1b(z;)]
denote an inner product and note that M., is closed in this inner product by X(z;)~* bounded.
Let Aj(x;, A, %) denote the residual from the least squares projection of the k™ row A (z) e
of A(z) on M., with the inner product (a,b)y, . Also let p(z;, A,¥) be the matrix with k™ row
Ap(zi, A, 2)S(z;)"Y, (k=1,...,7). Then for all A € T,

A(z;) ex — Ap(zi, A, D) € M., Elo(i, A, 2)me (zi, A)] = E[A(z;, A, 2)E () " 'mey (25, A)] = 0,

so that o(z;, A, %) are orthogonal instruments. Also, A(z, A,%) can be interpreted as the
solution to

orereB oy PHAG) = M ()} 5 () " A(w:) — M(2:)}]

where the minimization is in the positive semidefinite sense.
The orthogonal instruments that minimize the asymptotic variance of GMM in the class of

GMM estimators with orthogonal instruments are given by

OE[p(z, B,710)|zi] |
ap B=Bo

To see that ¢*(x;) minimizes the asymptotic variance note that for any orthogonal instrumental

" (i) = p(xi, A, X7), A%(2:) = , X5 (xi) = Var(p(2i, Bo, 10)|i).

variable matrix ¢(x)

G = Elp(w:) A" (7)) = Elp(w:) A(zi, A", 27)'] = Elo(:)p(zi, Bo, 110)p(25 Bo, 710) 0" () ],
where the first equality defines G and the second equality holds by ¢(x;) orthogonal. Since the
instruments are orthogonal the asymptotic variance matrix of GMM estimator with W -2 W
is the same as if 41 = y19. Define m; = G'Wo(x;)p(zi, Bo, 710) and m; = ¢*(z;)p(2s, o, 710). The
asymptotic variance of the GMM estimator for orthogonal instruments ¢(z) is

(G,WG)flGIWE[SO(Ii)P(Zia BosY10)p(2i, Bo, 10) () TWG(GWE) ™
= (E[mim]"]) ™ Elmimi](E[mim;])~".
The fact that this matrix is minimized in the positive semidefinite sense for p(x) = ¢*(z) follows

from Theorem 5.3 of Newey and McFadden (1994) and can also be shown using the argument
in Chamberlain (1987).

PROPOSITION 16: The instruments ©*(z;) give an efficient estimator in the class of IV

estimators with orthogonal instruments.
The asymptotic variance of the GMM estimator with optimal orthogonal instruments is
(Elmimi) ™" = B[A(z;, A, 295" () 7 A, A7, 59)]) 7
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This matrix coincides with the semiparametric variance bound of Ai and Chen (2003). Esti-
mation of the optimal orthogonal instruments is beyond the scope of this paper. The series
estimator of Ai and Chen (2003) could be used for this.

8 Structural Economic Examples

Estimating structural models can be difficult when that requires computing equilibrium solu-
tions. Motivated by this difficulty there is increasing interest in two step semiparametric methods
based on first step estimation of conditional choice probabilities (CCP). This two step approach
was pioneered by Hotz and Miller (1993). In this Section we show how locally robust moment
conditions can be formed for two kinds of structural models, the dynamic discrete choice model
of Rust (1987) and the static model of strategic interactions of Bajari, Hong, Krainer, and
Nekipelov (2010, BHKN). It should be straightforward to extend the construction of locally ro-
bust moments to other more complicated structural economic models. The use of such moment
conditions will allow for conditional choice probabilities that are estimated by modern, machine

learning methods.

