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SEMIPARAMETRIC EFFICIENT EMPIRICAL HIGHER ORDER INFLUENCE
FUNCTION ESTIMATORS

By RAJARSHI MUKHERJEE*, WHITNEY K. NEWEY', AND JAMES M. RoBiNns?

Robins et al. (2008, 2016b) applied the theory of higher order
influence functions (HOIF's) to derive an estimator of the mean of
an outcome Y in a missing data model with Y missing at random
conditional on a vector X of continuous covariates; their estimator,
in contrast to previous estimators, is semiparametric efficient under
minimal conditions. However the Robins et al. (2008, 2016b) estima-
tor depends on a non-parametric estimate of the density of X. In
this paper, we introduce a new HOIF estimator that has the same
asymptotic properties as their estimator but does not require non-
parametric estimation of a multivariate density, which is important
because accurate estimation of a high dimensional density is not fea-
sible at the moderate sample sizes often encountered in applications.
We also show that our estimator can be generalized to the entire
class of functionals considered by Robins et al. (2008) which include
the average effect of a treatment on a response Y when a vector X
suffices to control confounding and the expected conditional variance
of a response Y given a vector X.

1. Introduction. (Robins et al., 2008, 2016b) introduced novel U-statistic based estimators
of nonlinear functionals in semi- and non-parametric models. Construction of these estimators
was based on the theory of Higher Order Influence Functions (henceforth referred to as HOIFs).
HOIF's are U-statistics that represent higher order derivatives of a functional. The authors’ used
the HOIF's to construct rate minimax estimators of an important class of functionals in models with
n~1/2 minimax rates and in higher complexity models with slower minimax rates, where the model
complexity was defined in terms of Holder smoothness classes. This class of functionals is of central
importance in biostatistics, epidemiology, economics, and other social sciences and is formally de-
fined in Section 3 below. As specific examples, the class includes the mean of a response Y when Y
is missing at random, the average effect of a treatment on a response Y when treatment assignment
is ignorable given a vector X of baseline covariates, and the expected conditional covariance of two
variables given a vector X. Robins et al. (2008) describe other important functionals in the class.
Following Robins et al. (2008), we shall refer to functionals as \/n — estimable if the minimax rate
of estimation is n~/2 and to be non-\/n — estimable if slower.

One may wonder why higher order influence functions are of interest in the /n case. Surprisingly
in this case, HOIF's estimators offer a free lunch, at least asymptotically : one may obtain semipara-
metric efficiency with HOIF's estimators whose variance is dominated by the linear term associated
with the usual first order influence function but whose bias is corrected using higher order influence
functions. Moreover, for many functionals, no estimator, other than a HOIF estimator, has been
constructed that is y/n — consistent, much less efficient, under the minimal conditions needed for
semiparametric efficiency.

*Stein Fellow, Department of Statistics, Stanford University

TProfessor, Department of Economics, Massachusetts Institute of Technology

tProfessor, Department of Biostatistics, Harvard University

AMS 2000 subject classifications: Primary 62G05, 62G20, 62F25

Keywords and phrases: Higher Order Influence Functions, Doubly Robust Functionals, Semiparametric Efficiency,
Higher Order U-Statistics



The contribution of this paper is a new HOIF estimator for /n — estimable parameters that,
unlike previous HOIF estimators, does not require non-parametric estimation of a high dimensional
density g. This is important because accurate high dimensional non-parametric density estimation
is generally infeasible at the sample sizes often encountered.

The idea behind our new estimator is exceedingly simple. All HOIF's estimators considered
heretofore have required an estimate of the inverse of a large covariance matrix whose entries are
expectations under an estimate of a density g. For \/n — estimable parameters we shall need to
consider matrices with up to n/ (logn)® rows where n is the sample size . In the non-\/n case
the number of rows is strictly greater than n and less than n?. Our new HOIFs estimator simply
uses an empirical inverse covariance matrix, thereby avoiding estimation of g. Of course this is
only possible in the /n case, as the empirical inverse covariance matrix does not exist if the
number of rows exceeds n. We refer to the new estimators as empirical HOIF estimators. Our main
technical contribution is a proof that our new estimator is minimax and in fact efficient in the
semiparametric sense in the y/n case. For the sake of concreteness will we first consider the specific
example of missing data with the variable of interest missing at random. We then provide general
results that apply to all functionals in our class.

The rest of the paper is organized as follows. In Section 2.1 we introduce the missing at random
model and the functional we wish to estimate. In Section 2.2 we introduce our new empirical HOIF
estimator. In Section 2.3 we analyze the large sample properties of our estimator and compare
its behavior to the HOIF estimators of Robins et al. (2008, 2016b). In Section 2.4 we show the
empirical HOIF estimator is semiparametric efficient under minimal conditions when complexity
of the model is defined in terms of Holder smoothness classes. In Section 3 we extend the results
of Section 2 to the more general class of doubly robust functionals studied by Robins et al. (2008).
Section 4 discusses implications of the results. Finally we collect our proofs and required technical
lemmas in Section 5 and 6 respectively.

2. A New Higher order Influence Function Estimator in a Missing Data Model.

2.1. Observation Scheme. We observe N i.i.d copies of observed data W = (AY, A, X). Here
A € {0,1} is the indicator of the event that a binary response Y € {0,1} is observed and X is a
d-dimensional vector of covariates with density f (x) with respect to the Lebesgue measure on a
compact set in R%, which we assume to be [0, 1]d from now on. Define

B = b(X)=E(Y|A=1,X)
I = 7n(X)=PA=1|X)

where x +— b(x) is the outcome regression function and x + = (z) is the propensity score. We

are interested in estimating ¢ = E [ﬂ’?}g)} =EB(X)] = [b(x) f(z)dz. Interest in 1) lies in the

fact that it is the marginal mean of Y under the missing at random (MAR) assumption that
P(A = 1|X,Y) = 7 (X). It will useful to parametrize the model by 6 = (b,p,g) for functions
x i+ b(x),z = p(z),r — g(x) where z — p(x) = 1/7(z),z — g(z) = E[A|X = z]f(z) =
7w (z) f(z) = f(z|]A=1)P(A = 1). Further, it is easy to see that the parameters b, p, g are variation
independent. As discussed in Robins et al. (2008, 2016b), the parametrization (b, p, g) is much more
natural than (b, p, f), as will be evident from the formulas provided below. We also assume that g
is absolutely continuous with respect to the Lebesgue measure p. In view of this parametrization
we write the corresponding probability measure, expectation, and variance operators as Py, Eg, and
varg respectively. Finally, in terms of this parametrization, we can write the functional 6 — v (6)
of interest as
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X(®o) = (0) = [b@)p (@) (@) o
We assume that the law of W belongs to a model
M (©) ={Py,0 € 6}.
where for some o > 0, M > 0,

© C{f:infr(x) >0, infg(x) >0, supg(z) < M}. (2.1)
x x x

We will assume the model M(©) is locally non-parametric (in the sense that the tangent space at
each 6 € O equals La(Pg)). Then it is well-known (Robins and Ritov, 1997; Tsiatis, 2007) that the
unique first order influence function for ¥ at 6 is

IF} (6) = Ap (X) (¥ — b(X)) + b(X) — 4 (9),

which we can also write as AP(Y — B) + B — 1 () in our notation.

In Section 2.4, we study a particular © defined by membership of the functions b, p, g in certain
Ho6lder smoothness balls and show that the proposed estimator is adaptive and semiparametric
efficient in the corresponding model M (0). However, for now, we work with any O satisfying (2.1).

We are now ready to define both the estimators of Robins et al. (2008, 2016b) and then the new
estimator of this paper, followed by their analyses.

2.2. The Estimators. Our estimators will depend on a random variable Hy that will vary de-
pending on the functional in the doubly robust class of Robins et al. (2008) under investigation
in Section 3. H; = hy (W) will either be nonnegative w.p.1 or non-positive w.p.1. In our MAR
example, we have

H =—-A.

which is non-positive w.p.1. We shall consider estimators @mk constructed as follows where the
indices m and k are defined below.

(i) The sample is randomly split into 2 parts: an estimation sample of size n and a training
sample of sizeAntr =N —n with n/N — ¢* and n — oo with 0 < ¢* < 1.
(ii) Estimators g,b,p are constructed from the training sample data.We do not restrict the form

of these estimators. Let 8 = (3, D, §) .

(iii) Given a complete sequence of basis functions z; (z),z22 (z),..., for L[0,1]¢, let Zx(z) =
(z1(2), 22(), ...,z (@)Y, Zy = 21, (X), Zi = (Z1, Zo..., Zi;)", and define the following covari-
ance matrices

0 = K [\Hl\zzﬂ - / 2 () 2L (z) g (2) da,
O = B |22 = 2@ @76 .