8.1 Static Models of Strategic Interactions

We begin with a static model of interactions where results are relatively simple. To save space we
describe the estimator of BHKN while only describing a small part of the motivational economic
structure. Let x denote a vector of state variables for a fixed set of individuals and let y denote
a vector of binary variables, each one representing a choice of an alternative by an individual.
Let the observations z; = (y;, x;) represent repeated plays of a static game of interaction and
~o(x) = Ely;|x; = x| the vector of conditional choice probabilities given a value = of the state.
In the semiparametric estimation problem described in Section 4.2 of BHKN there is a known
function r(x, 3,71(x)) of the state variable =, a vector of parameters 3, and a possible value

~(z) of the conditional choice probabilities such that the true parameter [, satisfies
Elyila: = ] = (z, Bo, 110 (2)) ,
This model can be used to form moment functions
m(z, B,m) = A(z)ly —r (z, 6,7 (2))];

where A(x) is a matrix of instrumental variables; see equation (17) of BHKN.
To describe locally robust moment functions in this example, let 7., (x, 8, v1) = Or(z, 5,71)/0n

where 7 here denotes a real vector representing a possible value of y19(z). Then, it follows from
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Proposition 4 of Newey (1994), as discussed in BHKN, that the adjustment term for first step

estimation of yi9(z) = Ely|z; = x| is

¢(Za Ba '71) = —A(x)T7($, 57 71)[y - ’Yl(‘r)]

This expression differs from BHKN in the appearance of 7;(x) at the end of the expression
rather than 7. (z, 8,71(z)), which is essential for local robustness. The locally robust moment

conditions are then

9(z,8,m) = Alx){y —r(z, B, n(x)) — ry(x, B,(2)) [y — n(@)]}.

For a first step estimator 4(x) of the conditional choice probabilities, the locally robust sample

moments will be
9(B) = % ZA(%){% — (s, 8,91 (7)) — 7‘7@175,’71(%))[% — ()]}

Here the locally robust moments are constructed by subtracting from the structural residuals r
a linear combination of the first step residuals. Using these moment functions should result in
an estimator of the structural parameters with less bias and the other improved properties of
locally robust estimators mentioned above.

The optimal instruments here are the same as discussed in BHKN. Let I denote the identity
matrix, set H(z) = I — dr(z;, Bo, v10(x:)) /071, and let Q(z;) = H(z;)Var(y;|z;)H(x;)T denote

the conditional variance of H (z;)(y; — v10(x;)). The optimal instruments are given by

A () = 37”(176‘1"55’6710(%)) Qz)-

where A~ denotes a generalized inverse of a positive semi-definite matrix A.

This model can also be viewed as a special case of the conditional moment restrictions
framework with residual vector p(z,3,v1) = (y — n1(x),y — r(z,3,7(x)))T. An orthogonal
instrument that gives the above locally robust moment function is A(x)[—r(x;, 8, 71 (x:)), I].

Here the locally robust moment function only depend on one first step function 7 (x). This
feature is shared by all setups where the second step residual r(x, 3,7;) depends only on regres-
sors that are included in the first step v;(z). The static model of strategic interactions leads
to this structure. The situation is not so simple in other structural economic models, as we see

next.

8.2 Dynamic Discrete Choice

Dynamic discrete choice estimation is important for modeling economic decisions, Rust (1987).

In this setting we find it helpful to describe the underlying economic model in order to explain
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the form of the moment conditions. Here we give locally robust moment conditions moment
conditions that depend on first step estimation of the conditional choice probabilities. We do
this for the infinite horizon, stationary, dynamic discrete choice model of Rust (1987). It is
straightforward to derive locally robust moment conditions for other structural econometric
models. We also focus here on the case of data on many homogenous individuals, but discuss
how the approach extends to time series on one individual.

Suppose that the per-period utility function for an agent making choice j in period ¢ is given
by

Ujp = vz, Bo) + €1, (7 =1,..., J;t =1,2,...)

where we suppress the individual subscript ¢ for notational convenience. The vector x; is the
observed state variables of the problem (e.g. work experience, number of children, wealth) and
the vector 3 is unknown parameters. The disturbances ¢, = {€y, ..., €5} are not observed by the
econometrician. As in the majority of the literature we assume that ¢; is i.i.d. over time with
known CDF that has support R’ and is independent of the state process z; and that x; is Markov
of order 1. Let ¢ denote a time discount parameter, v(z) the expected value function, y;; € {0,1}
the indicator that choice j is made and v;(z;) = vj(x, Bo) + O E[0(x¢41)| 21, yij = 1] the expected
value function for choice j. Also let ¥; denote a possible realization of 0;(x;) = v;(x;) — v1(xy),
so that 03 = 0. Let 0 = (0q,...,0y) and Pj(0) = Pr(0; + €t > Up + ex;01 = 0k = 1,..., J),
(j = 1,...,J) denote the choice probabilities associated with the distribution of €. Here we
normalize to focus on the difference with v;(z) throughout. Let o(z) = (02(z), ..., 05(2z))". Let
Vo) = (Va1(x), ..., Yas(2))T be a vector of first step functions with true values v,j0(z;) =
Pr(y;; = 1|z¢). From Rust (1987) we know that for

’Y@O(%ﬁ) = P](ﬁ("rt))? (] = 1> X3 J)
O(wr) = Elmax{7(xe) + €je ] = 01(we) + Elmax{;(ze) + ¢je}|a].

From Hotz and Miller (1993) we know that P(0) = (Pi(0), Pa(?),..., P;(0))" is a one-to-one
function of ¥, so that inverting this relationship it follows that E[max;{0;(x:) + €t }|z] is a
function of v,0(:), say E[max;{v;(z:) + €;:}|x] = H(Va0(xt)), for some function H(-) (e.g. for
binary logit H (Vs0(x¢)) = .5772 — In(7410(2¢))). Then the expected value function is given by

v(xy) = v1(2e) + H (Va0 (1))

To use these relationships to construct semiparametric moment conditions we normalize
vi(z, ) = 0 and make an additional assumption for v;(z). The additional assumption is that
E[v(z¢41)|7e, 1] does not depend on z;. With this normalization and assumption we have a

constant choice specific value function for j = 1, that is v;(z) = vy, with
U1(xy) = 04 OE[0(2s 1) |2,y = 1] = OE[0(2441) lyn = 1] = v1.
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A sufficient condition for constant o1 (x;) is that j = 1is a "renewal" choice where the distribution
of the future state does not depend on the current state. In the Rust (1987) example this state
is the one where the bus engine is replaced.

With this normalization and assumption we now have

vj(z) = vi(x, Bo) + OE[01 + H(Yao(Te41)) |2 = 2, 315 = 1]
= vj(w, By) + 601 + OE[H (Yao(Te41)) |2t = 2, 45 = 1],
vj(x) = vj(@, Bo) + OE[H (Yao(@er1)) |2 = @, 315 = 1] = SE[H (Yao (1)) [y = 1], ( = 2,..., J).

The choice specific expected value differences v;(z) have a parametric part v;(z, 5) and a
nonparametric part that depends on J — 1 additional nonparametric regressions v,(z,v,) =

(Yo1(@,Ya) s s Yo.7-1(2,74))" and an unknown parameter 7. where

’ijo(ﬂﬁa%) = E[H<’Va($t+1))|$t =T, Yt j4+1 = 1]7j =1,..,J— 1;%0(%) = E[H<’Ya<95t+1))|yt1 = 1]-

Let 11(2) = (Va(®)T, (2, 7)™, ve(74))T be a vector of first step objects and

®j<x75771) = Uj(il?,ﬁ) +5hb,j(l‘7fya) - 70(711)]76(1.76771) = (’l~}2<$,5,’)/1), ‘-’777J<x76771))T

denote the semiparametric choice specific expected value differences. Semiparametric moment
conditions can then be formed by plugging in a nonparametric 4; estimator of the first step into
the expected differences and plugging those into the choice probability. Let v; = (yi1, ..., yes) L
denote the vector of choice indicators for period ¢ and z = (y{,27,...,y%, 2%)T be the vector
consisting of the observations on choice and state variables x; for each time period t. Also let
Ay(zy) be an r x 1 vector of functions of z;, where r is the dimension of §. Then for each

t=1,...,T — 1 we can form semiparametric moment conditions as

mt(z>6>71) = At(%)[yt — P(0(xy, ﬁa%))]-

To derive locally robust moment functions we can derive the adjustment term for estimation
of v;. The first step function 7, is more complicated than previously considered. It depends on
two unknown conditional expectations, E|y|z:| and E[-|xy, j], (j = 2, ..., J). From Newey (1994,
p. 1357) we know that the adjustment term will be the sum of two terms, each adjusting for
one of the two conditional expectations while treating the other as if it was equal to the truth.
In the Appendix we give a general form for each of these adjustment terms. Here we apply that
general form to derive the corresponding locally robust moment functions for dynamic discrete
choice.