Qemp = nt_rl Z [‘Hﬂ?]gZZ} .
i

i€training



(iv) Set
7711 = @AbwLn_lZI/Fu
where ¢ and IF; are ¢ (0) and I F; (0) with 6 replacing 6. The estimator 1@1 is the usual one-

step estimator that adds the estimated first order influence function to the plug-in estimator.
(v) Letey=Hi(Y —B),e,=HP—1. Form=2,.., and any invertible Q define

~

G =0+ D TF;54(Q)
j=2
where ﬁj%k is the jth order U-statistic

! _ N
HFJ g,k k() = ! Z IFj,j,k,E]- (),
17U A
and where all the sums are only over subjects in the estimation sample with distinct coordinate
multi-indices 4; := {i1,2,...,i;}, and for j > 2

ﬁ2727k,{2 (ﬁ) — _ (_1)I(h1(Wi1)§0) |:5ﬁ72: . ﬁ—l Zkg’d o

—

TP, 15, (@) = (~1) 1 (-1 (W) <0) ﬁ[{(wzkzi) afat]| >z

Finally we define

~ac ~emp

wm k= ¢m k(Qac)v ¢m k= QIZ)m k(Qemp)

where, by convention, we define an estimator to be zero if the associated covariance estimator Qae
or QP fails to be invertible. Note that ¢, is the sample average of AP(Y — B) + B and thus does
not depend on g.

REMARK 1. In our MAR model, regression estimators b, @ = 1/p and density estimator f (z|A = 1) =

~1
g(x ){(ntr Z"”’l Ai} could, for example, be constructed from training sample data by using

multiple machine learning algorithms to construct candidate estimators and then using cross vali-
dation to choose the best candidate.

2.3. Analysis of the Estimators. Robins et al. (2008, 2016b) analyzed the estimator @f:k In this
paper, we shall analyze the estimator wm 1 » which has the advantage of not requiring an estimate

g of g. The following theorem of Robins et al. (2008, 2016b) gives the conditional bias for any 0
estimated from the training sample.
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THEOREM 1. For any invertible Q one has conditional on the training sample,

Eg (@i = ¥ (0)] = BB (0) + TBy (6)

EBy, « (9) — (_1)(m71)+l(h1(W)§0) Eq |:H1 (P P) Zk} Q- |:{Q } :|m71
’ i (5-5)
TBy (9)

_ (Lp)twso f dzg (z) (b=1) (2) (b~ ) (x)
— [ 9(@) g (2) (b=D) (1) Ky (21, 22) (0~ B) (12) draday

= (-1)/taM=0 [ [ dzg @) (=110 [(0-5)] (@) (1 - L) (o~ ) <x>] ,
with
Kgi (¢ 2) = zZL (') O 'z, (z)
the orthogonal projection kernel onto Zy (x) in Lo (g), and
Iy 5 [h] (z) = /d:v'g () h(2') Ko (z,2)
the corresponding orthogonal projection of any function x — h(x), and I [h] (x) = h(z).

To proceed further we require the following definition.

DEFINITION 1. We say that a choice of basis functions {z;, | > 1}, and tuple of functions
0 = (b,p,g) in RIOA) satisfies Condition(B) if the following hold for some 1 < B < oo and every

Now we are ready to further analyze 121;: ; and zﬁfnm,f In particular, the following theorem con-
~ac

cerning 1, , can be easily derived from Remark 3.18 following (Robins et al., 2008, Theorem 3.17)
and (Robmb et al., 2016b, Theorem 8.1).

THEOREM 2. Assume that {z, | > 1} and 6 = (3, D, q) satisfy Condition(B). Then there exists
¢ > 1 such that the following hold conditional on the training sample restricted to the event that
Q% is invertible.

1. 78, (6) = O (|| (1 =11, [ (=) ||, 17 = 1,000 [0 = )1
2 2855, 0) = 0 ([0=3] o= Bl lo— 1751 )

3. warg [1//\1::;6] < Z;n:l cj(]i)l'

J

An analogous theorem for @;m,f is stated below, which is the main result of this paper.



THEOREM 3.  Assume that{z, | > 1} and 0 = (b, p, g) satisfy Condition(B) and that H@—QHOp <
1/2B. Then there exists ¢ > 1 such that the following hold conditional on the training sample
restricted to the event that QP is invertible.

1. 78, (8) = O (|| (7 = 1100 [ (4= 8) |, 1T = 1000 [0 = B -

2. BB (0) =0 (|| - H2||p—p||2||ﬂ—sz||op
2
m—2 m .
3. varg[Yy ) < 3 ( > (]72)> Th
=0 \j=(+2)v3 1+2

A few remarks are in order about the statement and implications of Theorem 3. First, we make
a clarification about the Condition(B) holding with § = (b, p, g). In particular, note that we do not

< B. Next we note

assume that g is known; rather only that P5 with 0= (3, P, g) satisfies H%
6

that the upper bound on the variance of @;m,f is typically larger than that of 72’?:14 in Theorem
2. We do not believe this to be a simple artifact of the proof but rather arises from the fact that
the empirical measure n—ir > dx, is not absolutely continuous with respect to the Lebesgue
i€trainin

measure. Obtaining the variance b(g)und in Theorem 3 was the main technical challenge of the paper.