We begin by deriving the adjustment terms for ~, and 7. because they are simpler than

for v,. The adjustment term for 7, and . are obtained by applying Proposition A1l in the
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Appendix. Let 3,(F'),7.(F) have the same form as -, and ~. except that E[-|zy, y;] is replaced
by Epl|z, j]. For Hypy = H (Ya0(%141)) and m = Efyu] let

Aoj (2, B,71) = [Yej+1/ Va1 (@) [{H (Ya(Tr41)) — Yo j41(Te57a) }
Mo(2, B,71) = (N1 (2, B,7)5 ooy Apg—1(2, B,1))7
)\c(za 67 1, 7T1) = WflytlH(’ya(xtJrl)) - 70(711)'

Then for e a (J — 1) x 1 vector of 1's we have

8E[mt(2i; Bo; Va0, :Yb(F‘r)a f?C(FT))]

o = E[¢y(zi, Bos 11,72)S (%)),

¢Z<Z7 67 1, 7T> = _6A<'It)a_P(6<xt7 67 ’Yl)))‘b<za 67 71)

ov
(0(ze, B,7))]e - Az, 8,71, 1)}

oP
+ 0E[A(zy)—
The adjustment term for estimation of 7,(x) is obtained by applying Proposition A2. This

o0v

term is somewhat complicated because v,(z) is evaluated at © = x;,; rather than the condition-
ing argument x; of its true value We assume that x; is stationary over time so that z;,; and z;
have the same pdf, eliminating the ratio of pdf’s in the conclusion of Proposition A2. Let 7,(F)
have the same form as 7,9 except that yi9(z) is replaced by EF,[y:|z: = z]. Also let
Ytj OP(0(z, 8, 24))
Y250\, 57 m) = E Az ~
ol o) = B[y A

730(%71) = WflE[?Jt1|$t+1 = x”:c:a:t-

e =z,(j=1,....J =1),

Then we have

8E 79 y Ja F’T 9 )y /C 13
{mt(z Bo ;-( ) Vb0 70)] _ E[¢a<zi750771772)s(2i>]7

¢Z(27 67 V1,72, 73, 7T1) = _5{72(1’17 57 ’71) - E{A(xt)Pﬁ(ﬁ(xh ﬁ7 71))]73('@% 7T1)}€
 OH(u(x)

Ve
We can now form locally robust moment conditions as

[yt - Va(xt)] :

gt(z767717727737ﬂ-1) - mt(zvﬁ7’71) + ¢Z(za6771a7277377r1) + ¢Z(2,6,71, 7T1)'

With data z; that is i.i.d. over individuals these moment functions can be used for any ¢ to
estimate the structural parameters 5. Also, for data for a single individual we could use a time
average ZZ:; 91(z, B,71, 72,73, m1) /(T — 1) to estimate (3, although the asymptotic theory we
give does not apply to this estimator.

Bajari, Chernozhukov, Hong, and Nekipelov (2009) derived the adjustment term for the more
complicated dynamic discrete game of imperfect information. Locally robust moment conditions

for such games could be formed using their results. We leave that formulation to future work.
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9 Asymptotic Theory for Locally Robust Moments

In this Section we give asymptotic theory for locally robust estimators. In keeping with the
general applicability of locally robust moments to a variety of first steps we consider estimation
and conditions that have the most general conditions we can find for the first step. In particular,
the construction here only requires that the first step converge at rate slightly faster than n =/
in norms specified below, a more generally applicable condition than in most of the literature.
This formulation allows the results to be applied in settings where it is challenging to say much
about the first step other than its convergence rate, such as when machine learning is used in
the first step. The locally robust form of the moment conditions is essential for this formulation,
as previously discussed.

We use cross fitting in the first step to obtain an estimator that is root-n consistent and
asymptotically normal with under such generally applicable conditions. Chernozhukov et. al.
(2016) gives results with cross fitting that allow for moment functions that are not smooth in
parameters. Here we focus on the smooth in parameters case. Cross fitting has been previously
used in the literature on semiparametric estimation. See Bickel, Klaasen, Ritov, and Wellner
(1993) for discussion. This approach is different than that some previous work in semiparamet-
ric estimation, as in Andrews (1994), Newey (1994), Chen, Linton, and van Keilegom (2003),
Ichimura and Lee (2010), where cross fitting was not used and the moment conditions need not
be locally robust. The approach adopted here leads to general and simple conditions.

The estimator is formed by grouping observations into L distinct groups. Let Z,, (¢ =1, ..., L)
partition the set of observation indices {1, ...,n}. Let 4_, be the first step constructed from all

observations not in Z,. Consider sample moment conditions of the form

95) = 35" gz08,4-0)

(=1 i€Z,
We consider GMM estimators based on these moment functions. This is a special case of the
cross fitting described earlier. Also, leave one out moment conditions are a further special case
where each Z, consists of a single observation. We focus here on the case where the number of
groups L is fixed to keep the conditions as simple as possible.

An important intermediate result is that the adjustment term for the first step is zero by

virtue of g(z, 3,v) being locally robust, that is

i 1 ¢
Vng(Bo) = 7 ;g(zz, Bo,70) + 0p(1). (9.1)
With cross fitting this result holds under relatively weak and simple conditions:

ASSUMPTION 1: Foreach ¢ =1,...,L, ) [|9(z, Bo,¥-¢) — 9(z, Bo,70)|I” Fo(dz) == 0, i) for
¢>1,C >0 we have || [ g(z, Bo,¥-0) Fo(d2)|| < C 13- = ll*, and dii) /|40 — 70l == 0.
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LEMMA 17: If Assumption 1 is satisfied then equation (9.1) is satisfied.

This Lemma is proved in the Appendix. There are two important components to this result.

One component is a stochastic equicontinuity result

Vng(Bo) — Zg Zi, B0 0) — ZW/ 2, Bo, 4-¢) Fo(dz) == 0,

where ny is the number of observations with ¢ € Z,. Assumption 1 i) is sufficient for this result.
Assumption 1 i) is a much weaker stochastic equicontinuity condition than appears in much of
the literature, e.g. Andrews (1994). Those other conditions generally involve boundedness of
some derivatives of 4. In contrast Assumption 1 i) only requires that 4_, have a mean square
convergence property. The cross fitting is what makes this condition sufficient. Cattaneo and
Jansson (2014) have also previously weakened the stochastic equicontinuity condition and estab-
lished the validity of the bootstrap for kernel estimators under substantially weaker bandwidth
conditions than usually imposed.

The second component of the result is that

Vig) 2 0,5(7) = / 92, o, 1) Foldz).

This component follows from Assumptions 1 ii) and iii). By comparing Assumption 1 ii) with
Definition 2 we see that this condition implies local robustness in the sense that the Frechet
derivative of g(v) is zero at vp. Assumption 1 ii) will generally hold with ¢ = 2 if g(v) is twice
continuously Frechet differentiable. In that case Assumption 1 iii) become the n'/4 rate condition
familiar from Newey and McFadden (1994) and other works. The more general 1 < ¢ < 2 case
allows for the first Frechet derivative of g(vy) to satisfy a Lipschitz condition. In this case
Assumption 1 iii) will require a convergence rate of 4 that is faster than n'/*.

We note that previous results suggest that n'/4 convergence of 4 may be stronger than is
needed. As shown in Robins et. al. (2008) and Cattaneo and Jansson (2014) the variance terms
in /ng(%) are of the same order as the variance term of a nonparametric estimator, rather
than being the order of y/n times those variance terms. The arguments for these weaker results
are quite complicated so we do not attempt to give an account here. Instead we focus on the
relatively simple conditions of Assumption 1.