We now show that by allowing k£ and m to grow with n we may be able to obtain semiparametric
efficient estimators of . In the context of {bac, the following theorem is closely related to and
is proved exactly like (Robins et al., 2016b, Theorem 8.2) and is the main step needed to show

semiparametric efficiency.

THEOREM 4. Assume the following.
(i) k(n) =n/(nn)?* and m (n) = Inn and define 1} w (n)k(n)-
(i) The conditions of Theorem 2 hold, ‘ -

§ >0 such ||§ — glloo = Op,(n™°).
(iii) T By (0) = op, (/2
Then

and ||p — p|l, are Op, (1), and there exists some
[e.e]

n1/2 (QZZC ) 1/QZIF17, +0P9 ( )

An immediate corollary is that under the conditions of Theorem 4 is that (@Zc + @Zﬁ) /2 is

semiparametric efficient at 8 where @Zf is 17126 but with the roles of the training and estimation
sample reversed. This follows from the fact that any asymptotically linear estimator with the
efficient influence function as its influence function is regular and semiparametric efficient (Van der

Vaart, 2000). Below we provide the analogous theorem for @Abnmp

THEOREM 5. Assume the following.

(i) k(n) =n/(nn)* and m (n) = Vinn and define @Z = @fnmz
(ii) The conditions of Theorem 3 hold, ||b
(iii) T By(n) (0) = op, (n"1/2).

Then

and |5l are On, (1),

nt/2 (3 = (0)) = 02D 1R (0) + o, (1).
=1
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Hence, once again, (@Zmp + @thnp> /2 is semiparametric efficient at 6 under the conditions of

Theorem 5. Finally, it is immediate from a comparison of Theorem 4 and Theorem 5, that an
advantage of the latter is that it requires effectively no assumptions on the function g.

2.4. Adaptive Efficient Estimation. In this section we show that we can use our empirical HOIF
estimators to obtain adaptive semiparametric efficient estimators when © assumes the functions
b, p live in Holder balls. Following Robins et al. (2008, 2016b) we define the complexity of the model
M (©) in terms of Holder smoothness classes defined as follows.

DEFINITION 2. A function x — h(x) with domain a compact subset of D of R® is said to belong
to a Hélder ball H(B,C'), with Hélder exponent 8 > 0 and radius C' > 0, if and only if h is uniformly
bounded by C, all partial derivatives of h up to order || exist and are bounded, and all partial
derwatives VP of order | 8] satisfy

sup  |VWPh(z+6z) — VB n(z)| < O|)6z|P~15).
z,x+0x€D

To construct adaptive semiparametric efficient estimators over Holder balls we use specific bases
that satisfy (A.1) and (A.2) of Condition (B) that additionally give optimal rates of approximation
for Holder classes. In particular, we shall assume our basis {z; (z),l =1,..,} has optimal approxi-
mation properties in Lo () for Holder balls H(8,C) i.e.,

& 2
(h (x) — Zqzl (l‘)) dx =0 (/c_Zﬁ/d> :
=1

where given any {z;, [ > 1} satisfying (2.2) the O-notation only depends on the Holder radius C.
The basis of d — fold tensor products of B-splines of order s satisfies (2.2) for all 0 < f < s+ 1
(Belloni et al., 2015; Newey, 1997). The basis consisting of d — fold tensor products of a univariate
Daubechies compact wavelet basis with mother wavelet ¢,, (u) satisfying

(2.2) Supper(p,c)ints, /
[0,1]4

/ u" @, (u)du=0,m=0,1,.... M
Rl

also satisfies (2.2) for § < M + 1 (Hérdle et al., 1998). In addition both of these bases satisfy (A.1)
and (A.2) of Condition (B) for some large but fixed 1 < B < oo (Belloni et al., 2015; Hérdle et al.,
1998; Newey, 1997; Robins et al., 2016a).

THEOREM 6. Assume the following:

(i) The conditions of Theorem 5 hold and {z,1 > 1} satisfy (2.2).
(i3) b,p b,p lie in H(By, Cy) and H(B,,Cp) with Cp > 1
(iii) B = (By+ B,) /2 satisfies ‘Zf < B < Brax for some known B .-

Then the estimator 12;75)7k(n) defined in Theorem 5 satisfies
_ —28N\ -1/2
T By (9) = O]pe k—d )= Op, \ 1 .

As an immediate consequence of Theorem 6 we have that @Zmp + U, i /2 is semiparametric

efficient at any Py that satisfies conditions of the lemma. Moreover, this result is adaptive over
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any 3 € (d Bmax)- Interestingly, the knowledge of an upper bound f3,,,, only becomes crucial in
constructing a sequence of basis functions {z;, { > 1} satisfying (2.2) and is not required anywhere
else in the analysis. An analogous Theorem for wm 1 was proved in (Robins et al., 2016b, Theorem
8.2) with additional conditions on g and g.