Another component of an asymptotic normality result is convergence of the Jacobian term
dj(B) /0. The conditions we impose to account for the Jacobian term are standard. Let G(f) =

0g()/0p denote the derivative of the moment function.

ASSUMPTION 2: There is a neighborhood N of [y such that i) g(z;, 3,7) is differentiable in
B on N with probability approaching 1 ii) there is (' > 0 and d(z;) with E[d(z;)] < oo such that
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for B € N and ||y — 7ol|| small enough

Hag%ﬁ”) 991, S 20| < 4318 = Bol€ + 1y — 0ll).

op B

iii) E]|0g(2i; Bo, 70) /98] < 001 ) |- =0l = 0,(£=1,..., L).

Define
G = E[09(2i, 8,7) /08| 5—3,]

LEMMA 18: If Assumption 2 is satisfied then for any B —— [, G(B) is differentiable at j
with probability approaching one and 0§(3)/08 = G.

With Lemmas 17 and 18 in place the asymptotic normality of semiparametric GMM follows

in a standard way.

THEOREM 19: If Assumptions 1 and 2 are satisfied, 5 25 By, w -2 W, G'WG@G is nonsin-
gular, and E[”Q(%ﬁoﬁo)m < 0o then for Q= E[g(2i, Bo, 70)9(zi, Bo, %)),

Vi(B = B) -5 N(0,V),V = (GWG) 'GWOWG(GWG) ™.

It is also useful to have a consistent estimator of the asymptotic variance of . As usual such

an estimator can be constructed as

Note that this variance estimator ignores the estimation of +, which works here because the
moment conditions are locally robust. Its consistency will follow under the conditions of Theorem

19 and one additional condition that accounts for the presence of B in Q.

THEOREM 20: If the conditions of Theorem 19 are satisfied and there is d(z) with E[d(z)?] <
oo such that for || — Bol| and ||B — Bol| small enough

lg(zi, B,7) = 9(zi: Bo, 10)|| < d(z0)(I1B = Boll*” + 1y = 70l
then V 25 V.

In this Section we have used cross fitting to obtain relatively simple conditions for asymptotic

normality of locally robust semiparametric estimators. It is also known that in some settings
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some kinds of cross fitting improves the properties of semiparametric estimators. For linear
kernel averages it is known that the leave one out method eliminates a bias term and leads to
a reduction in asymptotic mean square error; e.g. see NHR and the references therein. Also
Robins et. al. (2008) use cross fitting in higher order bias corrections. These results indicate
the some kind of cross fitting can lead to estimators with improved properties. For reducing
higher order bias and variance it may be desirable to let the number of groups grow with the

sample size. That case is beyond the scope of this paper.

10 APPENDIX

We first give an alternative argument for Proposition 2 that is a special case of the proof of
Theorem 2.2 of Robins et. al. (2008). As discussed above, ¢(z, 5y, 70) is the influence function
of the functional u(F) = E[m(z;, Bo,v(F))]. Because it is an influence function it has mean
zero at all true distributions, i.e. [ ¢(z, Bo,7(Fo))Fo(dz) = 0 identically in Fy. Since a regular

parametric model {F;} is just a subset of all true models, we have

[ otz burEpE ) =0
identically in 7. Differentiating this identity at 7 = 0 and applying the chain rule gives

OE[é(2i, Bo, v(Fr))]
or

Summing equations (3.3) and (10.1) we obtain

OE[g(zi, Bo,v(Fy))] _ OE[m(2;, Bo, v(F))] " OE[¢(zi, Bo, v (Fy))]
or or -0 or

= E[ﬁb(zi,ﬁo, 70)S<Z¢)] - E[ﬁb(zi, 50,70)5(2’1)] =0.

Thus we see that the adjusted moment functions g(z, 3,) are locally robust.

— —E[6(2:, Bo, 10)S(2:)]. (10.1)

7=0

7=0

Next we derive the form of the adjustment term when a first step is E[-|z,y = 1] for some
binary variable y with where y; € {0,1}. Consider a first step function of the form ~(x) =
FElw;|x; = x,y; = 1]. Let w(x;) = Ely;|z;]. Note that E|w;|z;,y; = 1] = Elyw;|z;]/Ely;|zi] so
that

OEr, [wilzi, yi = 1]

or

= Eln(x:) " {ywi — Elyawli]} — Blwilws, yi = 1(y; — 7(2:))}S(2i)|i]
= Blr(z:) " yi{wi — Elwilzs, yi = 135 (2)]a4].
Suppose that there is d(z;) such that

OEr, Im(2;, Bo, 11 (F7))]
or

0L, [wi|z;, y; = 1]]
or
= B[6(z;)m(z:) yi{w; — Elw;|z;, y; = 1]}S(2:)].

= E[0(z)
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Then taking the limit gives the following result:

PROPOSITION Al: Ifthere is §(x) such that OE[m(z;, Bo, 11 (Fy))] /0T = E[0(2;)0EE, [w;ilx;, y; =
1]/07] then the adjustment term is

6(2,8.7) = o(x)m(z) " y{w — Elwilz; = v,y = 1]}.

Next we derive the adjustment term when a nonparametric regression is evaluated at a

variable different than the one being conditioned on in the regression. Note that for 6(v) with

IOE[0(vi) Ep, [yilri = @)o=w,]  E[E[6(vi)|wi] Er, [yil7i = 7][o=u,]

or or
) / El5(vs)|ws = w] Bp, [yl = w] fu (w)duw /07

_p / Ful@)] fo () EIB(w0) s = 2)Er [yalz: = 2] fu(dx) JOr
= E {f:c xz) fw(xz) { (Uz)lwz = w]lw :cz<y [yz|IZ])}S<ZZ)]

Taking limits gives

PROPOSITION A2: If there is §(v) such that OE[m(z;, Bo, v1(F;))]/0T = OE[0(v;) Er, [yi| i =

]| p=w,|/OT then the adjustment term is

(2, 8,7) = fo(2) " ful@) E[0(vi) [w; = 2)(yi — Elyilz; = a]).

Next we give the proofs for the asymptotic normality results.

Proof of Lemma 17: Let

3|*—‘

=2

€Ty

() = /g(z,ﬁo,v)Fg(dz), Ave = g2, Bo, A-e) — G(3—2) — 9(2i, Bos 0), (6 € Ty),

Also, let Z_, denote a vector of all observations z; for i ¢ Z,. Note that by construction
E[Az‘g’Z_g] = 0, so for any i,j € Z,,i # j, it follows by z; and z; independent conditional
on Z_y that E[A,A;|Z_y) = E[AL|Z_E[A;|Z_s = 0 Furthermore

ol

2 2
2. < / 19250, Ae) — 9z o, )12 Foldz):

Therefore, for n, equal to the number of observations in group ¢, Assumption 1 i) implies

E[AA|Z-] ZE HAM

1z <X / 1920, 3e) — 92 Bos 20|12 Foldz) = op(na/n?).
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Standard arguments then imply that for each ¢ we have A, = 0,(,/n¢/n). It then follows that

n L
. 1 A f
V| G(Bo) — " Zg(ziu Bo,v0) — ()| = \/ﬁz A¢ = op(v/ne/n) — 0.
i=1 =1
It also follows by Assumption 1 ii) and iii) that

Vallg®)| < vaC |15 = l° = 0.
The conclusion then follows by the triangle inequality. @.E.D.

Proof of Lemma 18: Let G(8) = 9§(8) /0 when the derivative exists and G = dg(z;, B0, 70)/-
By the law of large numbers and Assumption 2 iii), G -2 @G. Also, by Assumption 2 i), ii),
iii) G(3) is well defined with probability approaching one > 7 d(z;)/n = O,(1) by the Markov
inequality, and by the triangle inequality,

6@ - €| <+ 32 St 3 - Bl + 156 = 20l)}

(=1 €Ly

: (% Z d<zi)> (18 = Bl + 3" 13 = %l) = Op(1)op(1) 2 0.

The conclusion then follows by the triangle inequality. Q.E.D.

The proofs of Theorems 19 and 20 are standard and so we omit them.
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