REMARK 2. When b,p satisfy (ii) in Theorem 6, the following estimators 1313 will do so as
well (van der Vaart, Dudoit and Laan, 2006) when the basis {z,l > 1} are compactly supported
Daubechies wavelets of sufficient reqularity (at least 23, ): b( ) = lel 1,2 (v) and p(z)=1/7 (z)

with 7 (x) = lel Q,z, (z) with parameters estimated by least squares and ky and kr chosen by

cross validation, all in the training sample. Note, however, the choices b(x) =0 and 1/p (x) = ¢ for

1/c € (0,1), satisfy the conditions of Theorem 6 with H/b\— bH and ||p — pl|, being Op, (1). Thus
oo

we obtain the surprising conclusion that our estimators b , D do not need to be consistent for b and p to

obtain a semiparametric efficient estimator (LZJ + d)fl:np) /2 of ¥ (0) if B/d > 1/4! In fact we can
even ignore the range of p and choose b=p=0 and still preserve semiparametric efficiency. The
explanation of this fact is that when we choose b=p= = 0, then, although ¢, IFl, and @Z)l are all iden-

tically zero, nonetheless Z }HF“;C( )(Qemp) is an estimate of [ [ dxg (x) gy [b] (z) Uy [p] (2)]
n m(n)—1
"= O, | {1k ) ok )2

using Daubechies eompactly supported wavelet bases of suitable regularity or B-Spline bases of suit-
able order.

with bias

= op, (n_1/2) for Q constructed

REMARK 3. Suppose model M (©) restricts b and p to lie in pre-specified Hélder balls H(Sy, Cyp),
H(B,,Cp). Robins et al (20]0) show that the minimaz rate for estimating ¥ when g is a known

function is n=Y2 +n 43/d+1. Hence the minimaz rate is slower than n~Y2 whether g is known or
unknown in the model M (©) when /d < 1/4. However, even in such a model there exist param-
eters, 0 = (b*,p*,g*) € © in which b* and p* happen to lie in smaller Holder balls H(B;,Cy),

H (B35, Cr) with (B4 + By) /2d > 1/4 . Thus (szc—i—@z) /2 and <1Abn +1/Jnt )/2 will be semi-
parametric efficient at 0* under the assumptions in Theorem 4 and 5, even though both will converge
to ¥ (0) at a rate slower than n='/2 at nearly all 6 €O.

REMARK 4. Note even when b and p lie in Holder balls H(j3,,Cp) and H(j,,Cp) with 8 =
(ﬁb + Bp) /2 > d/4, we still need for g,ﬁ to lie in these Holder balls with probability approaching
one to insure, by Lemma 1, that T By, () = o, (n_l/Q) . This may place restrictions on the machine
learning algorithms we can use to estimate b and p. As an example suppose (i) we use multiple
machine learning algorithms to construct candidate estimators and then use cross validation to
choose the best candidate and (ii) the aforementioned series estimators b(x) = Zﬁl 1,2, (z) and
p(z)=1/7 (z) with 7 (x) = ngl Q,z, (z) are included among the candidates. If the only candidates
were these series estimators, we know that T'By, () = o, (n_1/2) for k =n/(logn)? and we would
be efficient. Nonetheless it may be the case at the particular law 6% = (b*,p*, g*) that generated
the data, another pair of candidates b and D are chosen with high probability over these series
estimators because for these laws, b and p converge to b and p at faster rates than the series
estimators. However, faster rates of convergence does not imply that the associated truncation bias

TBy (0) = [dzg(z) (I — 1) [(b —3)} (x) (I =g k) [p — p] (x) is less than the truncation bias of

the series estimator and thus no guarantee it is op (n_l/Q). It is an interesting open question to
identify the subset of machine learning algorithm that would give such a guarantee.
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3. A Class of Doubly Robust Functionals. In this section we extend our results to incor-
porate a general class of double robust functionals studied in Robins et al. (2008). We consider N
i.i.d observations W = (X, V) from a law Py with § € © and wish to make inference on a functional
X (Pg) = v (0) . We make the following 4 assumptions :

Ai) For all § € ©, the distribution of X is supported on a compact set in R? which we take to
be [0,1]? and has a density f (x) with respect to the Lebesgue measure.

Aii ) The parameter 6 contains components b = b(-) and p = p(-), b : [0,1]* > R and p :
[0,1]7— R such that the functional 4 of interest has a first order influence function IFy . (0) =
N-1S.IF,, (0), where

(3.1) IFyy (0) = H (b,p) = (0),
with H (b,p) = h(W,b(X),p (X))
(3.2) =b (X)p(X)he (W) +b(X) ha (W) + p (X) ha (W) + ha (W)

= BPH,+ BHy + PH3 + Hy,

and the known functions hq (), ha (+),h3 (-), hs (-) do not depend on 6. Furthermore h; (-) is either
nowhere negative or nowhere positive on the support of X.

Aiii) § = (b,p,g,c) has the product parameter space. © = Oy x O, x 04 x O, with g (z) =
E[{|H1|}|X = z|f (z) bounded away from zero and infinity and absolutely continuous wrt to
Lesbegue measure on the support of X

Aiv ) The model M (O) for Py satisifes 2.1 and is locally nonparametric in the sense that the
tangent space at each Py € M (0) is all of Ly (Py).

Our missing data example is the special case with Hi = —A,Hy = 1,Hs = AY,Hy = 0,
p(X) = 1/pr (A = 11X) b (X) = E[Y|4 = 1, X], ¢ (X) = E[A|X]f (X)

Robins et al. (2008) prove the H (b, p) is doubly robust for ) (6)in the sense that

Ey [H (b, p)] = Eg [H (b,p*)] = Ep [H (b, p)] = ()

for any 6 € © and functions b* (z) and p* (z) . Specifically they prove the following.
Theorem : Double-Robustness: Assume Ai)-Aiv) hold. Then

$(0) = = BylHy — B[BPH)
= Bl - ()"0 (@) p () g (o) ds
Eg[{HiB+ H3} |X] = Ep[{HiP+ H2}|X]=0w.p.l
Bt 0] = Bl 0] = (0" [ v @) - 7] 0) g () o}

The development in (Robins et al., 2008, Theorem 3.2 and Lemma 3.3) show that results we
have obtained only require that Ai)-Aiv) are true. Thus we have the following.

THEOREM 7. Assume Ai)-Aiv) and redefine e, = {BHi+ Hs}, e, = {H1P+ Ha}, g(z) =
E[|H1||X = z]f (x). Then the conclusions of Theorem 1-Theorem 6 continue to hold under same
conditions on the redefined 0 = (b, p, g).

4. Discussions. We have shown that for \/n-estimable parameters the asymptotic properties
of our new empirical HOIF estimators are identical to those of the HOIF estimators of Robins et.
al (2008,2016), yet eliminate the need to construct multivariate density estimates. In particular the
new estimators are semiparametric efficient under minimal conditions.
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5. Proofs.

PROOF OF THEOREM 3. We divide our proof into bias and variance computations respectively.
Throughout the proof Q stands for Q™. Throughout we assume I(h;(WW) < 0) = 1 almost surely.

The case I(h1(W) > 0 requires obvious sign changes in various place.
Bias Bound : By analysis similar to Robins et al. (2008),

A= A - m—1 _ ~
BB (6) = (-)"Eo[Hy (P~ P)Z[107" |[{@ = 0§ 07| Byl 2t (B - B))
We next show that under the assumptions of Theorem 3

m,k

m5;72 )] = 0 (18- 2l (Bl - BPEAP - 7))

For any m > 1 we see that

47, = (maxlas ) = (141,)"

Let 1 denote the indicator function for the event that )\max(Q_l) <Co-L
By Cauchy-Schwartz Inequality,

sz < [t Pzt o2 [fa- ) o] mins -

Note that ’
on Zj, under g, so that

[Eolzn(P — Pyzf10 2 < {EAl(P - 15)2]}1/2 .

Y . -1
Also, note that for H = Q~1/2 [{Q — Q} Qfl}m , in the positive semi-definite sense

2

|

o)
——

:‘)>

op

ict ot {a- QH”H o [{a-a}o
j

2 . aTA .
e 3[9 1{9—9

<Jo-o

Repeating this argument (i.e. by induction) we have

2(m—1)

T <1fe-0 C—2m=1)-1F,
op
Next, since I < Q7'C in the p.s.d. sense we have
N N ~ 112(m—1)
<10~ C-2Am-D-1
op

. 2
Eg[H, (P — P)ZE]Q_l/QH is the second moment of the linear projection of —(P —

A~

P)
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It then follows that

1 HQl/2 HQ _ Q} Q—l}m_l E¢[ZH\ (B — B)] :

R _ . 2 R A _ .
— i ||HEyZ,H) (B - B)]H — 1By [H\ (B — B)ZF)HT HEy[Z),H\ (B — B)]
" ~ 12(m—1 A _ ~
<illa-9a o= C2m=VEy[H\ (B — B)ZFQ "By[Z, H\ (B — B)].
op
R ~112(m—1 ~
<ila-0 ; : C—2m=VEy[(B - B)?,

where the last inequality follows by Eg[Hy(B — B)Zl'|Q "Eg[ZHi(B — B)] being the expected
square of the projection of B — B on Zj, under g. Therefore we have

" ot (18 - BYE(P - P}

i ‘EB‘”””( <1 HQ o)
op

m,k

This completes the bound for the bias. R
Variance Bound : In this section we put ¢; = H1(Y — b(X)) and €5 = |H1[p(X) — 1.

To control the variance of @ka we begin by analyzing the variance of Un(ﬁ’ 927,) Letting

6 = (3, P, g) for any ¢ that makes P; absolutely continuous with respect to [Py we have the following
inequality by Lemma 9

4
) K (Un(ﬁ22,52))2' (5.1)

— 2 dPy
By (Un(IFy53,)) <4 (1 + Hdﬂm
0

Now note that for any choice of g, T[Jn(I/}\7 29 iz) is a second order degenerate U-statistics under Pj.
Therefore by Lemma 8 for any 1 < i1 # i and an universal constant C' > 0

ey 2 C _ DU 2
E@ (Un(IFlQ,k,ig)) < ﬁEé <<5Z;ZZ> Q 1 (Zkel;)il) . (5.2)

i1
Now
i1

E, ((gﬁz{) o (Zkai))il)Q

< Nepel%Es (Zh (Xi)Q 7 Zh(Xi) 24 (X2 ) Z0(Xs,)

Eo(Awax(Z12y,))
Amin(Q)

Above the last inequality follows by Lemma 11. R R
Now note that for any {z;, [ > 1} satisfying Condition(B) and || — Q|op < 1/2B, Apin(Q2) =

: }ﬁ*l) > 5 1@). Using this fact along with (5.1), (5.2), and (5.3), one has that there exists a

constant ¢ depending on the choice of basis functions and H%Ho@ such that
0

< Cllepes |k (53)
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For a general j > 3 note that

IF“k

~

7],
=Ua | (=174 1] H(IHI\Zka> ‘ﬁ} ﬁ_l}
X rké“]

[Eg?ﬂ COx

Jj—2
j J
:Z Un (_1)] H [ (b2, ’tl)(leka) Q 1} )
=0 {tlvvtl}g{?’v:]} 5=3

x [Zreg),,
(5.5)

where

‘Hl‘Zka—Q ifSE{tl,...,tl}

thl ..... tz)(leka):{Q 5
— 0. W.

Fix {t1,...,t;} C {3,...,j}. Then letting 6 = (b p,g) for any g that makes PP, absolutely
continuous with respect to Py we have the following inequality by Lemma 9

[5137;5] . Q- 1x ’

. j L ~
Eo [ Un [ (=14 [T {ﬁgtl"”’tl)(leng)isQ_l}
5=3

X st?)\] @9
dPy

2(142)
0 oo)

2(l + 2) (1 + ﬁ
_T ~
|:51’;\Zki|1Q 1)(
1 J
X By [ Un | (SO T [wd (020 20),,07

s=3
[stﬂ is

2

(5.6)

Reducing the computation to a degenerate U-statistics under 6 can now be achieved by taking
g = g. This in turn allows us to invoke Lemma 8 to conclude that

_ A 2

[aﬁZﬂ‘ QO 1x
. 3!
j J o~
E; [Un | (Z1 4 1] {,{91”“’“)(lesz)isﬁ—l}
x [Z1eg] ia
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Ea L 0x ?
- (li) " slilg [Rgh”’tl)(Hlikz:)isﬁ_l}
\ < [Ziss),,
|57 ], O ?
- (l-%z) s Sﬁ3 [“gtl’m’tl)(lec?f)sﬁ—l}

x [Zreg)

[6572} . Qfl X

1 SNVA PR
- (122) & I1 [{(Q N Q)Q_l}tr+1_tT(|H1‘ZkZ£ - Q)tr+1} )
<{(Q = QY [Zheg],

where tg = 3. Since the projections contract norm it is enough to control

[EﬁZ:] X O 1x

% || T (@ - 90yt iz,
<{(Q = QY [Zheg],

l — 1+2
i+l (HQ - ﬁ\@)%zo(tmm ) (11 B0 (Amax(Z4Z5)) )
B (1—22) )\min(Q) A2 (Q) )

min

(5.7)

where t;41 = j and the last inequality follows by Lemma 11. The occurrence of Ey in the right hand
side of the inequality is due to fact that we have used § = g in our 6 and this will allow to use the
generating distribution of X in the expectation calculation with respect to 0.

Therefore combining (5.5), and (5.7) we have

. N 2
[EﬁZZ] O x
11
. j . —~
Eo | U [ (CI7 40T [0t (2077 ):,07']
X [ZkEEL.Z
P 21
<921 6
( i dPy L)
N 2

[6}572} 0 O 1x

% Eé U, (_1)j ﬁ [Hgtl"wtl)(H17k7£)isﬁ_l}
X [Zeg)

72
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2(1+2) _ 2
21 +2) <(1 + 8| ) Il (Amax<ZkZZ))>
B (112)
! ~ 2(trg1—tr)
X H (HQ_QAHOP) B x A2 () x B
r=0 )\min(Q)

Therefore under the assumptions of Theorem 5 one has by using the fact that 7 > 2z for any
x > 2, we have that there exists a ¢ > 2 depending on M, B such that

m N 2
Eo | > IFjjn
j=3
_ ~ 2
[EﬁZﬂ O 1x
m j—2 ' p i1
=Eq Z Z U, | (-1)/ 11 [Hgtl’m’tl)(Hlikfg)isﬁ_l}
J=31=0 {t1,--t;} 5=3 .
clee) x [Zisg),,
. . \ 2
[Eﬁzg]' O 1x
m—2 m 11
J . ~
=Ey Z Z U, | (=1) IT [ﬂgtl""’tl)(lekz;‘:)isﬁ_l}
1=0 j=1+2V3 {t1..-.t;} 5=3 o
C{3,...0} X [Zkeg]ig
__ —~ 2
[sﬁZZ]‘ O 1x
m—2 m—2 m ) 21
_ 1 J ~
<Y 2B 2| Y0 D Un| (D9 ] [k (207,07
=0 =0 J=(+2)Vv3 {t1,-t;} =3
Cq{s,..., 7} X Zl{jg/b\]zz
l
j=(1+2)v3 )
m—2 T P
SEO . ' |:5I’7\Zki|“Q X
=0 X Z Z{t lllll - '[U' (_1)-7 J |: (tl ..... tl) — =1 ) A_11|
i=Eavs ol n 51;13 K (H1Z]/<;Zk)zs(2
X | Zkegl, )
2
m—2 m . 1+27.0+1
<X () T
1=0 \j=(1+2)v3 (l+2)

PROOF OF THEOREM 5. The bias control is trivial since klogk < n. By simple change of vari-
able | -1+ 2

ST (1) C’f’f’)“:i i@j) czéf’;)_l

=0 \j=(I+2)v3 42 1=2 \j=lv3
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l

2 () &
m— 1\ 201 (20 -1
()" e

< i (%)m c*lél)l (" = €%c/4)

2

i (@)zl 20K\ 2¢* 1V
l n el

1 i 2¢tkm2\ 71 2¢*m?2

n — nl VI

Above (1) and (2) follow by 12 part (ii) and part (i) respectively, and (3) follows by Stirling’s

. . . . _ 0 _ log n02/2
approximation bound and Lemma 12 part (i). Letting k = n/lognt and m = e We have

<> (2(5) T

2
mZ? i (j—?) AR 2C*§:<logn02_91)ll 2¢* log n?
L)) G ! it

1=0 \j=(1+2)v3 1=2

Therefore taking 61 = 3 and 2 = 1 we have desired result by the dominated convergence theorem.
|

6. Technical Lemmas.

LEMMA 8. Suppose O1,...,0, ~ P be i.i.d random vectors taking values in a measurable space
x and let f : x™ — R be a symmetric function of m € N arguments. Let f; denote the I*
order degenerate component (I = 0,...,m) of the Hoeffding decomposition of f into m orthogonal

components under P. Then

Varp(U Z < > —Epf?.

=1

PROOF. Proof is simple by Hoeffding’s decomposition. i

LEMMA 9 (Lemma 13.1 of Robins et al. (2016b)). For a measurable space x with any two
probability measures P < Q and f: x™ — R any measurable function of m € N arguments

o0 < 2m (14 [ 5] )" Eatwa(r®

LEMMA 10 (Rudelson (1999)). Let Q1,...,Qn be a sequence of independent symmetric non-
negative k x k-matriz valued random variables with k > 2 such that QQ = %Z?:l E(Q;) and
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sup  ||Qillop < M a.s.. Then for Q= LS L E(Qi) and an absolute constant C > 0

R Mlogk M oplog k
1Q -~ Qllp < [ M1088  [ACr o

LEMMA 11.  For any given sequences of k X k matrices My, M1, ..., M; one has for a constant
C depending on the choice of basis functions

. 2
[Zf] My
1
-1 R
0 11 {MT(HleZk)HQ}
r=1 o
XMl [Zk}g

— 5T
< ||H1||f>oEl9()‘maX(Zka))H()‘maX(Mr‘))2 kl+1v
r=0

where the expectation is taken over the distribution of X1,...,X; with My, ..., M treated as fized.

PROOF. The proof follows by writing out the expectation as a multiple integral and then arguing
as Lemma 12.4 of Robins et al. (2016b) in conjunction with repeated use of the variational formula
of operator norm.

LEMMA 12.  For any three positive integers M > N > K the following hold
. N K
(i) (N/2)K /KL< (5) < (%)

M
(i) 3 (v) = (V1)
T=N
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